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Norm attaining bilinear forms on the plane with the octagonal
norm

Sung Guen Kim

Summary. For given unit vectors xi, -+, X, of a real Banach space E, we Keywords
define Norm attaining bilinear
forms

NA(L("E))(x15...,xn) ={T € L("E):|T(x1,...,x0)| = | T| =1},
MSC 2010
where £("E) denotes the Banach space of all continuous n-linear forms 46A22
on E endowed with the norm | T|| = sup{|T(x1,...,xn)|: |xk]| = L1<
k < n}. In this paper, we classify NA([Z(Z]Ri(W)))((xI,xz), (7, 92))
for unit vectors (x1,x2), (1, y2) € Ri(w), where Rz(w) = R? with the
octagonal norm with weight 0 < w < 1.
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1. Introduction

Let us introduce a brief history of norm attaining multilinear forms and polynomials on
Banach spaces. In 1961 Bishop and Phelps [2] initiated and showed that the set of norm
attaining functionals on a Banach space is dense in the dual space. Shortly after, attention
was paid to possible extensions of this result to more general settings, specially bounded
linear operators between Banach spaces. The problem of denseness of norm attaining
functions has moved to other types of mappings like multilinear forms or polynomials.
The first result about norm attaining multilinear forms appeared in a joint work of Aron,
Finet and Werner [1], where they showed that the Radon-Nikodym property is sufficient
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for the denseness of norm attaining multilinear forms. Choi and Kim [3] showed that the
Radon-Nikodym property is also sufficient for the denseness of norm attaining polyno-
mials. Jimenez-Sevilla and Paya [5] studied the denseness of norm attaining multilinear
forms and polynomials on preduals of Lorentz sequence spaces.

Let n € N, n > 2. We write Sg and Bg for the unit sphere and the closed unit ball of
the real Banach space E. We denote by £L("E) the Banach space of all continuous 7-linear
forms on E endowed with the norm | T|| = sup{|T(x1,...,x,)|: |xx]| =L1< k < n}. The
subspace of all continuous symmetric #n-linear forms on E is denoted by £,("E). A map-
ping P:E — R is a continuous n-homogeneous polynomial if there exists T ¢ L("E)
such that P(x) = T(x,...,x) for every x € E. We denote by P("E) the Banach space
of all continuous n-homogeneous polynomials from E into R endowed with the norm
|P|| = sup{|P(x)|: |x| = 1}. For more details about the theory of multilinear mappings
and polynomials on a Banach space, we refer to [4].

The elements xi,...,x, € E is called norming points of T € L("E) if |x| = -+ =
[xn] = 1and |T(x1,...,x,)| = |T||. In this case, T is called a norm attaining n-linear
form at xy,...,x,. Similarly, an element x € E is called a norming point of P € P("E)
if |x|| = 1and |P(x)| = |P||. In this case, P is called a norm attaining n-homogeneous

polynomial at x. Let X = L("E) or L;("E). For x, x1, ..., x, € Sg, we define

NA(X) (%1, %) = {T € X:|T(x1,.o )| = | T| = 1}

and
NA(P("E))(x) ={P e P("E):|P(x)| = |P| =1}.

Notice that

NA(L("E))(x15-..>%n) = NA(L("E) ) (£x1,. . ., £x,),

NA(Ls("E))(x15...»%n) = NA(Ls("E) ) (£X6(1)> - - - » X))
and

NA(P("E))(x) = NA(P("E))(-x)

for all x, x1, ..., x, € Sg and for all permutation o on {1,...,n}.

It seems to be natural and interesting to study about
NA(L("E))(x1-.>%n), NA(L("E)) (x1, .., x4) and NA(P("E) ) (x)
for x, x1,...,x, € Sg. Kim [6] classified NA(P(Zlg))((xl,xz)) for (x1,x;) € Siz and p =

1,2, 00, where I; = R* with the /,-norm. Kim [8] classified NA(L(*I7) ((x1, %2), (71, y2))

for (x1,x2), (y1, ¥2) € Slf-
Let Ri(w) denote R* with the octagonal norm with weight 0 < w < 1

G,y = ma{ ] + syl wll + 131}
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Notice that
|| (x,y)HU(w) = ||(ix, iy)HO(W) for (x,y) € Rz(w).

In this paper, we classinyA(C(zRi(W)))((xl,xz), (31, y2)) for (x1,x2), (y1, ¥2) € SRz( -

2. Results

Let T((x1, y1), (x2, ¥2)) = axixa + by y2 +cx1y2 +dxayy € £(2R§(W)) forsomea, b, c,d €
R. For simplicity, we denote T = (a, b, ¢, d). Throughout this paper, we let 0 < w < 1.

2.1. Theorem ([7]). Let T € E(zRi(W)) be such that T((x1, 1), (x2, y2)) = axixa + by y2+
cx1y2 +dxay = (a,b,¢,d) forsome a,b,c,d € R. Then

jal +Ie| [a] +|d] [6] +le] |6l +]d]
T = max {lal, b}, le} |d], =,
w

1+w  1+w  1+w
|a +b|+|c+d| |a—b|+|c—d|}
A+w)2 7 (1+w)? )

2.2. Theorem. Let T = (a,b,c,d) « E(ZRﬁ(W))for some a,b,c,d € R and let (x1, 1),
(x2,92) € ]Rg(w). The following are equivalent:

(i) Te NA(ﬁ(zRi(w)))((xb)’l)’ (%2, 2))s
(i) T3 = (-, b, -c,d) € NACLCR ) (31, 0), G )
(i) Tz = (-a,b,¢,~d) € NA(LCRY(,y)) ((x1: 1), (=x2,32) )3
(iv) Ts:=(a,b,~c,—d) ¢ NA(E(ZRi(W)))((—xI,yl), (—x2,92));
() To = (~a,-b,—c,—d) € NACECRE ) (=31 -31)s (52, 72))
(vi) Ts:=(a,-b,—c,d) € NA(E(ZRg(W)))((xl,yI), (x2,-92))-
Proof. It is obvious. U

2.3. Theorem. Let (x1, y1), (%2, y2) € Rz(w). Then

NA(LCRZ () (31, 1), (%2, 32)) = NACLCRS () ((=x1, =31 (%2, 2))
= NACLCRS () (31 1) (=32, =92))
= NA(LCRS () ((=x1,=31), (=x2, = 12))-

Proof. It is obvious. O

2.4. Lemma. Let x; > 0 and €; = %1 for j = 1,...,n. Suppose that 3¢, x; = 1. Then
|Z1<j<n €jx;| = Lifand only if (¢; = 1for every j = 1,...,n) or (¢; = —1 for every j =
L...,n).
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Proof. (<«=). Itis obvious.

(=). Use induction on #.
If n = 1, then it’s ok. Suppose that (=) is true for n = k for some k € N. Suppose that

Z ijlz Z €jx]'.

1< j<k+1 1<j<k+1
Let y = Y 1¢jck Xj > 0.
Claim. y = | ¥1<j<k ejxj‘
It follows that
1= ‘ Z ejxj‘ < ‘ 2 ejxj‘+xk+1 Y+ Xk =1,
1<j<k+1 1<j<k

which shows that

1= | > e]-xj| + Xjy1 = Y+ Xko1o
1<j<k

Hence, the claim holds. Notice that

By the induction hypothesis, (¢; = 1 for every j = 1,...,k) or (¢; = -1 for every j =
L...,k).

Casel.ej=1foreveryj=1,...,k.

We claim that €,; = 1. Assume that €;,; = —1. Then

Y+ Xk =y = xenl = 2y - xen)-

If y+Xj11 = ¥—Xg41> then x4 = 0, which is a contradiction. If y+x,1 = —=(y—xj41), then
y = 0, which is a contradiction. Hence, €, = 1. Therefore, ¢; = 1forevery j=1,...,k+1.
Case2.¢j=—1forevery j=1,...,k.

It follows that

Y+ X1 = [y — €knaXpal-

By the proof of Case 1, —€j; = 1. Therefore, €; = —1for every j =1,..., k +1. We complete
the proof. m

Notice that

{i(0’1)’(l+lw’I:W)’i(l’o)’(lﬁtlw’ljw)}
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is the set of all extreme points of BR(z)( - Let

{(0 1) <1+w 1+w) (1 ) (1+w lw_Llw)}

b (10200 )05 1)

1 1
Bz:{t(1+w’1+w)+(1—t)(1)0):0<tsl},
-1
:{t(10)+(1—t)( 1+w)0<t<1}’
1 -1
B“:{t(1+w’1+w)+(1—f)(0,—1):0<tsl},
Aij=B;xBjfori,j=1,...,4.
Notice that
= +B
R 1<LkJ<4( k)-

We are in position to classify NA(L(*R O(W)))(X, Y) forevery X = (x1, 1), Y = (x2, y2) €

SR2< | . By Theorem 2.3, we may assume that x; > 0 for every j =1,2.

2.5. Theorem. Let X, Y € A;j forsome i, j=1,...,4. Write X = (x1, y1), Y = (x2, ¥2), Xk >
0 for every k =1, 2. Then the following statements holds:

(i) (X,Y) e (B:\Q) x (B;\Q)

NA(LCRE () (X, Y) = {+T € LCR) ) :1=T(U,U") = T(U, V') = T(V,U")
=T(V,V')if extB; = {U,V},
extB; = {U’, V'}},
where ext B; denotes the set of end points of B;. Moreover, NA(L(*R2 (W)))(X Y) =
{+T,} for some Ty € L(* Ro(w)).
(i) (X,Y)e(B\Q)x (B;nQ)

NA(LCR ()X, Y) = {+ T e LCRY ) :1=T(U,Y) = T(V,Y)
if extB; ={U,V}, |T(W;, W,)| <1
for all Wy € extBRz( . k = 1,2},

where ext BRz( ) denotes the set of all extreme points of BRz( -
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NA(LCR; () (X, Y) = { £ T € LCR,,y) 1= T(X,U") = T(X, V')
if extB; = {U", V'},|T(W, W,)| <1
for all Wy € extBRz( > k= 1,2}.
(iv) (X,Y)e(BinQ)x(BjnQ)
NA(LCRG () (X, V) = {T € LCRG ) 1= |T(X, V)L, | T(Wh, Wh)[ <1
for all Wy € eXtBRz( > k= 1,2}.
Proof. Casel. Let X = tU +sVand Y = t'U’ +s'V' forsome 0 < t,t',s,s' <1, t+s =
t'+s" =1 Let
Fi={+T e LCR}(,,):1=T(U,U") = T(U, V") = T(V,U")
=T(V,V')if extB; = {U, V}, extB; = {U’, V'}}.
We claim that NA(L(*R?(,,))) (X, Y) = Fi.
(<) : Suppose that T € NA(L(’R} 1)) (X, Y).
Claim 1. T(U,U") = T(U, V') = T(V,U’) = T(V,V') = Lor T(U,U’) = T(U, V') =
T(V,U")=T(V,V')=-L
First, we will show that
|T(U,U")| = |T(U, V)| =|T(V,U")| =|T(V,V')|=1.

Assume the contrary. Without loss of generality we may assume that |T(U,U’)| < L. It
follows that

1=|T(X,Y)| = |T(tU +sV,£'U" +5' V)|
=|tt'T(U,U") +ts'T(U, V') + t'sT(V,U") +ss'T(V, V")
SH|T(U, U )|+ t'|T(U, V)| + £'s|T(V,U")| + 5’| T(V, V)|
<tt' +ts'|T(U, V)| + t's|T(V,U")| +ss'|T(V, V)|
<(t+s)(t'+5) =1,

which is a contradiction. Hence,
IT(U,U")| = |T(U, V")| = |T(V,U")| = |T(V, V)| = 1.
Since tt', ts’, t's, ss’ > 0 and

[tt' T(U,U") +ts'T(U, V') + t'sT(V,U") +ss'T(V, V)| =1,
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by Lemma 2.4, the claim holds. Hence, T € F;.
(2):Let T e F.
Claim 2. |T| =1

Suppose that (X,Y) € Ay. Then X = #(0,1) + s(w,1),Y
T = +(w?,1,w,w). By Theorem 2.1, | T| = 1. Hence,

t'(0,1) + s'(w,1) and

NA(LCRS () (31, %2), (315 92)) = {2(wW?, Lw, w) }.

Suppose that (X,Y) € App. Then X = £(0,1) + s(w,1),Y
T = +(w,w,w?,1). By Theorem 2.1, | T| = 1. Hence,

t'(1,0) + s'(w,1) and

NA(LCRS () ((x1,%2), (315 2)) = {£(w, w,w?, 1)}

Suppose that (X,Y) € Ay;. Then X = #(0,1) +s(w,1),Y = t'(1,0) + s'(w,-1) and
T = +(w, -w,-w?,1). By Theorem 2.1, | T| = 1. Hence,

NA(E(ZRﬁ(W)))((xl,xZ), (yl,yz)) = {:I:(W, —w,—wz,l)}.

Suppose that (X, Y) € Aj4. Then X = £(0,1) + s(w,1),Y = ¢/(0,-1) + s’(w,-1) and
T = +(w?, -1, -w,w). By Theorem 2.1, | T|| = 1. Hence,

NA(LCR () ((x1,%2), (31, 2)) = {£(w*, =1, —w, w) }.

Suppose that (X,Y) € Ay. Then X = #(1,0) + s(w,1),Y = £/(0,1) + s'(w,1) and
T = +(w,w,1,w?). By Theorem 2.1, | T| = 1. Hence,

NA(E(ZRﬁ(W)))((xl,xz), (yl,yz)) = {i(w,w,l, wz)}.

Suppose that (X,Y) € Ay,. Then (x1, y1) = £(1,0) + s(w,1), (x2,¥2) = t'(1,0) +
s'(w,1) and T = (1, w*, w,w). By Theorem 2.1, | T = 1. Hence,

NA(ﬁ(zRi(w)))((xbxz)’ (y2)) = {x@Lw?, w,w)}.

Suppose that (X,Y) € Ap;. Then (x1, y1) = t(1,0) + s(w,1), (x2, ¥2) = t'(1,0) +
s'(w,~1) and T = +(1,-w?, —w, w). By Theorem 2.1, | T|| = 1. Hence,

NA('C(ZR(Z;(W)))((M» xz)) ()’1,)’2)) = {i(l) —Wz’ -w, W)}

Suppose that (X,Y) € Ayy. Then (x1, y1) = t(1,0) + s(w, 1), (x2, y2) = £(0,-1) +
s'(w,-1) and T = +(w, —w, -1, w?). By Theorem 2.1, | T| = 1. Hence,

NA(ﬁ(ZRi(W)))((xb Xz), (yb)/z)) = {ﬂ:(W, -w, -1, wz)}.



22 Sung Guen Kim

Suppose that (X,Y) € As. Then (x;, y1) = £(1,0) + s(w, 1), (x2, y2) = '(0,1) +
s'(w,1) and T = +(w, -w, 1, -w?). By Theorem 2.1, | T|| = 1. Hence,

NA(LCRS () ((x1,%2), (71, 2)) = {£(w, —w, 1, -w?) .

Suppose that (X,Y) € As,. Then (x1, y1) = t(1,0) + s(w, -1), (x2,y2) = £'(1,0) +
s'(w,1) and T = +(1, -w?, w, —w). By Theorem 2.1, | T|| = 1. Hence,

NA(LCRZ (1)) ((x1,%2), (71, 72)) = {£(1 -w?, w, —w) }.

Suppose that (X,Y) € As;. Then (x1, y1) = t(1,0) + s(w,-1), (x2,¥2) = '(1,0) +
s'(w,-1) and T = +(1, w?, —w, —w). By Theorem 2.1, | T| = 1. Hence,

NA(LCRS () ((x1,%2), (71, 92)) = {£(Lw?, —w, -w) .

Suppose that (X,Y) € Azs. Then (x1, y1) = £(1,0) + s(w, -1), (x2, y2) = ¢(0,1) +
s'(w,~1) and T = +(w, w, -1,-w?). By Theorem 2.1, | T|| = 1. Hence,

NA(LCR}(,)))((x1,%2), (71 92)) = {£(w, w, =1, -w?) }.

Suppose that (X, Y) € Ay;. Then (x1, y1) = t(0,-1) + s(w, -1), (x2, ¥2) = t'(0,1) +
s'(w,1) and T = +(w?, -1, w, —w). By Theorem 2.1, | T|| = 1. Hence,

NA(E(ZRﬁ(W)))((xl,xZ), (yl,yz)) = {i(wz,—l,w,—w)}.

Suppose that (X, Y) € Ay,. Then (x;, y1) = £(0,-1) + s(w,-1), (x2, y2) = t'(1,0) +
s'(w,1) and T = +(w, —w, w?, —1). By Theorem 2.1, | T|| = 1. Hence,

NA(LCR(,)))((x1,%2), (31 32)) = {£(w, —w, w?, 1)}

Suppose that (X, Y) € Ays. Then (x1, y1) = £(0,-1) +s(w,-1), (x2, y2) = t'(1,0) +
s'(w,~1) and T = +(w, -w, w?, -1). By Theorem 2.1, | T|| = 1. Hence,

NA(ﬁ(ZRi(W)))((xbxz)’ (71, 32)) = {£(w, —w,w?, 1) }.

Suppose that (X, Y) € Ayy. Then (x1, y1) = (0, -1) +s(w, -1), (x2, y2) = (0, -1) +
s'(w,~1) and T = +(w?, 1, -w, -w). By Theorem 2.1, | T|| = 1. Hence,

NA(LCR () ((x1,%2), (41 2)) = {£ (W, 1, —w, -w) }.

Hence, the claim 2 holds.
It follows that

IT(X,Y)|=|T(tU +sV,£'U" +5'V')]
=|tt'T(U,U") +ts'T(U, V') + t'sT(V,U") +ss'T(V, V')
=t +ts" +t's+ss'| = (t+s)(H +s")=1=|T|

>
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which shows that T € NA(L(*R},,,)) (X, Y).

Case2. Let X =tU +sVand Y = U +s'V' forsome 0 < t,s <1,t+s=1¢t =0orl.
ThenY = U’ or V'. Let

Fr={+T e L(R}(,):1=T(U,Y) = T(V,Y)if extB; = {U, V}, |T(W, W,)| <1
for all Wy, € ext BRz( > k = 1,2}.
We claim that NA(L(*RZ,,))) (X, Y) = F».
(<) : Suppose that T € NA(L(’R] 1)) (X, Y).
Claim3. T(U,Y)=T(V,Y)=1or T(U,Y)=T(V,Y) = -1
First, we will show that
|T(U,Y)|=|T(V,Y)|=1

Assume the contrary. Without loss of generality we may assume that |T(V,Y)| < 1. Let
t' = 0. Then Y = V'. It follows that

1=|T(X,Y)|=|T(tU +sV, V)| = [tT(U, V') +sT(V, V")
<SHT(U,Y)|+s|T(V, V)| < t|T(U, V)| +|T(V,Y)| < t+s =1,
which is a contradiction. Hence,
|T(U,Y)|=|T(V,Y)|=1

Since t,s > 0 and
tT(U,Y) +sT(V,Y)| =1,

by Lemma 2.4, the claim 3 holds.
Let t' =1. Then Y = U’. It follows that

1=|T(X,Y)| = |T(tU +sV,U")| = |tT(U,U") +sT(V,U")|
<HT(U, V)| +$|T(V,Y)| < |T(U, V)| +|T(V,Y)| <t +s =1,

which is a contradiction. Hence,
|T(U,Y)|=|T(V,Y)|=1

Since t,s > 0 and
tT(U,Y) +sT(V,Y)| =1,

by Lemma 2.4, the claim 3 holds. Since

L= |T] = sup{|T(Wp, Wo)|: Wi, Wy € ext Bz},
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T € F,. Hence, NA(L(?R? (X Y) € F

o(w

Notice that F, ¢ NA(E(zRi(W) )) (X, Y) is obvious. Therefore,
NA(LCR () (X, Y) = Fo.

Case3. Let X =tU+sVand Y =tU' +s'V' forsome0 < t,s' <1L,t'+s'=1,t=0o0r1l.
Then X = U or V. Let

Fy={+T e LRy, :1=T(X,U") = T(X, V') if ext B; = {U", V'}, | T(W;, W,)| <1
for all Wy € eXtBRz( > k= 1,2}.

By analogous arguments as those of Case 2, NA(ﬁ(Z]Ri(W)))(X, Y)=F;.
Case 4. Notice that

(X,Y)=(U,U"), (U, V"), (V,U)or (V,V").
Let

Fa={T e LCR},)):1=|T(X, V),|T(W;, Wp)| <1
for all Wy, € extBRz( » k= 1,2}.

It is obvious that NA(L(*R} 1)) (X, Y) = Fy. Therefore, we complete the proof. O

o(w
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