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BOUNDARY VALUE PROBLEMS FOR POISSON
INTEGRALS FOR HERMITE EXPANSIONS

GRAZYNA KRECH

ABSTRACT

The aim of this paper is the study the Poisson integral for Hermite expansions. We
present some boundary value problems related to this integral and its various modifica-
tions.

1. INTRODUCTION

Let LP(R) denote the set of functions f defined on R such that
/ lf()Pdt <oo if1<p< o0,

and f is bounded almost everywhere on R if p = oc.
In the paper [4] the author presented some approximation properties of
the Poisson integral for Hermite function expansions given by
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where

K(ry.2) =3 rha(y) halz), 0<r <1,

2

and H,, is the nth Hermite polynomial (see, for example, [10]). The operator
A(f) is linear and positive. Basic facts on positive linear operators and its
applications can be found in [1, 2.

In [4] the following theorem was proved.

ho(z) = (2"n1y/7) "2 exp (—””2) H,(x)
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Theorem 1. [4] Let yo € R and let f = f1 + fa, where fi € L'(R),
fa € L*®(R). If f is continuous at yg, then

lim A(f;ry) = .
L (firy) = f(wo)

Gosselin and Stempak in [3]| considered the integral Ao(f) of a function
f € LP(R) defined by

A(P)e) = Aolfi9) = [ Play.2)f() de
where :
P(z,y,2) = Z hn(y) hn(2)exp (—(2n+1)z), x>0
n=0
and

P(z,y,2) = e *K(e 2%y, 2).
Gosselin and Stempak [3] obtained the following results.
Theorem 2. [3| If f € LP(R), 1 < p < oo, then Ao(f) is of the class C*
on the set (0,00) x R and Ao(f) is a solution of the differential equation
8“('%.7 y) _ 8211,(1‘, y) 2
or =~ op Y u(w,y).
Theorem 3. [3]| Let f € LP(R). Then

1
(a) [|[Ao(f;,-)lp < (cosh2z)72[[fllp, 1<p< oo,
(b) HAO(fQ-TW)_f(')Hp_)O asx —0, 1<p<oo,
(c) limg—0 Ao(f;2,y) = f(y) almost everywhere, 1 <p < co.

It is worth to mention that approximation properties of various Poisson
integrals associated with Hermite and Laguerre polynomials were studied
in one and two dimensions in [5, 6, 7, 8, 9, 11].

In this paper we indicate boundary value problems related to A(f) and
some modifications of this operator.

2. BOUNDARY VALUE PROBLEMS

Below we present announced theorems. We omit the proofs of them,
because there are a simple consequence of previous properties.

Theorem 4. Let f € LP(R), 1 < p < oo. Then A(f) is of the class C* on
the set (0,1) x R. Moreover, A(f) is a solution of the problem

Qu(r,y) _ Qu(r,y)
2r ({97’ - ayg Yy U("”, y)v (T‘, y) € (Oa 1) X Ra
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lim [lu(r,) = f()lp =0, 1<p<oo.
r—1

We introduce the operator A; given by

o0

AN = Aifitg) = [ e (—1) K (exp (—f) y) f(2) dz

for fe LP(R), 1<p<oo, t >0 and y € R.

Theorem 5. Let f € LP(R), 1 < p < oo. Then Ai(f) is of the class C*
on the set Ry x R and A1(f) is a solution of the problem

—t2 au(tv y) — aQU(t’ y)
ot oy?

- yQu(t7 y)? (tv y) € R-f— X Rv

lim Ju(t, ) — fO)l, =0, 1<p< oo

t—00

Let us consider the operator A, defined by
As(P)r9) = Aa(ir9) =) [ Kl 2)f(2) d

for f € LP(R), 1 <p < o0, 0 <r < 1, where the function p is continuously
differentiable in (0, 1) and such that

p(r) >0 and lim p(r) =1.
r—1-

We introduce the notation

0 0 p(r)
T=—=—9y+2r— —2

dy? Ve T p(r)

Theorem 6. Let yo € R. If f is as in Theorem 1, then As(f) is of the
class C* on the set (0,1) x R and Aa(f) is a solution of the problem

Tu(r,y) =0, (r,y) € (0,1) xR,

+1 and T?=T(T).

lim u(r,y) = .
. (r.y) = f(yo)

For f,g € LP(R), 1 < p < oo we define the operator V:
V(f,9)(ry) =V (f.g:r,y) = pr(r)A2(fir,y) + A2(g; 1, y),

where the function p; is continuously differentiable in (0,1), 0 < r < 1,
y € R.
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Theorem 7. Let yo € R. If f,g are as in Theorem 1 and

. : 1 0
lim p1(r) =0, lim pi(r) == g (rpy(r)) =0,

r—1- r—1- 2’
then V(f,g) is of the class C*° on the set (0,1) xR and V(f, g) is a solution
of the problem
T*u(r,y) =0, (ry) € (0,1) xR,

lim u(r,y) = ,
i (r,9) = g(vo)

lim Tu(r,y) = .
(i gy T Y) = o)
Remark 1. From the assumptions of Theorem 7 it follows that pi(r) =
%ln r. In this case the operator V is of the form

V(fgiry) = ol [ K 2)fG)dz o) [ Kyl ds

forO<r<1,yeR.

Theorem 8. Let yo € R. If f,g are as in Theorem 1 and if

1
li =0, lim p,(r) ==,
Jim py (7) lim py(r) 5

2 2 (1)) + rpa(r)ol () = 0,

where py is some continuous function, then V(f,g) is of the class C* on
the set (0,1) x R and V(f,g) is a solution of the problem

T*u(r,y) + pa(r)Tu(r,y) =0, (r,y) € (0,1) xR,

lim u(r,y) = ,
i (r,y) = 9(yo)

lim Tu(r,y) = .
o (r.y) = f(yo)
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