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Abstract. In this paper, we study the second Cushing-Henson conjecture for the
Beverton—Holt difference equation with periodic inherent growth rate and periodic car-
rying capacity in the quantum calculus setting. We give a short summary of recent results
regarding the Beverton—Holt difference and g-difference equation and introduce the theory
of quantum calculus briefly. Next, we analyze the second Cushing—Henson conjecture. We
extend recent studies in [The Beverton-Holt q-difference equation with periodic growth rate,
Difference Equations, Discrete Dynamical Systems, and Applications, Springer-Verlag, Berlin,
Heidelberg, New York, 2015, pp. 3-14] and state a modified formulation of the second
Cushing—Henson conjecture for the Beverton—-Holt g-difference equation as a generalization
of existing formulations.
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1. THE BEVERTON-HOLT DIFFERENCE EQUATION

Beverton and Holt introduced their population model in the context of fisheries
in 1957 [3]. The model is applied in various fields such as biology, economy and social
science, see [2,15,17]. To achieve a more realistic presentation of population dynamics,
additional assumptions have been added to the traditional model such as contest
competition [11], within-year resource limited competition [14], and including survivor
rates [13].

The classical Beverton-Holt difference equation is given by

vKax,

il = —— No, 1.1
Tnl K+ (v -1z, ne o (1)

© Wydawnictwa AGH, Krakow 2017 795



796 Martin Bohner and Sabrina H. Streipert

where g > 0, v > 1 is the inherent growth rate, and K > 0 is representing the carrying
capacity. Studies in [8] verify the first and the second Cushing—Henson conjecture for
the classical Beverton—Holt equation. The first conjecture guarantees the existence
of a unique periodic solution that is globally attractive. The second Cushing—Henson
conjecture states that the average of the periodic solution is strictly less than the
average of the periodic carrying capacity over one period. Biologically this means that
the introduction of a periodic environment is deleterious for the population.

In [9], the periodically forced Beverton—Holt difference equation with periodic
coefficients was introduced as

vn Koy
Tn4+1 = K

. neN,, 1.2
— o — Dz, "€ (1.2)

where zg > 0, v,, > 1 is the inherent growth rate, and K, represents the positive
periodic carrying capacity for all n € Ny. The following conjectures were confirmed.

Theorem 1.1 ([9, Conjecture 2.1]). The difference equation (1.2) with w-periodic K
and v has a unique w-periodic solution that globally attracts all its solutions.

Theorem 1.1 is a generalization of the first Cushing—Henson conjecture formulated
for the classical Beverton-Holt equation with constant inherent growth rate. Cushing
and Henson also predicted for the classical Beverton—Holt equation with constant
growth rate that the introduction of a periodic environment is deleterious for the
population [12]. However, in the case of a periodic growth rate, the authors provided
a counterexample in [9] and presented the following modifications.

Theorem 1.2 ([9, Conjecture 3.2]). The weighted average of the w-periodic solution
Z of (1.2) is strictly less than the weighted average of the nonconstant w-periodic
carrying capacity K over one w-period, i.e.,

1 w—1 1 w—1 w—1
- Z AnTy, < - Z anK,, where a= Z o, (1.3)
n=0 n=0 n=0

with o = "Tfl If the carrying capacity K is constant, then we have equality in (1.3).

Theorem 1.3 ([9, Theorem 3.3]). The average of the w-periodic solution T of (1.2)
is strictly less than the average of the “surrounded” nonconstant w-periodic carrying
capacity K, i.e.,

1 w—1 1 w—1
- > i < - > Kn(1+6,) (1.4)
n=0 n=0
with

w—1 n+i—1

A+1

(Sn = T Z(Oén — O[n+i> H (1 — Otk).

i=1 k=n+1

If the carrying capacity K is constant, then we have equality in (1.4).
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Theorems 1.2 and 1.3 clearly indicate that the classical second Cushing—Henson
conjecture is only satisfied for special choices of periodic a.

In the following, we study the quantum calculus version of the Beverton—Holt
equation, namely the Beverton—Holt g-difference equation. The equation was formulated
and its unique one-periodic solution was derived in [5]. In [5], the authors also analyzed
the Cushing-Henson conjectures for the case of a one-periodic inherent growth rate.
A one-periodic inherent growth rate for the g¢-difference equation corresponds to
a constant inherent growth rate in the classical Beverton-Holt model. Recently, the
periodically forced Beverton—Holt g-difference equation with periodic coefficients has
been studied in [10], and the Cushing—Henson conjectures were discussed. In this
work, we extend the study of the Beverton—Holt ¢-difference equation with periodic
growth rate and periodic carrying capacity and aim for a modification of the second
Cushing-Henson conjecture consistent with the existing formulations. We begin the
investigation with a brief introduction to quantum calculus.

2. SOME QUANTUM CALCULUS ESSENTIALS

In this section, we provide some quantum calculus prerequisites. Throughout, let ¢ > 1.

Definition 2.1 ([6, Definition 1.1]). The forward jump operator o : g™ — ¢ is
defined by
o(t):=qt, teqv.

Definition 2.2 ([6, Definition 2.25]). A function p : ¢"° — R is called regressive
provided
L+ pu(t)pt) #0  forall t € ¢"°, where u(t) = (¢ — 1)t.

The set of all regressive functions is denoted by R. Moreover, p € R is called positively
regressive, denoted by p € RT, if

1+ p(t)pt) >0 forallte g,

Using the introduced “graininess” p, the derivative can be defined as follows.

Definition 2.3. The derivative of a function f : ¢No — R is given by

PP (10 R (O N (O (ORI

p(t) (=1t

Theorem 2.4 ([6, Theorem 2.62]). Suppose p € R. Let ty € ¢"° and yo € R.
The unique solution of the initial value problem

y> =p(t)y, ylte) =m0

is given by
Y= ep('vto)y0~

Theorem 2.5 ([6, Theorem 2.44]). If p € Rt and ty € ¢"°, then e,(t,t9) > 0 for all
t e gNo.
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Definition 2.6 ([5]). Let p € R and s € ¢"°. The exponential function is defined by

ep(t,s) = H (1+ (¢ —1)kp(k)) for all t € ¢"owith ¢t > s,
k€[s,t)NgMNo
ep(s,s) =1, and ep(t,s) = ep(ilst) for t < s.

The integral in quantum calculus is defined in the following way.

Definition 2.7 ([5, Definition 2.6]). Let m, n € Ny with m < n. For f : ¢ — R,
we define

n

q

[r05= -1 Y ¢'1a) 2.1)

qm k=m

A special case follows directly by the previous definition.

qm+1

f(t)At = (g —1)g" f(q™). (2.2)

Theorem 2.8 ([6, Theorems 2.36 and 2.39]). If p € R and a,b,c € ¢, then

b

/p(t)ep(t7 c)At = ep(b,c) —ep(a,c), (2.3)

a

b

/ p(t)e (e, o (8)AL = e (e, a) — e)(c,b), (2.4)

a

the semigroup property holds:

ep(t,r)ep(r, s) = epy(t, s). (2.5)
The following operations will be useful.

Definition 2.9 ([7, p. 10]). Define the “circle plus” addition on R as
(p©q)(t) = p(t) +q(t) + (¢ — Dtp(t)q(?),

and the “circle minus” subtraction as

p(t) —q(t)
(pea)t) =1 TETT0)

Theorem 2.10 ([7, Theorem 1.39]). Assume p,q € R. Then
epaq(ts ) = ep(t, s)eq(t, s), (2.6)

6ep(t75) = ep(s’t) = €p(

—_

t,s)
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Besides the circle plus and circle minus operation, a circle dot operation is defined
as follows.

Definition 2.11 ([7, p. 18]). The circle dot multiplication © of a constant o € R and
a function p € R™ is defined as

1
(e ®p) (1 + u(t)hp(t))* *dh.
oo
Example 2.12. Let p € R" and a = 2. Then
| 1
(3er)® 2!\ﬁ+mww>ﬁ
_ b _ p(t)
= (VIR0 1) = s

(300m)e (30 0a)=—a

We furthermore need the definition of periodicity for functions f : ¢"o — R.

Definition 2.13 ([4, Definition 3.1]). A function f : ¢ — R is called w-periodic
provided
f(t) = q” f(g°t) for all t € ¢™°.

Lemma 2.14. If f,g € R are w-periodic, then f & g and f © g is w-periodic.
Proof. We have

q” (f©g) (d“t) = ¢“(f(g”t) + g(g”t) + n(q”t) f(¢*t)g(q*1))

q
g (¢ f(t) +a “g(t) + ¢ nt)g“ f(t)gg(t) = (f ® 9)(?)

for all t € ¢"°, as well as

w Wy W _g(qwt) _ W _qiwg(t) _
¢ (09) (") = a1 T algtg(gt) T+ ¢ n(t)g=g(D) (S)(E)-
Using f © g = f @ (6g) completes the proof. O

Lemma 2.15. If f € R is w-periodic, then
er(q¥t,q%to) = es(t,ty)  for all t € ¢ (2.8)

and
er(q“t,t) = er(¢“to, to)  for all t € g™, (2.9)
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Proof. Let m,n € Ny such that tg = ¢™ and t = ¢", and assume without loss of
generality ¢ > ty. Then

n+w—1
er(qt.q*to) = ] (1+n(d")f(q"))
1=m-+w
n—1 n—1
= H (L4 p(g™) f(g™)) = H (1+¢“n(d)gf(q")

= l:[ (14 p(a")f(a") = es(t,to).

For (2.9), note that

ef(qwta t) = ey (qwt, qwtO)ef(qwt(b t) = ef(tv tO)ef(qwt()? t) = ef(qwth t0)7

which completes the proof. O

3. THE BEVERTON-HOLT ¢-DIFFERENCE EQUATION
The Beverton—Holt g-difference equation was presented in [5] as

V() K (t)x(t)
K@)+ (v(t) — 1)z(t)’

2(qt) = (3.1)

where K : ¢"o — R is the carrying capacity, v : ¢"© — (1,00) is the intrinsic growth

rate, and z : ¢N0 — RT represents the population density. Using the substitution

a(t) = %, we obtain the difference equation

B K(b)a(t)
") = T wa ) K (D) + mDala(t)’ (3.2)
which is equivalent to
2K (1) — p(t)a(at)a(t) K (t) + p(t)a(at)alt)z(t) = K(t)(t),
., i o)
2 (t) = z(qt)a(t) (1 - K(t)) . (3.3)

Note that (3.3) is in the form of a logistic dynamic equation, introduced in [7]. This is
considered to be the time scales analogue of the logistic differential equation

7' (t) = z(t)a(t) <1 - ;&%) .
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The g-difference equation (3.3) is solved by using the transformation v = 1/x,
which yields

This is a first-order g-difference equation with the solution given in [6] as

t

u(t) = et to)ult) + [ e-altias) LW (3.4)

to

In [5], (3.1) was discussed considering a one-periodic growth rate v. The authors
provided the first Cushing—Henson conjecture and therefore the existence of a unique
periodic solution that is globally attractive. In [10], the authors generalized the
discussion to the Beverton—Holt ¢-difference equation with periodic coefficients and
obtained the following conjecture.

Theorem 3.1 (First Cushing-Henson Conjecture). Assume
K : gV - Rt is w-periodic,
a:qo — Rt is w-periodic and —a € R™T, (3.5)
e—a(toq”,to) # ¢~
Then (3.2) has a unique w-periodic solution that globally attracts all its solutions.
The unique w-periodic solution is given in [10] as
tq®

2(t) = A / e o(t,0(s)) K(S))As , (3.6)

t

where
A=q%e_q(to, tog”) — 1 #0.

Cushing and Henson predicted further that the introduction of a periodic environ-
ment is deleterious to the population, i.e, the average of the periodic solution is strictly
less than the average of the carrying capacity. The authors in [5] investigated the
Beverton—Holt ¢-difference equation with one-periodic inherent growth rate. Already
in the case of a one-periodic growth rate v, the second Cushing—Henson conjecture
was not satisfied and the authors offered the following modification.

Theorem 3.2 ([5, Theorem 5.6]). If a is one-periodic, i.e., a(t) = ¢, a € RY, and
K is w-periodic, then the average of the unique w-periodic solution is strictly less than

the average of the carrying capacity times a constant, i.e.,

toq® tog”
1 _ a+1]1
— t) At — K(t) At » . .
= [ awar< 280 [k (37)
t() t()

If K is one-periodic, then (3.7) becomes an equality.
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Note that a one-periodic function is a constant function in the discrete and
continuous time setting. The analysis of the Beverton—-Holt g¢-difference equation was
extended to an w-periodic growth rate in [10] and the following results were obtained.

Theorem 3.3 ([10, Conjecture 2]). The average of the w-periodic solution T of (3.2)
is strictly less than the average of the w-periodic carrying capacity K times a function
v over one w-period, where v(t) = C(r(t) — 1) with

_ A q 1
(e—a(to,t0g”) —1)% (¢ — 1) tog®
and
pu(t)a(t) ’
7&1((11— 0 / Z(t)At < 7&1((11— 0 / v(t) K (t)At,

with equality for K constant.

Note that the last two conjectures are equalities if the carrying capacity is constant.
In this paper, we relate the periodic solution and the periodically forced environment
in such a way that the upper bound is obtained for an element of the family of periodic
environments. This differs from the obtained results as a constant function is not
(one-)periodic by Definition 2.13.

We also need to define the average of a function in the quantum calculus setting.
To do so, let us recall the construction of the average of a function in the continuous
and discrete cases. For f € C(R), the average of a function on [a, b] is defined as:

b
1
v = t)dt
for= 5= [ 10
and in the discrete case
n—1
1
fav - E ; f(l)

In particular, if f(t) = F, F' constant, then f,, = F' in the continuous and the discrete
time setting. The reason is that we essentially take the average value of the area under
the function. A constant function in the discrete and continuous setting corresponds
to a one-periodic function in the quantum calculus setting; so we consider f : ¢o — R,
f() g Similar as in the discrete case, the integral expression represents the
area of rectangles, see (2.1). To understand the normalization factor C such that

fav = é f(f f(s)As, let us realize that the area of the rectangles is constant for each
rectangle, i.e., f(t)d(t,qt) = f(s)d(s,qs), see Figure 1.
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25

* f(t)=2/t

15

0.5

0 2 4 6 8 10 12 14 16 18

Fig. 1. An example of a one-periodic function f(t) = 2 for 2"

Since the area of the rectangles is preserved, every rectangle has an area of
F(@®)u(g®) = F(qg—1). If we add all n rectangles, we obtain F(q — 1)n as the total
area. We therefore have

q“to

w—1 F
Fetu=g [ 56085 = 5 Y ula) 5 = 5P -1
to i=0

This gives the normalization constant as C' = w(q— 1). Note that we can always reduce
the area of such a rectangle to the area formed by f(¢°)(¢ — 1), even if the lower
boundary is not ¢°. We therefore formulate the average of a function f : ¢"° in the
following way.

Definition 3.4. The average of a function f : ¢"© — R on the interval [t, ¢“t] N g"° is

q“t
1
fav = m / f(s)As.

Using the definition of averages in the quantum calculus setting, we can now
formulate theorems relating averages of the periodic solution to the periodic carrying
capacity. Let us initiate the discussion by investigating the Beverton—Holt g¢-difference
equation with a two-periodic growth rate.
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4. TWO-PERIODIC GROWTH RATE

Let us first define the minimal periodicity of a function.

Definition 4.1. A function p : ¢No — R is said to be periodic with order w or order
w-periodic, if w € N is the smallest possible value such that ¢“p(¢“t) = p(t) for all
t e gNo.

Lemma 4.2. If p : ¢"° — R is periodic with order w, then there exist constants
P0sP1, - -+, Pw—1 Such that

p(t) ==L, where i = (log, t) (mod w). (4.1)

Proof. If p is any order w-periodic function, then ¢p(t) can take at most w different
values, namely p; := ¢'top(q'to). To realize that, let t € ¢"°. Then there exist n, m € Ny,
such that ¢t = ¢"“7, where 0 < m < w — 1. We have

tp(t) = ¢" " p(q"T™) = " q"p(d™q™) = 4" p(a™) = P,
where 0 < m < w — 1. This completes the proof. O
Note that
log,(t¢*) (mod w) = (log, t) (mod w) +w (mod w) = log, t (mod w).
In the special case of an order two-periodic function p : ¢"° — R, we have

£ if log, t i
p(t) _ { N 1 qu 1S evel, (42)

2t if log, t is odd

for p; constant, i = 0,1, and py # p1.

Theorem 4.3. The average of the two-periodic solution T of (3.2) is strictly less than
the average of WK /(q — 1), i.e.,

toq? \ toq®
=/ /
—— | zO)At < —— [ v(O)K ()AL, 4.3
s | M < 5y [ oKW (43)
to to
where
A= q267a(t0at0q2> - 17
and 4 B
U(t) _ log, t _ +q log, (t+1) .
(Alogq t+ quogq t) (Alogq(t+1) =+ quogq (t+1))
with A, = % and B, = %ﬂ"“, n =0,1, andlog,t = log,t (mod 2). If K is

one-periodic, then (4.3) becomes an equality.
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Useful in the proof of Theorem 4.3 is the following lemma.

Lemma 4.4. Let f: ¢ x ¢"o - R, w € Ny. Then

tog” tq” tog” toq” toq"
/ /f(s,t)As At = / /f t)At As + / / f(s,t)At As. (4.4)
to t to to toq ql w

Proof. Let tg = ¢, m € Ny. Then

m+tw—1 k+w—1
[ [ fe0msat -0 Y -1 3 dfad)
to t k=m i=k
m+tw—1 ) 7 )
= (-1 > da-1> " fdd)
i=m k=m
m+2w—2 ‘ m+w—1 ‘
+—-1) > d@-1) > "fld.d")
i=m+w k=i+1—w
> to
w //fstAtAs+ / / f(s,t)At As
tog” sql—«
toq>  toq"
- / / f(s,t)At As
t0q2w—1 Sqlf‘”
toq” sq toq® togq®
= / /f(s,t)AtAs+ / / f(s, t)At As,
to to tog® sql—w
where we have used that fcc f(s)As = 0. This completes the proof. O

at

Proof of Theorem 4.3. Let tg = ¢, m € Ny. Since a and K are two-periodic, a(t) = %
and K(t) = 5t as in (4.2). Applying the weighted Jensen inequality [18, Theorem 2.2]
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(see also [1]), we get

2

toq toq A
z(t)At X = At
io i [ e alt,o(s)fSAs
t
toq® A\
- [ = At
to [ e_a(t,a(s))f{((i))iAs
t
tq2
tod® [ e_,(t,0(s))a(s)K(s)s?As
<A [ 2 At

tq2 2
to (tf e_a(t,o(s))a(s)sAs>

tq2
tog” [ e—alt,o(s))asksAs
: At

o(t) a(tq) 2
to (f e_q(t,o(s))asAs + tf e_a(t,a(s))ozsAs>

t

tq2
tog® [ e—a(t,o(s))asksAs
t

(2.1)

= A

| a
[(t)e_a(t, tq)ou + pu(qt)e—a(t, tq?)oug)

to

toq® tq”
e_a(t,o(s))asks

’U’Q(t) [e—a(tv tQ)at + qe—a(tv tq2)atq]

5 As At

e_a(t,o(s))asks

b b Mz(t) [e—a(ta tq)at + qe—a(ta tqz)atq]
o to

5 At As

toq* tog®

A e_alt,o(s))asks

12(t) [e—a(t, tq)or + qe_q(t, tq®) cuyg)
tog? sq—1!

5 At As.
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Denote ay, = ag, ag, = a1, Ky, = ko, and kg, = k1. By integrating, the last
expression is equal to

toq
1 e_q(t,toq)apko
)‘M(to)/ 2 a( ) 2 2At
J w2 () fe—a(t, tq)ae + ge—a(t, tg?) o]
0
toq (t i 2)
€ 04~ )1k
+)\,u(qto)/ - o, .
to H [e—a(tatQ)at+qe—a(tatq )atq}
(. tod?)
e_q(t,t0q” )1k
+ Auato) / 5 — oAt
S () [e_alt,tq)ou + qe_a(t, tq?)asy]
0
toq® 3
1 e_q(t,t QoK
+)\,U/(q2t)/ . a( OQ) 0k0 .
t K (t) [e*a(ttQ)at+qefa(t>tq2>atq]
0q
@ e_q(to, toq) koo

le—a(to, toq)ao + ge—_a(to, t0q2)a1]2
e—q(to, tog?) k1011

+ A 5
le_a(to, toq)ao + ge—a(to, tog?)on]
T e_a(toq, toq?) k101
le—a(tog; tog?) o + ge—a(tog, t0q3)a0]2
Iy e_a(toq, toq®) koo

le—a(togq, tog?)ar + ge—_a(tog, toqs)ao]Q,

where we have applied the periodicity condition on a¢ and K. Using the definition of
the exponential function, the last expression is equal to

[ S
by 1-(¢g—1Dao

P} RoQo

(1—(53’1)% + q(l—(q—l)aﬁ?l—(q—nal))

1
1 Aq (1-(g=Dao)(1-(g=Da1)

5 10

(1—<qai’1>ao +q(l—(q—l)aoxll—(q—l)al))
1
1—(g—1)ay

+ A 5 R101

(1—<qa—11>a1 +q(1_<q_1)ao(§‘<°1_<q_1)a1))

1
(1—(g=Dao)(1-(g=D)a1)

+ Aq 5 KO-

(anfl)m +q(k(qfl)ao(f?lf(qfl)al))
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. . - . : .
Introdu'cmg A, = Do and rearranging terms, we can express the previous
expression as

A Aoﬁ
Ak ° . 5 +4q -l 1)11 3
(AO +ad k(Fl)aT)) (Al + ‘JAO‘HFl)aT)
A Ayt
Ak L 5 +4q lemDo
(A +ado=rtne ) (Ao+odits)

Introducing the notation B, := w yields the result. The weighted Jensen

inequality is an equality if the nonweiéht is constant w.r.t. the integrating variable
[16, p. 298]. In our case, the condition translates to K(s)s = «, i.e., K(s) = £ for
K € R. Hence K is one-periodic. O

Remark 4.5. If a is one-periodic, then a(t) = ¢,ie, a0 = a; = afor 0 < (¢—1)a < 1.
We then have

A A%
v(t) = @
" <(A+q‘f)2+q(A+q‘f)2>

o [ S
1-(¢g—1)a (1—(g—1))?

= 3 t4¢ N N P
(1—<q—1)a + q(l—(q—l)a)Z)

(1—<qa—1>a + q(l—(ﬁl)a)‘ﬁ)
1 1

= ) 5 T4 . 2
(¢ Da (1 + q(lqul)a)) o (1 + q(lqul)a))
_ 1 (1—(q—1)a+Q> (1—(qg—1)a)?

1
) = —.
1 «a 1+¢-(¢g—1a)«
(1 +q7<17<q—1>a>)

That yields

_ ¢’ ) _A-(@-Da? 1 lta
wwlt) = ((1—<q—1>a>2 1) (+q-G-Dma @V
Theorem 4.3 reads now as
1 to(lz_ 1 l+a toq®
2(q_1)/x(t)At<2(q_1) - /K(t)At,

which is consistent with (3.7).

Example 4.6. Let us consider the following example, where a, K are 2-periodic with
the values

0.

n =2 if n is even, n =2 if n is even,
ald”) { : if n is odd, (a") {O 8 if nis odd, (45)

qm

[ V)

(=N
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n € Ny and t9 = g = 1.2. The inequality provided in Theorem 4.3 is visualized

in Figure 2.

25671

161

05 *

time

Fig. 2. Carrying capacity given by *, solution by o. Solid line is the average of the 2-periodic
solution, dashed line is the average of the weighted carrying capacity.

Example 4.7. Let us slightly change the carrying capacity from Example 4.6 and

consider the 2-periodic coefficients

0.2 . 0.3
== if n is even =2
a(q™) =< 9% ’ K@) =<{ "
@) {g-f if n is odd, (@) {g-f

if n is even,

4.6
if n is odd, (46)

and ty = q¢ = 1.2. The inequality provided in Theorem 4.3 is visualized in Figure 3.

Recall that in the case of a 1-periodic carrying capacity, the average of the periodic
solution is equal to the weighted average of the carrying capacity. In Figure 2, the
2-periodic factors of the carrying capacity are relatively close with 0.6 and 0.8. If
the difference is however increased, assuming all other values fixed, we see that the
difference between the average of the corresponding periodic solution and the weighted
average of the carrying capacity is also increased, see Figure 3.
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16T

time

Fig. 3. Carrying capacity given by *, solution by o. Solid line is the average of the 2-periodic
solution, dashed line is the average of the weighted carrying capacity.

5. w-PERIODIC GROWTH RATE

Throughout this section, we assume (3.5). We present two inequalities relating the
w-periodic solution = and the w-periodic environment. The first formulation is a gener-
alization of the theorem we have discussed in the previous subsection for two-periodic
coefficients.

Theorem 5.1. The average of the w-periodic solution T of (3.2) is strictly less than
the average of the order w-periodic carrying capacity K times a function, i.e.,

0.)((]1—1)/£(t)At<w(q>\_1)/v(t)K(t)At, (5.1)

where A = ¢“e_,(tg, ¢“to) — 1 and

o(s) tog
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with

w—1
t) = Z q”e_a(t,tq"Jrl)a(tq")tq”.
n=0

The inequality (5.1) is an equality if K is one-periodic.

Proof. Let tg = ¢™, m € Ny. Applying the weighted Jensen inequality [18, Theorem 2.2]
yields

/ ()AL E N = ! At
to to tf e_a(t,o(s))f((( 7 As
00 | e_o(t, o(s))a(s)K (s)s*As
<X [ - — At
to ({ e_a(t,cr(s))a(s)sAs>
tog” j e_alt,o(s))a(s)K(s)s?As
= t o 5 At
to (E:i_tl) tf" e_q(t,o(s))a( )sAs)
toq* f e_alt,o(s))a(s)K(s)s*As

22\ / At

Sams ulta)ea(t,oltq)altan)a")
W] ealho9)als) K (9520

=) At.
t[ pu(t)? (Z;’ 0q"C—q (t,tq"“)a(tQ”)tq")2 t

Define

w—1
= qe_alt,tq" Halt")tq"
n=0
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Then

w—1

9(¢°t) = > q"e_altq”,tq*q" M alte” q")tq"q"

n=0

w—1
=Y g a(t,tg" Maltq")tg" = g(t),
n=0

i.e., g takes at most w different values. We therefore have

toq“L tog” tqweia(t, o‘(s))a(s)K(s)82
/ Z(t)AL < A / / D202 (0) As At
tog®” . toq® e ot 0(5)
—l—)\tl a(s)K(s)s l/w MO0 At As.

Realize that we can write the second integral as

tog®

_a(t,o(s))
a(s)K(s)s? / LAI& As
JECES MORED
toq® sql—w
m+2w—1 m+w—1 k l
21 Z l l Iy 21 ke €-alg” 0(q"))
= wdha(HK () D wd) g
l=m+w k=l+1—w ,LL(q ) g (q )
m4w—1 m+w—1 k I4+w
e—a(q ,a(q ))
— Z u(ql+w)a(ql+w)K(ql+w)q2(l+w) Z —ae =
= Wi Mg (dh)
m+tw—1 m+tw—1 w k 1
e—a(t()vtoq )e—a(q ’O'(q ))
= > wdhad)K(@)d'e D —
= Nl 1(a*)g?(q*)
(t.0()
(2.1) 2 w wr —alt,o(s
= / a(s)K(s)s / q“e_q(to, toq") 202 (0) At As
to o(s)
tog” tog”

_ /a(s)K(s)52 /(A+1)mmm.

to o(s)
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We can write the obtained upper bound now as

toq® a(s) toq”
2 e—a(t,o(s)) e—a(t,0(s)) s
A / a(s)K(s)s { / 0220 At + (A +1) % (0252(1) At}A .

If K is one-periodic, then the weighted Jensen inequality yields equality [16, p. 298]. O

Note that the function v does not depend on the choice of K, only on a. By using
the special structure of periodic functions suggested in (4.1), a(t) = % and K(t) = %,
the inequality (5.1) reads as

w(ql— 1) /f(t)At
tog® o(s) tog®
where
00 = 3 "emaltstg™ Vasgs.
n=0

A slightly different expression of (5.1) is possible:

w

toq

y T ettt o eattioto) ) o
<w<q1>/K(> ” {/ H(020) At“% K020 At}A’

with equality if K is one-periodic.
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Remark 5.2. If we choose w = 1, i.e., a(t) = ¢ and K (t) = %, for a and K positive
constants, the right-hand side of (5.1) is

toq a(s) togq
e_alt,o(s)) e—a(t,o(s))
A/{ | g 2o/ wmm}

to o(s)
et qto) et tog)
(2.1) e_q(t,qlo e_q(t, tog
=" \u(tyg)ka /*At-f— A+1 /*At
uitoywad | At O+ 1) [ S At
0 0q
e_q(to,t0q) e_a(to,t0q)
:)\ t RO t 7:/\#;047
ulto)renlto) o N5 tto) §2(t0)
— \kau efa(tht0q> = Ak efa(thth) 5
(G,a(to,toq)a(to)to) a(e—a(tO;tOQ))

toq

_a(tostoq) — 1 , L
_ngemallotoq) =L kg e %/K(t)m,
to

T e_altotoq) o

which is consistent with (3.7).

We can also relate weighted averages of the periodic solution and periodic carrying
capacity.

Theorem 5.3. The weighted average of the periodic solution is strictly less than
a weighted average of the carrying capacity, i.e.,

1 4" to ) q“to
S | s < Sa / () K(1)AL, (5:2)
where
Lt taft)

wy (t) = —gt(—a © P), wa(t) = wi (¢) ta)

where P = %, and p(t) = t. Equality is obtained if K has the same period as o, given
_ a(s) ;
by K(s) = CW’ where C' is any constant.
Proof. Let us define the following functions to simplify the notation: m(t) = m,
and n ®m = —a; so m,n are w-periodic. Let ® = —a © P. It is not hard to show that
A
ep(t,s) =1L, for B, and p(t) =t.
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We have
q“to q“to \
wy (H)z(t) At E / wi () = At
to to | e—alt, qs)%As
¢
q“to \
= w1 (t) 7t At
i enlbasien(tas) GG A
q“t

Flown (1) [ enc(t,a3)a(s)E ()52 (s, 1) As

<A At

to ( tf en(t,qs)a(s)se@m(s,t)As>

q“t
“tows(t) [ enom(t,gs)a(s)K (s)s%er, (gs,5)As
t

=\ At

N (?i enam(t, gs)a(s)sem(gs, 8)As>

a“town (t) qf e_q(t,gs)a(s)K(s)s?(1 + u(s)m(s))?As
=\ twt At
b ( [ ealt.a(s)s( +u(8)m(8))AS>
a“to wy(t) qf e_alt,qs)a(s)K(s)s?(1 4+ u(s)m(s))?As
= " : S At
z ( [ ealtiasicon(t.as) fals)1 + u(S)m(S))A5>

“tow; (t) [ e_q(t,gs)a(s)K(s)s*(1 + p(s)m(s))*As
=\ / t At,

wt 2
to <tf —edt,qs)t(—@(s))As)
where we have used that
=q(—a :—as—pA(s)z—as—L —
79(s) = 0 (05 P) () = ~a(s) = Lo ¥ = —a(s) = —os(a -~ )

= —a(s) —

[
Il

\

Q
—
w
S—
7/ N\
—
+
—~

w |
SN—

®»
~
|

\

Q
—
V)
S~—
Y
—
+
=
PN
®
N
2
»
N
S~—
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We can further simplify the right hand side, using ws(s)

(therefore wo K is w-periodic):

a(s)s(1 + p(s)m(s))?

q“t
7“to [ e_a(t,gs)swa(s)K(s)As
@.4) / wi(t) y At
t? (ea(t,qt) — 1)
to
) q“to ) q“t
(2.9) w1 (t /
= e_q(t,qs)swa(s) K (s)As At
(ea(to, q*t0) — 1)? / t2 ( gs)swa() K (o)
0
) q“to qs )
(4.4) w1
= swo(s)K (s e_q(t,qs)At As
=T | ] e [ et
to to
7*“to a“to
wi (¢
+ / swa(s)K(s) / ié)e,a(t,qs)AtAs
q“to ql—ws
\ q“to qs )
w1
= K _ AtA
(e (to, q¥to) — 1)2 t/swg(s) (8)/ 2 ¢ alt, gs)AtAs
e 2 i i et wl(qj) Jo it
+ > (@a=Dg%wa(g)K (@) DY (a—1)—eald’,q")
1=m-+w j=itl—w q
\ q“to qs )
w1
= K _ AtA
(e (to, q¥to) — 1)2 t/swg(s) (8)/ 2 ¢ alt, g5)AtAs
et 2itw i imﬂhl wl(qj) J o itwtl
+ Y (a= D@ wa(d)K(g) Y (a—1)—Feald’,q"TH)
i=m j=it1 q
\ q“to qs )
w1
= K _ AtA
(eé(to,qwto)—l)Q{/ swa(s) (3)/ 2 ¢ a(t, qs)AtAs
q“to q“to
t
+ [ sw@ree [ “’;”e_aa,qw“s)}
to qs
N q“to qs
= — wo(8)K (s P(t)e_qop(t,qs)At As
eir=nes AW RCCLON ECEEOYS
to to
q“to q“to

+ / wa(s)K(s) / B(t)e_qop(t,q” T s)At As

to qs
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q“to
A
(ea(to, gto) — 1)? /wQ(S) (s)(1 —ea(to, gs))As
q“to
+ / wa(s) K (s)(ea(q“t0, ¢“'s) — ex(gs, ¢t ts))As
to
AL = caltord“to) [ 4k
28 1 —ea(ty, ¢“to B
@0 (ealto, ¢to) — 1)? / wa()K(s)As = / wa(s)K (5)As,

where we have used that
A= q"e_q(to,q"to) — 1 = ea(to,q“to) — 1.

Dividing both sides by w(g — 1) yields the result.

O

Example 5.4. Consider the case of a one-periodic growth rate, i.e., a(t) = «a//t, then

the previous Theorem reads as

qwto qwtO

/:E(t)At < atl /K(t)At,
(0%

to tO

which is consistent with [5, Theorem 5.6]. To realize it, note that

wy(t) = a+1, w2(t):%7

because

wn(t) = —qt (~a(t) & P) = —qt (—““) _la- ”) 0,

and therefore |+ ta(t) )
+ ta +«
wa(t) = wi(t)——~—

This is consistent with (3.7).
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