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 !" #$"%&'()* +,(-*-.-" /0 1'.*231'/% 4&!*,"67 /0 -!" 8/'*(! 9&2":7 /0 #*3
","(; <",-6" 0/6  !"6:/:"!&,*( /0 1'.*2(; =,"6>7 </,?"6(*/, @"A&6-:",-;
1*($"6& BC; DE3FGB H2&I(); 8/'&,2

 !"#$%#

.234 5+567 +,+89:64 ;26 5<443=383;9 <> 764<,+,64 @3;23, + <,;7<8 4;+A6 <> + 23A2 4566-
;B7=3,6C !, <73A3,+8 D6;2<- ><7 4;6+-9 4;+;6 <567+;3<, 34 B46- ><7 ;26 +,+89434 <> ;26 4;3E,644
D+;73F 7657646,;3,AG 3,3;3+8 -3458+6D6,; =8+-6 H,<D3,+8 42+56 =8+-6 <=;+3,6- =9 ,<D3,+8 @<7IJ
3,A 5<3,; <> ;B7=3,6K +,- 7643-B+8 4;764464 ><88<@3,A 8<+8 7<443,A 9368- 58+4;3 4;7+3,C #, ;26
+,+89434 ;2676 2+4 =66, ><B,- + 5<443=383;9 <> <B7+,6 <> ;26 764<,+,6 >76LB6,9M +,- D34J
;B,3,A =9 42<@3,A ;26 4+>6 @<7I3,A 7+,A64C .26 +8B8+;3<, B46- ;26 N D<-+8 +,- 2+7D<,3
+,+89434 @3;23, <D5B;+;3<,+8 4<83- -9,+D34 HO& K +,- ;26 764B8;4 @676 <D5+76- @3;2 ;26
P -+;+ >7<D 83;67+;B76C !>;67 8<+8 7<443,A <> 9368-4 4;764464M <, ;26 =+434 <> ;26 2+7D<,3
+,+89434M ;2676 2+4 =66, 42<@, <567+;3<, <> ;26 =8+-6 3, ;26 764<,+,6 5<3,;C Q6><76 7<443,A
;26 9368- 4;764464 ;26 =8+-6 34 @<7I3,A 3, D34;B,3,A +,- + 4+>6 5<3,;C

 !"#$%&'( O<,;7<8 4;+A6R 1643-B+8 4;764464R #,3;3+8 -3458+6D6,; =8+-6R S3=7+;3<,4 =8+-6

'()*+,%#-$*

A T +,AB8+7 U68<3;9 D+;73F
~b T =<-9 ><76
D T D+;673+8 57<567;364 D+;73F
Gs T <<7-3,+;3<, <> A6<D6;73+8 D+;73F
f = ω/2π T >76LB6,9M V:

∗$JD+38 +--7644G -+,368C48+@3,4I3�3D5CA-+C58



 ! "# $%&'()*+( &,- .# /&+012'*+(

Fext ,Frot 3 45&- 56 78#9:;< =
Fc = {ρ~v ⊗ ~v} 3 5,*20?&@(?2 A5A2,@BA CBD< E&
Fe = {

↔

σ} 3 24&*@( A5A2,@BA CBD< E&
Fν = {

↔

τ } 3 ?(*5B* A5A2,@BA CBD< E&
K, KNL, KR, KΩ 3 *@(F,2** A&@0(2*
S = {ρ~bfic} 3 *5B02
T 3 A&@0(D 56 550-(,&@2*
~v(~x, t) 3 ?245(@G ?2@50
~x = xi~ei 3 ~ei &02 026202,2 B,(@ ?2@50< 9i = 1, 2, 3;
t 3 @(A2
~u 3 -0(6@ ?245(@G ?2@50
~w 3 024&@(?2 ?245(@G ?2@50H ~v = ~w + ~u

 !""# $%&'()$

~Ω 3 &,IB4&0 ?245(@G< 0&-J*
2~Ω× ~w = 2 (Ωiwj)~ei × ~ej 3 K50(54(* &2420&@(5, ?2@50< AJ*2

~Ω×
(

~Ω× ~x
)

= Ω2
ixj~ei × ~ej × ~ei 3 L&4(425 &2420&@(5, ?2@50< AJ*2

ρ 3 -2,*(@G 56 A&@20(&4< +IJA3

(

d
dt
~Ω
)

× ~x =
(

d
dt
Ωixj

)

~ei × ~ej 3 7B420 &2420&@(5, ?2@50< AJ*2

*+'$!-./$ 012 $+'$!-./$

→ 3 ?2@50
↔ 3 @2,*50
× 3 K&0@2*(&, M05-B@
⊗ 3 @2,*50 M05-B@ 50 -G&-( M05-B@

 !"#$%&'#)%"

 ! "# $%&'% !()! *"+,)!"&%# -.%.,)!./ +0 %&%#!)!"&%),0 1&)/# 2&,3 ) #"-%"4)%!
6,&+1.3 "% !(. 1"2.!"3. &2 4,#! )%/ 1)#! #!)-.# &2 #!.)3 !7,+"%.#8 9*.% #(&,!
'&,$"%- !"3.# &2 +1)/.# "% ,.#&%)%. /7. !& %&%:#!)!"&%),0 1&)/#; 3)0 ,.#71!
"% /.-,)/)!"&% &2 !7,+"%. #!)-. 3)!.,")18 <.%.,)110; !(. ,.#&%)%. )7#./ +0
.="!)!"&% 1&)/#; 1.)/# !& *.,0 1),-. +1)/.# /"#61).3.%!; )%/ 1&)1 .=../"%- !(.
0".1/ #!,.##.# "% +1)/. 3)!.,")18 >7( #"!7)!"&% "# *.,0 /)%-.,&7#8 ?&)1 ,&##"%-
!(. 0".1/ #!,.##.# )% #"-%"4)%!10 .@.! &% !(. *)17. &2 %)!7,)1 2,.A7.%0 &2 !(.
+1)/.8 B1)/.; +.2&,. 1&)1 ,&##"%- &2 !(. 61)#!" 0".1/ #!,)"% 3)0+. '&,$"%- "%
#)2. 6&"%! &2 &6.,)!"&% "% !(. C)36+.11 /")-,)3; +7! )2!., 1&)1 .=../"%- !(.
0".1/ #!,)"% 3)0+. 2&7%/ "% !(. ,.#&%)%. D#.. E"-8 FG8

H(. 6,&+1.3 &2 %)!7,)1 *"+,)!"&% ()# +..% /"#7##./ "% IJ;K℄; 3&/)1 *"+,)!"&%
)%/ (),3&%" )%)10#"# +0 7#./ !(. 4%"!. .1.3.%! 3.!(&/ DE9MG "% IN;O;P;FQ℄8
H(. 6,&+1.3 &2 /.!.,3"%)!"&% &2 %&%#!)!"&%),0 1&)/ &3"%- 2,&3 !(. #!.)3 R&';
)361"!7/.# &2 .="!)!"&% 1&)/# 2&, %&%#!)!"&%),0 R&' )%/ 6),!")1 6&'., !7,+"%.
()*. ,..%!10 +..% /"#7##./ "% !(. '&,$# IS;Q;FT;FF;FS℄8

 % !("# #!7/0 '. '"11 +. &%.%!,)!./ &% /.!.,3"%)!"&% &2 2,.A7.%0 2&, %&%:
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5%/6.- 72 8,- 1#$#/- )* 9'#1-( #*+-. # (,).+ +%$- )* )0-.#+%)" %" +,- .-()"#"- 0)%"+ :3℄2

 !"!#$%"&' ($") "%) )* #+%"!#$% $, !-*#& %"!.&"( ,&*/.*%#* 1 2* -"3* &* $(3*)
" !'4#"( 5$)*( $, " $%!&$(  !"+* $, -#+-  4**)  !*"5 !.&6#%*1 7-* 5$)*( .%)*&
$% #)*&"!#$% # !-* "  *56(' $, " )#  "%) 89 6(")* : ** ;#+1 <=1 7-* 6(")* "&*
$%%*!*) !$ !-* )#  6' !>$ 6$(! 1 ?!"&!@.4 "%)  -.!)$>% $, !.&6#%* -" %$!
6**% $% #)*&*)1 A.5*&#"( &* .(!  -"(( 6' "%"('B*) 6' !-*#& $54"&# $% !$ !-*
"%"('!#"( &* .(! 1 C$!"!#$%"(  4**) ,$& !-* "%"(' # # "  .5*) !$ 6* DEFEE &45
"%) " 3"(.* $, *G#!"!#$% ,&$5 !-* 4&*  .&* ($") # E1HIII JK"1 7-* * 4"&"5*!*& 
"&* "(.("!*) ,&$5 !-* !-*&5$)'%"5# &*("!#$% "%) ,.%!#$% $, ,&*/.*%' $%('
LDEMDD℄1

5%/6.- <2 =)"+.)' (+#/- 9! ,%/, (0--1 (+-#$ +6.9%"-2



  !" #$%&'()*' %+, -" .%*/01&)*'

 !"#$%&%'%()

 !" #$#%&'(' #$) #%!%#+(,$' #"- .#'-) ,$ +/- 01 2,)#% #$) /#"2,$( #$#%&'('
+&3(#% 4," +/- 561 7898:℄< =-'!%+' ,4 ->(+#+(,$ %,#) /#?- .--$ ?-"(@-) .& "-'!%+'
,.+#($-) ($ +/- A1 2-+/,) 4",2 +/- %(+-"#+!"- 78A98B℄<

C-+ 4," 561 #$#%&'(' .- +#D-$ +/- 4,%%,E($F )-@$(+(,$'G

• ?-%,(+& ?-+,"

~v(~x, t) = ~w + ~u =
d~x

dt
+ ~Ω× ~x , H8I

• %#E ,4 2,2-$+!2 .#%#$- ($ # ,$'-"?#+(?- 4,"2 78℄

d

dt
U + div(Fc + Fe) = divFν + S , HBI

• @+(+(,!' 4,"- )!- +, ",+#+(,$ 78℄

~bfic = 2~Ω× ~w +

(

d

dt
~Ω

)

× ~x+ ~Ω×
(

~Ω× ~x
)

. H0I

J,"2!%# %-#)' +, # .#%#$- ,4 2,2-$+!2 3",3-" 4," )('"-+('#+(,$ .& @$(+- -%-K
2-$+ 2-+/,)< L/- F-$-"#% 4,"2 ,4 +/- -M!#+(,$ ,4 2,2-$+' E/-$ +/- 5,"(,%('
-N-+' #"- ($%!)-)9 #$) +/- )#23($F -N-+ (' $,+ $-F%-+-) "-#)'

ρ
d

dt
wi = (σij + τij),j + ρbi + ρb

fic
i , HOI

E/-"- σij 9 τij (' +/- -%#'+( #$) ?(',!' +-$'," '+"-'' ,4 5#!/&<
L/- '+"-'' #$) '+"#($ #%!%#+-) E(%% .- '#?-) .& 2-#$' ,4 '-,$) 3"($(3#%

'+"-''-' #$) '+"#($< J," +/- 2,)#% #$#%&'(' +/- 2,2-$+!2 .#%#$- "--(?-) #
4,"2 !'-4!% +, # ,23!+#+(,$#% #33%(#+(,$' ,4 +/- @$(+- -%-2-$+ 2-+/,) 789P9Q℄

Mq̈+
(

K+KNL +KR
−KΩ

)

q = Fext + Frot , H:I

E/-"- R),+'S "-3"-'-$+ # +(2- )-"(?#+(?-9 #$)M,K,KNL,KR,KΩ,q,Frot #"- +/-
2#'' 2#+"(>9 %($-#" '+(N$-'' 2#+"(>9 ($(+(#% )('3%#-2-$+ 2#+"(> H(+ (' ,"(F($#%
)-@$(+(,$ ,4 $,$%($-#" )('3%#-2-$+ ,4 +/- .%#)-I9 "-'()!#% 2#+"(> H(' ,"(F($#%
)-@$(+(,$ "-3"-'-$+($F '+(N$-'' 2#+"(> #4+-" %,#% ",''($F ,4 &(-%)' '+"-'' ($ +/-

 2#! ') 34'+5678%+* %+%849: 54 2;! <24=3>5%5'4+%8 ;8>', !:+%=')@" A45B =15B4,) >)1
5B1 )%=1 7%8%+1 1C>%5'4+) <=%))D =4=1+5>= %+, 1+1/9:@" !')/15'0%5'4+ =15B4, E4/ 5B1
2#! %+, 2;! ') )'='8%/ %) 5B1 1C>%5'4+) %/1 ',1+5'%8" FB') %/B'515>/1 E4/ )48G'+9 1C>%5'4+)
9/1%58: )'=38'H1) ;#I 5B1 %+%8:)1) <J>', )48', '+51/%5'4+@ %) &188 %) F6;#I <5B1/=%86J>', )48',
'+51/%5'4+@" FB1 +%=1 <2#!@D &%) ,1G18431, KL :1%/) %94 4E 5B1 E4>+,%5'4+ 4E 5B1 M+1/9:
24+G1/)'4+ !13%/5=1+5 I;;N OP#"
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 !"#$%!& '&!(#) !*(  !"$%+ ,- $,"!"%,*!& ."%/*#..0 $#.1#"%3#&4 567℄0 (#9*#( !.
-,&&,:.;

M =

∫∫∫

Ve

NTρNdV , <=)

K =

∫∫∫

Ve

(NTBTDBNLN+NTBT
NLDBNLN+NTBT

NLDBN)dV , <>)

KR =

∫∫∫

Ve

NTTT





σxx σxy σxz
σyy σyz

sym σzz



TNdV , <?)

KΩ = ρ

∫∫∫

Ve

NTGT

s AGsNdV , <@)

:A#$# B !*( BNL !$# &%*#!$ !*( *,*&%*#!$ ."$!%*B(%.1&!# #*" "$!*.-,$ !"%,*.
 !"$%#. 0 D %. "A#  !"#$%!& 1$,1#$"%#.  !"$%+0 T %.  !"$%+ ,- ,,$(%*!"#.0 A %.
!*CD&!$ 3#&,%"4  !"$%+0 !*(Gs %. C#, #"$%!& ,,$(%*!"%,* ,-  !"$%+0 ρ %. (#*.%"4
,- '&!(# !*( (%.E  !"#$%!&;

A =





Ω2
y +Ω2

z −ΩxΩy −ΩyΩz

Ω2
x +Ω2

z −ΩyΩz

sym Ω2
x +Ω2

y



 , <6F)

Gs =





rxx rxy rxz
ryy ryz

sym rzz



 , <66)

B =

















∂x 0 0
0 ∂y 0
0 0 ∂z
0 ∂z ∂y
∂z 0 ∂x
∂y ∂x 0

















, <6G)

:A#$# Ωx,Ωy,Ωz !$# "A# $,"!"%,* 3#&,%"4 ,- "A# (%$#"%,* x, y, z !*( rxx, rxy, rxz
!$# "A# $!(%!& (% #*.%,*0 $#.1#"%3#&4H IA# #+1$#.%,* ,- "A# #*"$%-DC!& &,!( %.

 56"1#$-"+#' .-'#+%)"(,%0( #.- 1-7"-1 8! *).$6'#(9

u = Nq, ε = BNq, σ = DBNq

:,-.-  %( +,- (,#0- *6"+%)" $#+.%;2 <- 8-/%" :.%+%"/ +.%0'- %"+-/.#'( 1-")+-1 #(
∫∫∫

dV +)
1%(+%"/6%(, +,-$ *.)$ (%"/'- %"+-/.#'(

∫

dV 2
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 !"#! $%

Frot = ρ

∫∫∫

Ve

GT

s = A







x

y

z







dV , &'()

*+!,! Ve -. /0123! 04 5+! 36+-#! !1!3!#58 9+!# 5+! :0,-01-. 6# ;21!, !<!5.
6,! #!=1!5! ;>8 &'() -. - !#5-61 50 5+! 16* 04 5+! 303!#5 $616#! -# 6 0#.!,/6?
5-/! 40,3 &@)8 ;>265-0# &@) -. 40,3! $% 5+! $6.- 2A 65! B6=,6#=-6#  !.,-A5-0#C
6# -. .01/! 2.-#= 5+! D!*50#?E6A+.0# 30 -"! A,0! 2,! F'CGC'HC'I℄8

 !"#$%&# '( )*)%+#,#

K# L-=8 ( A,!.!#5! +6/! $!!# #652,61 30 !. 40, 5+! 6#61%M! 0#5,01 .56=! 04 5+!
52,$-#! 40, ,0565-0#61 .A!! 'N@NN ,A3C =-/!# $% O5+C ''5+C 'P5+ 6# '(5+ 30 !8
Q+!.! 30 !. +6/! $!!# !R-5! $% #0#?.565-0#6,% 106 A0.5! :63A$!11  -6=,63
&.!! -,1! -# +!-=+5 '(5+ #652,61 4,!>2!#% ω'( 612165! $% 5+! 0#5,01 .56=!)
6# A,!.!#5! -# Q6$8 ' &.!! 010,-#= !11.)8

3(4502 6# 7809&: 98-2* ;80 8,=08: *=&42 >(?0&=(8,* 8; 08=&=(8, *@22- AB BB 0@9 &C D=EF ?C
AA=EF C AG=EF -C A6=EF &,- H&9@?2:: -(&40&9 ;80 =E2 8,=08: *=&42 I*22 (, 0(4E=C#



 !"#$% #"#'!(%( )* +,- )"+.)' (+#/- )* # ,%/, (0--12 2 2 34

 !"#$"%&' (#)!$&$# +%'' !,( &" & -!%$" ./ #0%"&"%!$ '!&1 '%$# (!))%$2 "3#
$&",(&' 4(#5,#$/ '%$# !4 "3# &$&'/6#1 #'#7#$" 8)## %('# %$ "3# 9&7-.#'' 1%&:
2(&7;< =!( "3# 9!7-,"&"%!$&' >!'%1 ?/$&7%) 3&(7!$% &$&'/)%) 8)## =%2< @;
"3#)# &(# "+! -!"#$"%&' -!%$") !4 (#)!$&$# +3%3 &$ .# ,$1,#1 ./ "3# $!$:
)"&"%!$&(/ '!&1< =%()"A +3#$ #0%"&"%!$ '!&1 %) !-#(&"%$2 +%"3 "3# &7-'%",1# !4
BCDE F6A &$1 & )#!$1 -!%$"A +3#$ +!(G%$2 &" BHBCI F6< J3# K()" L&',# !4 #0:
%"&"%!$ '!&1 -!"#$"%&' #0%"#) "3# @"3 $&",(&' 7!1# !4 "3# !$"(!' )"&2# +3#(#&)
"3# )#!$1 %$L&(%&$" #0%"#) "3# BB"3 $&",(&' 7!1#<

M$ J&.<B 3&L# .##$ -(#)#$"#1 $&",(&' 4(#5,#$%#) 8)## "3# '&)" !',7$ %$ "&:
.'#; !$"(!' )"&2# &$1 4(#5,#$%#) !4 '!&1 #0%"&"%!$ 8)## !',7$) CNO; -!"#$"%&''/
1#"#(7%$%$2 !-#(&"%!$ !4 "3# !$"(!' )"&2# ./ (#)!$&$#< P#),'") 3&L# .##$ &':
,'&"#1 ,)%$2 I? 7#"3!1 -!)",'&"#1 ./ QBIABCABR℄<

5#6'- 72 8.-9:-"! )* -;%+#+%)" ')#1< 0)+-"+%#' 1-+-.$%"%"/ )0-.#+%)" )* +,- )"+.)' (+#/- 6!
.-()"#"- =#':'#+-1 > ? #"1 "#+:.#' *.-9:-"! )"+.)' (+#/-< #':'#+-1 6! '#((%#'
$-+,)1( @7><7A<7B℄2

 !"# $%#&'#(* !+ #,-./.-!( 012℄
4/.'%/5 +%#6
&'#(* 012℄

4!7 8(9'5/% :#5!-.* 0%/";<℄ 0%/";<℄

= >== ?== @?= >=AB =

> CDC= CDC=7BB CDCE7>E CDC?7ADE CDE= BFF=

C ??CB7?CA ??CB7DFF ??EC7FCF ??ED7=F> ??FC >=?F=

E AD>C7@F? AD>C7@?F AD>D7EFF ADC>7=>D ADCA >>FC=

F B?=A7DD? B?=A7DFB B?=A7C?@ B?=@7@FA B?=A >C=A=

? >CDAF7?AD >CDAF7B >CDBC7FF >C@=C7CF? >C@>D >C@F=

D >F@B>7=A >F@B>7C>C >F@BF7>A >F@BA7=F> >FA=F >EDC=

@ >?==A7B? >?==B7>?C >?=>E7>D >?=>A7E@E >?=CD >FBF=

A >?A=D7@E >?A=D7ADB >?A>=7CEB >?A>F7DCE >?AC> >?D==

B >D?BD7EF >D?BD7FBF >DD==7=?E >DD=F7DD >DD>C >DCD=

>= >@>AD7?EC >@>AD7?EB >@>AD7@=F >@>AD7BC? >@>A@ >@?A=

>> >B=A>7@@ >B=AC7C? >B=BE7@D >B>=A7?D >B>CB >B>C=

>C >BCF>7@F >BCFC7BC >BCFD7CC >BC?>7AF >BC?D CB@F=

T&0%7&' -(%$%-&' )"(#))#) ./ @"3 7!1# !-#(&"%$2 %$ (#)!$&$# %) HBR T &
&$1 :DE T & 4!( BB"3 $&",(&' 7!1#< T&0%7&' -(%$%-&' )"(#))#) 2#$#(&"#1 ./
$!7%$&' (!"&"%!$&' )-##1 BIEII (-7 %) !$'/ CDE T &< M" %) !$)%)"#$" +%"3 "3#
!"3#( (#-!("#1 &("%'#) &$1 #$2%$##(%$2 3&$1.!!G QEA@ABCNB@℄< U0"(#7#) !4 )"(#))#)
&(# %$ "3# '!&"%!$) '!)# "! "3# K0#1 .'&1#< >,3 )%",&"%!$ %$ )3!(" "%7#)&'#
7,)" .# '#&1%$2 "! "3# &"&)"(!-3# &$1 1#)"(,"%!$ !4 "3# 7&3%$# &) & (#),'" !4
3%23 /'% 4&"%2,#< =!( "3# )%7,'&"%!$ +3%3 1!#) $!" %$',1# !4 "+! &11%"%!$&'



 ! "# $%&'()*+( &,- .# /&+012'*+(

 !"#$%  &'!("% *KNL (%+(% %$!"$, "$"!"'- ." +-'%&%$!  !"#$%  &'!("/0 '$.
KR (%+(% %$!"$, (% ".1'-  !"#$%  &'!("/ '2!%( -3'- (3  "$, 4"%-.  !(%  "$ !5%
&'!%("'-6 !5% 7-'.% "$  !',% 3+%('!% "$  '2% +3"$! 3$ !5% 8'&+7%-- ."',('&9

 !"#%&'("#'

:$ !5" '(!"-% +(% %$!%. 5' 7%%$ '$'-4 " .%;3!%. !3 -3'!"3$ 32 !5% '(%' 32
+3!%$!"'- (% 3$'$% "$ !5% 3$!(3-  !',% 23( 5",5  +%%. !1(7"$%9 <5% &%!53.3-3,4
32 3&+1!'!"3$'-  3-". .4$'&" *8=> " !5% $'&% (%'!%. ?@ 4%'( 5 ',3 74 +(329
A'$1 B C'.1(6 5' 7%%$ 1 %. 7' %. 3$ %D1'!"3$ 7'-'$% 32 &'  0 &3&%$!1& '$.
%$%(,40 (% 3-;%.  "&1-!'$%31 -4 EF0FG0F@℄9

I$ 3(","$'- &%!53. 23( !5"  !1.4 1 % !5%  !"#$%  &'!("/ (%+(% %$!"$, !5%
"$"!"'- ." +-'%&%$! 7-'.% *$3&"$'-  5'+% 7-'.% 37!'"$%. 74 $3&"$'- J3(K"$,
+3"$! 32 !5% !1(7"$%6 '$. (% ".1'-  !"#$%  &'!("/ '2!%( -3'- (3  "$, 32 !5% +-' !"
 !('"$ 4"%-.9 L3( !5%  "&1-'!"3$ J5"5 .3% $3! "$-1.% !J3 '.."!"3$'-  !"#$%  
&'!("% 23( !5% 7-'.% "$  !',%0 !5% 3+%('!"3$ "$ '  '2% +3"$! 3$ !5% 8'&+7%--
."',('& " 37!'"$%.9

 "#$%&'()'*'#+ <5" (% %'(5 J3(K J'  1++3(!%. 74 !5% M:$$3>3K!3('$!
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