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Abstract. In this work we investigate integro—differential initial value problems with Riemann
Liouville fractional derivatives where the forcing function is a sum of an increasing function
and a decreasing function. We will apply the method of lower and upper solutions and develop
two monotone iterative techniques by constructing two sequences that converge uniformly
and monotonically to minimal and maximal solutions. In the first theorem we will construct
two natural sequences and in the second theorem we will construct two intertwined sequences.
Finally, we illustrate our results with an example.

Keywords: Riemann Liouville derivative, integro-differential equation, monotone method.

Mathematics Subject Classification: 26A33, 34A08, 34A45, 45J05.

1. INTRODUCTION

Fractional differential equations arise in science and engineering as a more useful
tool than their integer counterpart for the modeling of natural phenomena, see the
books [1,6,9,11,22,23] and the article [14] for more information. On the other hand,
monotone iterative methods are well established for nonlinear ordinary differential
equations, as it can be found in [10]. In recent years these methods have been applied
to differential equations with fractional derivatives, see the book [11] and the papers
[3-5,7,8,13-19,24-28] and [29].

Additionally, the basic theory and properties of integro—differential equations are
provided in the book [12]. This book introduces a monotone method for first order
ordinary integro—differential equations with periodic boundary conditions.

In this work we first establish a comparison theorem equivalent to the result
developed in [11] for a RL fractional integro—differential equation of order ¢, 0 < ¢ < 1,

© Wydawnictwa AGH, Krakow 2017 705



706 Z. Denton and J.D. Ramirez

with initial condition. Next, we will use the method of lower and upper solutions
combined with a generalized monotone iterative technique to prove the existence of
coupled minimal and maximal solutions. Finally we will prove that there exist either
natural or intertwined sequences that converge uniformly and monotonically to coupled
minimal and maximal solutions of the integro—differential initial value problem.

2. PRELIMINARY RESULTS

In this section we state the definition of the Riemann Liouville derivative and mention
several results that will be necessary to prove the main result of this work.
We begin by giving the definition of the Mittag—Leffler function.

Definition 2.1. The two parameter Mittag—Leffler function is defined as

Fes®) = 2 Tk T By

In particular E1(t) = €', and F, s(t) is also called the generalized exponential
function.

Let J = [a, b] be a finite real interval. The definition of Riemann Liouville fractional
derivative is given in [6,9,11, 23] as follows.

Definition 2.2. The Riemann Liouville fractional derivative of order «, where n—1 <
a < nand n € N, is denoted by D* and defined by

Def(t) = ﬁ <5t>n /t(t —5)" L f(s)ds.

a
Consider the nonlinear initial value problem of the form

un(t) == f (t7u(t)) 9

w(t)(t — a)' ) y—q = u’. (2.1)

Throughout this paper we will consider the Riemann Liouville derivative of order g,
where 0 < ¢ < 1.
We recall the following definition.

Definition 2.3. Let 0 < g < 1 and p=1—gq. If G is an open set in R, then we denote
by Cp (la, b], G) the function space

Cp ([a,0],G) = {u e C((a,b],G) ‘ (t —a)Pu(t) € C([a,b],G)} .

If uw € Cp ([a,b], G), then u is said to be C), continuous in [a, b].
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Remark 2.4. In [9] and [11] it was proven that if 0 < ¢ < 1, G C R is an open set,
and f : (a,b] x G — R is such that for any u € G, f € C) ([a,b], G), then u satisfies
(2.1) if and only if it satisfies the Volterra fractional integral equation

u(t) = () + ﬁ /(t — )91 f(s, u(s))ds, (2.2)

a

where u°(t) = %

This relationship is especially true if f : [a,b] x G — R is continuous.

If (2.1) is a non-homogeneous linear fractional differential equation, that is if
f(t,u(t)) = Mu(t) + f(t), where M is a real number and f € Cp, ([a,b],R), then the
solution is given by

¢

u(t) =t = ) By (M(t—a)?) + [ (=97 By (M- 9 s (2:3)
where ¢ € (a,b], and E, 4(t) is the two parameter Mittag—LefHler function. See [11] for
details.

Now assume that u € C,([a,b],R), Tu(t) = fat K(t,s)u(s)ds, and K €
C ([a,b] x [a,b],R) is a positive function. Since K is continuous and the integral

of a C}, continuous function is also C, continuous, then T'u is C), continuous and
Remark 2.4 can be generalized as follows:

Remark 2.5. The nonlinear integro—differential initial value problem

D = f(t,u(t), Tu(t)),

2.4
u(t)(t = a)li=a = u’, 24
is equivalent to the Volterra fractional integral equation
) t
u(t) = u(t) + N0} /(t —8)T L f (s,u(s), Tu(s)) ds. (2.5)
q

a

That is, every solution of (2.4) is a solution of (2.5) and viceversa.
In the rest of this section we state several comparison results relative to initial
value problems with the Riemann Liouville derivative.

Lemma 2.6. Let m € Cp([a,b],R) and suppose that for any t1 € (a,b] we have that
on (a,t1), m(t) <0, m(t;) =0 and m(t)(t — a)?|t=q < 0. Then DIm(ty) > 0.

Remark 2.7. The previous lemma was proven in [11] when m(t) is Holder continuous
of order A > q. However, in iterative methods it is not possible to prove that each of
the iterates are Holder continuous of order A > ¢. In [5] the authors proved this result
without assuming that m is Hoélder continuous.
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We conclude this section with a comparison theorem and some important conse-
quences.

Theorem 2.8. Let J = [a,b], and suppose that there exist two functions v°(t),w°(t) €
C[J,R] with v°(t) < wO(t) such that the following conditions hold

() frg€C(Jx [v0(t),w’(t)] x [To°(t), Tw(t)]),

)
(b) f is increasing in u and Tu, g is decreasmg in u and Tu, and
(c) For v(t),w(t) € Cu[J,R] such that v°(t) < (t — a)pv(t) (t — a)Pw(t) < wo(t)
the following inequalities are true for t € (a, ],
DTo(t) < f(t,0(t), To(t) + g(t, w(t), Tw(t)),
v(t)(t — a)P|i=a < u°, and
Diw(t) > f(t,w(t), Tw(t)) + g(t,v(t), Tv(t)),
w(t)(t — a)P|i—q > u°.

(2.6)

Suppose further that f(t,u,Tu) and g(t,u, Tu) satisfy the following Lipschitz condition
fOT’ L17L2 > O; M17M2 Z O; and > Y,

f(t,ZL'7T£L') - f(t7y7Ty)
g(t,x,Tx) _g(t7yaTy)

then v(t)(t — a)P|i—q < w(t)(t — a)P|t—q implies that

Li(z —y)+ M T(x —y), @7
I )

<
> —Lo(x —y) — MoT(x — y),

v(t) <w(t), fora <t <b.
Proof. Assume first without loss of generality that one of the inequalities in (2.6)
is strict, say D%v(t) < f(t,v(t),Tv(t)) + g(t,w(t),Tw(t)), and vy < wp, where
(t — a)Pv(t)|t=a = vo and (t — a)Pw(t)|t=a = wo. We will show that v(t) < w(t)
for ¢ € [a, b).
Suppose, to the contrary, that there exists t; such that a < ¢; < b for which
v(ty) = w(ty), and v(t) < w(t) for t < ¢;.

Setting m(t) = v(t) — w(t) it follows that m(t;) = 0 and m(t) < 0 for a < t < t;.
Also, if a < s <t then v(s) < w(s) and

Tv(t1) :/K(tl, s)ds < /K (t1,s)w(s)ds = Tw(ty).

Then by Lemma 2.6 we have that D9m(t;) > 0. Thus

[t v(t), To(ty)) + g (b, w(t), Tw(ty))
> Dv(tl) > Dw(tl)

> f(t,w(th), Tw(t1)) + g (t1,v(t1), Tv(t1))
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which is a contradiction to the assumption v(t;) = w(t;). Therefore v(t) < w(t)
for t > a.
Now assume that the inequalities in (2.6) are non strict. We will show that
v(t) < w(t).
Set
v-(t) = v(t) —e(t — a)T ' By, (Mt —a)?), and
we(t) = w(t) +e(t —a)T E,, (At —a)?),
where € > 0, and A > 1 is a constant that will be determined later.
This implies that

Ve()(t = @) |e=a = v2 = 0(t)(t — @)1= — £Eqq(0) < 0°,
we (1) (t — a)P|i=q = w2 = w(t)(t — a)P|i=q + By 4(0) > w°,
ve(t) < v(t), and we(t) > w(t) for a <t <b.

Hence,
T (t /Ktsv8 ds</Kts (s)ds = To(t),
and
Tw,(t /Ktswe ds>/Kts s)ds = Tw(t),
for t > a.
Using (2.6) and the Lipschitz condition (2.7), we find for ¢ > a that
D (t)

= DW(t) — et —a)! ' Eyq (At — a)?
< f(to(t), To(t) + g (tw(t), Tw(t)) — eA(t — )7 Eqq (At — a)?)
= f(t,v(t), To(t)) + g (t,w(t), Tw(t)) — f (t,v(t), Tve(t))
— g (twe(t), Twe(t)) + f (8, ve(t), Tve(t)) + g (8, we(t), Twe (1))
—eA(t — )T By (At - a)?)
< Ly (v(t) —ve(t)) + MiT (v(t) — ve(t)) + Lo (we(t) — w(t))
+ MoT (we(t) — w(t)) + f (t,ve(t), Tve(t)) + g (8, we(t), Twe (1))
—eA(t — )T By (At — a)?)
=eLi(t—a)? " Egq (Mt —a)?) +eM\T ((t — a)? "Eqq (\(t — a)?))
+eLa(t —a) By (At — a)?) +eMoT ((t — )" Eqq (At — a)?))
+ £ (t,0e(t), Tv-(t)) + g (£, we(t), Tw(t)) — eA(t — a)?T ' E, o (At — a)?)
=c(Ly + Ly) (t —a)T B,y (At — a))
e (My + M) T (¢ — )1 By (At — a)7)
+ £ (t,vo(t), Tv-(t)) + g (t,we(t), Twe(t)) — eX(t — a)T  E, , (At — a)?).
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Now consider the expression

t

T ((t - a)q_lEq,q (/\(t - a)q)) = /K(t, 5)(t - a)q_lEq,q ()‘(5 - a)q) ds,

and let Ko = max {T'(q)K(¢,s)(t — s)P}. Clearly Ky > 0.

a<s<t<b
Then,

T((t—a)" Egq (At —a)7))

— a/tK(t, $)(s — )" By (\(s — a)?) (IW) ds

t

Ko —5)T (s —a)i! s—a)?)ds

F(q)a/@ 17 (s — @) Eyg (s — a)) d

= imﬁ | — )T (s —a)?? s—a)?)ds
La+r<q>/<t 171 (s = @) By (As — a)) d

= 1im B0 (s )1 By (s — a)9) ||

il q-1 q i £ —a)i ! —a)d
= Lo, - @) tim B ) By, (M- a))

< S0 = )1 By (A - a)?).

We have now obtained that
“Div.(t) < e (L1 + La) (t —a)T (B, q (At — a)?))
+e {W} (t—a)T E,, (At —a)?)
+ [ (£,0e(t), Tve (1) + g (8, we (t), Twe (t))
— et — )T By g (A(t — a)?)
= <L1 + Lo+ w - /\) (t—a)T E,, (At —a)?)

+ [ (£,0e(t), Tve (1) + g (8, we (t), Twe(t)) .

Choose A = 2[(Ly + Lo) + Ko(M; + Ms)] + 1, then

Ko (M + M>)

L+ Ly + iy

- A <0,

and
Div(t) < f(t,0(t), Tv(t)) + g (t,we(t), Twe(t)) .
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By a similar argument, we can show that
‘Diwc(t) > f(t, we(t), Twe(t)) + g (¢, ve(t), Tve(t)) .

Now applying the result for strict inequalities to v.(t), w.(t), we get that v.(t) <
we(t) for t € J and for every € > 0. That is

o(t) —eEy (At = a)T) <w(t) + By (At —a)?),

o(t) < w(t) + 26 Ey (At — a)).

Consequently, making e — 0, we get that v(t) < w(t) for ¢t € J. O
We now state the following corollary that will be needed to obtain our main results.
Corollary 2.9. Let m € Cp[J,R] be such that
Dim(t) < Lm(t) + MTm(t), t€ (a,b],
m(t)(t — a)’li=a <0,
where L > 0, M > 0. Then we have from the previous theorem that
m(t) <0,
for a <t <b. Similarly, if m € Cp[J,R] is such that
Dim(t) > —Lm(t) — MTm(t), t¢€ (a,b],
m(t)(t — a)P|i=q >0,
for L > 0,M > 0, then we have from the previous theorem that
m(t) >0,

fora<t<b.
The result of Corollary 2.9 is still true even if L = M = 0, which we state separately.

Corollary 2.10. Let Dim(t) < 0 on (a,b]. Then m(t) < 0 for t € (a,b], if
m(t)(t — a)P|i=q < 0.

3. MAIN RESULTS

In this section we will initially give the definition of coupled lower and upper
solutions and then we will develop two generalized monotone iterative techniques for
the nonlinear integro—differential initial value problem (3.1), given below.

Consider the problem

Du(t) = f (£, u(t), Tu(t)) + g (¢, u(t), Tu(t)),

w(t)(t — a)P|imq = WO, (3.1)
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where J = [a,b], f,g € C[J xR xR,R], u € C,[J xR], K € C (J x J,R) is a positive
¢
function, and T'u(t) = [ K (¢, s)u(s)ds.

If u € Cpla, b] satisfies the fractional differential equation
Dau(t) = f (¢, u(t), Tu(t)) + g (t, u(t), Tu(t)),

for t € (a,b] and u is such that u(t)(t — a)P|;—a = u°, then u is said to be a solution
of (3.1).

Throughout the rest of this paper, we will assume that f is increasing in u
and Tu, and g is decreasing in u and T'u for ¢ € (a, b].

Next we provide the definition of coupled lower and upper solutions of (3.1).

Definition 3.1. Let vy, wo € Cp[J,R]. Then vy and wy are said to be

(a) natural lower and upper solutions of (3.1) if

Do (t) < f(t,vo(t), Two(t)) + g(t, vo(t), Two(t))
vo(t)(t — a)Pli=a < u’,

Do (t) > f(t,wo(t), Two(t)) + g(t, wo(t), Two(t))
wo(8)(t — a)Pli=a > u’;

(b) coupled lower and upper solutions of Type I of (3.1) if

Duo(t) < £(t, volt), Two(t)) + g(t, wo (), Two(t))
wo(B)(t — @)= < 0,

Do (t) > f(t,wo(t), Two(t)) + g(t, vo(t), Tuo(t))
wo(t)(t — a)P]—a > u';

(3.3)

(c¢) coupled lower and upper solutions of Type II of (3.1) if

Do (t) < f(t,wo(t), Two(t)) + g(t,vo(t), Tvo(t))
vo(t)(t — a)|i=a < 0,

D%wo(t) > f(t,vo(t), Two(t)) + g(t, wo(t), Two(t))
wo(t)(t = a)Pli=q > u’;

(3.4)

(d) coupled lower and upper solutions of Type III of (3.1) if

Dy (t) < f(t, wolt), Two(t)) + g(t, wo(t), Two(t))
o (8)(t = a)?=a < 0,

Dwo(t) = f(t,vo(t), Tvo(t)) + g(t, vo(t), Tvo(t))
wo(t)(t — a)P|i=a > u®.
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If we have upper and lower solutions of (3.1) of any Type then we can guarantee that
a solution u of (3.1) exists between them on (a,b] provided the correct requirements
are met. These requirements are detailed in the following lemma. We will only consider
equations of Type I and II since they are the specific ones we utilize in our main result.

Lemma 3.2. Assume that vg,woy are coupled lower and upper solutions of type I
or II for (3.1) such that vo(t) < wg(t) for t € (a,b]. Further suppose

fr9 € C(J x [vo(t), wo(t)] x [Two(t), Two(t)],R).

Then there exists a solution u € Cp(J,R) of (3.1) such that vo(t) < u(t) < wo(t)
n (a,bl.

This lemma is proved in the same way as seen in [5], with only minor additions
to account for the integral transformation. The following theorem concerns coupled
lower and upper solutions of the form (3.3). Next, we develop a generalized monotone
iterative technique for the integro-differential initial value problem. Finally, we obtain
natural sequences which converge uniformly and monotonically to coupled minimal
and maximal solutions of (3.1).

Theorem 3.3. Assume that

(A1) vo, wy are coupled lower and upper solutions of type I for (3.1) with vo(t) < wo(t)
n (a,b]; and
(A2) f,Q € C(J x [vo(t), wo(t)] x [Two(t), Two(t)],R), where f (¢ u(t), Tu(t)) is
increasing in u and Tu and g (t,u(t), Tu(t)) is decreasing in u and in Tu.

If u(t) is a solution of (3.1) such that vo(t) < u(t) < wo(t) for allt € (a,b], then the
sequences defined by

Dy (t) = f (8 vn(t), Ton(t)) + g (t, wn(t), Twa (1)),
0 (3.6)
V1 () (t — @)l |i=a = u,

and
D1 wn+1(t) f (t wn( )van(t)) Jrg(t’v"(t)’TU"(t)) ’ (3 7)
o (Ot — )]izq = o, |

are such that
voSv1 .. S vy SUppr SuL wyu Sw, <Ll < wp < wp,

n (a,b], where the weighted sequences {(t — a)Pv,(t)} and {(t — a)Pw,(t)} are such
that (t — a)Pv,(t) — (t — a)Pp(t) and (t — a)Pw,(t) — (t — a)Pr(t) uniformly and
monotonically in C[J,R], and p,r are coupled minimal and mazimal solutions of (3.1);
i.e., p and r satisfy the coupled system

Dip(t) = f (&, p(t), Tp(t) + g (t,r(t),Tr(t)), e (a,b],
p(t)(t = a)?|t=q = u°,
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and

qu(t) =f (t’ T(t),T’I“(t)) +9g (t,p(t),Tp(t)) , te (a’7 b}a

r(t)(t = a)P|i=a = u’,
with p <u <r,t€ (a,bl.

Proof. By Lemma 3.2, we know a solution u of (3.1) exists such that vy < u < wy
as described in our hypothesis. We will show that vg < v1 < u < w; < wg.
It follows from (3.3) that

Div(t) < f(t,vo(t), Tvo(t)) + g(t, wo(t), Two(t)),
vo(t)(t — a)P|t=a < uo,

D (t) > f(t, wo(t), Two(t)) + g(t,vo(t), Tvo(t)),
wo(t)(t — a)?|i=a > uo,

and by (3.6), we get that

Dy = f(t,v0(t), Tve(t)) + g (¢, wo(t), Twy(t)),
vy (t)(t — a)P = u®.
Therefore, vo(t)(t — a)P|i=a < u® = v1(t)(t — a)P|i=a. If we let m = vy — vy, then
m(t)(t — a)P|i=e < 0 and
Dim = quo — Dq’Ul
< f(t,v0,Tvo) + g (t, w0, Two) — f (¢, v0, Tv0) — g (¢, wo, Two) = 0.

Since DIm < 0 and m(¢)(t — a)i_, < 0, by an application of Corollary 2.10

t=a
we have that m(t) < 0 and, consequently, vg(t) < v1(t) in (a,b].
Suppose that u is a solution of (3.1) such that vo(¢) < u(t) < wy(t). In order to
prove that vy (t) < u(t), observe that since vg(t) < u(t) for each ¢ in (a,b] and K > 0,
then

¢ t
Tv(t) = /K(t, $)vo(s)ds < /K(t,s)u(s)ds = Tu(t)
for each ¢ € (a,b]. Similarly we have that Tu(t) < Twg(t) for each t € (a, b].
Letting m(t) = v1(¢) — u(t), we have that
m(t)(t — a)Pli—q = (v1 — u)(t)(t — a)P|i=q = u® —u’ = 0.
Moreover, by the increasing nature of f and the decreasing nature of g we have that

Dim = D%, — D%
= f (t,v0(t), Two(t)) + g (¢, wo(t), Two(t)
- f (t7 u(t>7 Tu(t)) -9 (tv u(t)’ Tu(t)) <0,



Existence of minimal and maximal solutions. . . 715

and, by Corollary 2.10, we have that v1(¢) < u(t). By a similar argument, we can show
that u(t) < wq(t) and wy (t) < wo(t). Thus, ve(t) < v1(t) < u(t) < wi(t) < wo(t).
Now we will show that vy < vgyq for k > 1.
Assume that
vp—1(t) < vok(t) < u(t) < we(t) < wp—1(t),

for k> 1 and t € (a, b].
If a < s <t <b, we have that x1(s) < x2(s) implies that

Tx(t) = /K(t,s)xl(s)ds < /K(t,s)xg(s)ds = Tuao(t).

Thus
Tvp—1(t) < Tog(t) < Tu(t) < Twi(t) < Twi—1(t).

Let m = vy, — vg41. Then
ok (t)(t = @)1= = u” = V11 (B)(t — @) li=a,

so m(t)(t — a)!~?|;—4 = 0. By the increasing nature of f and the decreasing nature
of g, it follows that

Dim = Dq’l)k — Dql}k+1

= f(t,ve—1,Tvg—1) + g (t, wg—1, Twr—1) — f (¢, v, Tvx) — g (¢, wi, Twg) < 0.

Similarly, by Corollary 2.10, we have that m(¢t) < 0 and consequently
Ok (t) < vk ().

Using the hypothesis that vg(t) < u(t) < wo(t) in (a,b], the above argument and
induction we can also show that w11 < wg, vgr1 < u, and v < wgyq. Therefore,
for n > 0,

vo S v Swg <

Sy Sufw, <. < wy Swp < we

Now we have to show that the weighted sequences converge uniformly. We will
use the Arzela-Ascoli Theorem by showing that the sequences are uniformly bounded
and equicontinuous.

First we show uniform boundedness. By hypothesis both wvg(t)(t — a)? and
wo(t)(t — a)P are bounded on [a, b], then there exists M > 0 such that for any ¢ € [a, b],
|vo(t)(t — a)P| < M and |wo(t)(t — a)?| < M. Since

st — ) < v (D)t — ) < wa(t)(t — a)" < wo(t)(t — a)?
for each n > 0, it follows that
0 < (ualt) = vo(1)) (£ — @) < (wnlt) — vo(1)) (£ — @) < (wo(t) - vo(1)) (¢ — a)?,

and consequently {v,(t)(t — a)P} and {w,(¢t)(t — a)P} are uniformly bounded.
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We will now prove that the weighted sequences are equicontinuous. Doing so will
require a few preliminaries. First, we can also show that the sequences {T'v,, }, {Tw,}
are uniformly bounded using that the weighted sequences are also uniformly bounded.
To do so let V be the uniform bound of {(t — a)Pv, }, and let x be the upper bound of
the function K (s,t) on J x J. Then we have

(Ton| < / K (t, 5)(s — a)Pun(s)| (s — @)1~ ds

t
—a)d
< Kv/(s _ a)q_lds < M.
q

We can show that {Tw,} is uniformly bounded similarly.
Now, for simplicity, let F), be the function defined as

Fo(t) = f(t,vn(t), Ton(t)) + g(t, wn(t), Twn(t)).

Since f, g are continuous on J, and since each v, w, are C, continuous then there
exist continuous functions f, g such that

f (& vn, Top) + g(t, wp, Twy,) = f(t, (t — a)Pv,, Tv,) + §(t, (t — a)Pw,, Tw,).

Given this, and that the weighted sequences and the transformed sequences are
uniformly bounded we can choose an N > 0 such that F,(t) < N for all ¢t € J.

The last property we need to show that {v,(t)(t — a)P} is equicontinuous is that
the function

¢(t) = (t —a)’(t —5)7"

is decreasing in ¢ for a < s < t. To prove this note that

Lot)=plt—a)’ Mt —s) P —p(t—a)’(t—s) """
= —p(t— a)p’l(t — s)’pfl(s +a)<0.

Now, let t,7 € (a,b] and without loss of generality suppose ¢ > 7, implying
o(t) < ¢(7). Now we can show that

|t = a)Pon(t) — (T — a)va(T)

T

T et PR
=9 Fueas = T EE [ =B o)

a a

:‘(t—a)”
I'(q)
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IN

@‘*ﬂp/@—gV*HF Jlds + o /Wé TIIEn(s)lds

Ta)
< Wj(t—s)q‘ldwF](V(Da/w(f)—qb(t))ds
—%((t— >p“‘q”q+< a)pj<f )i 148_(t_a)paf(t )~ ds)
vaq)( (t— )t 1)+ (r—a) ~ (t—a)) < QJFV((;;U)p(tT)q

In the case that 7 = a note

t
b—a)P _ N(b—a)P
t—apvnt—u0<( /t—squns ds < ———(t —a)?.
(¢ = aren) - o) < O 88 = o imols < TE T 0 -0
So, letting w = % we have that

|t = a)Pon(t) = (7 — a)Pon(7)| S w[t — 7|

for all ¢, 7 € J, implying that {(t — a)Pv,(t)} is equicontinuous. Similarly, we can show
that {(t — a)Pw,(t)} is equicontinuous. Since the weighted sequences are uniformly
bounded and equicontinuous, by the Ascoli-Arzela Theorem, both have uniformly
convergent subsequences. Further, since both weighted sequences are monotone then
they must both converge uniformly. So, let (¢t — a)Pp and (¢t — a)Pr be the uniform
limits of {(t — a)Pv,} and {(t — a)Pw,} respectively. Given this we also obtain that
v, — p and w, — r pointwise on (a, b].

Now we wish to show that p,r are coupled solutions of (3.1). To begin, we note
that every iterate of {K(s,t)v,(s)}, {K(s,t)wn(s)} are dominated by an integrable
function. To show this note

|K (s, t)vn(s)| < kV (s —a)it,

where k and V are defined as above, and

¢
/HV(S —a)ilds < ﬂ(b —a)? < oo,
q

a

for all t € (a,b]. We can show a similar result for { K (s, t)wy(s)}. Therefore, by applying
the Lebesgue Dominated Convergence Theorem we can show that Tv,(t) — Tp(t)
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and Tw,(t) — Tr(t) pointwise for any ¢ in (a,b]. Now due to all of the convergence
results we have shown and the continuity of f and g we now have that

(t —a)fvpqr = % + (tr(;))?’ /(t —8) T (f(t,vn, Ty) + g(t, wn, Twy,))ds

a
converges uniformly to

u? —a)P /
(t—a)Pp= Ol + (tF(q)) /(t — )T (f(t,p, Tp) + g(t, 7, T7))ds

a
on J. Now dividing by (¢t — a)P we get

plt) = u(t) + ﬁ / (t— )1 (F(t p. Tp) + g(t, . Tr)) ds,

a
on (a,b]. Further we can also show that

t

! ) /(t — )T (f(t,r, Tr) + g(t, p, Tp))ds.

T(t) = uo(t) + W

a

Remark 2.5 yields that p,r are coupled solutions of (3.1).

To prove that p,r are minimal and maximal comes from previous work. We have
already proven that v, < u < w, for all n. Since u was a solution of (3.1) with
vo < u < wy, if we let x be any solution of (3.1) with (¢ — a)Pz(t)]i=a = u" and
vo < x < wp on (a,b], which we know exists thanks to Lemma 3.2, we can use
the same inductive arguments to prove that v, < z < w, for all n > 0 and
for t € (a,b]. Therefore, p < & < r on (a,b]. This implies that p,r are minimal
and maximal coupled solutions of (3.1), and completes the proof. O

Finding coupled lower and upper solutions of Type I as in (3.3) is more challenging
than finding solutions of Type II, see the recent papers [2,20,21] for methods to
construct lower and upper solutions of the form (3.3) for different types of initial value
problems. With an additional assumption on the first iterate of each sequence, we
can construct intertwined sequences that converge uniformly and monotonically to
minimal and maximal solutions by using coupled lower and upper solutions of Type II
(3.4). Moreover, these sequences converge to a unique solution. The proof is similar to
the one in Theorem 3.3, so we state the result without a proof. We state the conditions
for uniqueness separately.
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Theorem 3.4. Assume that

(B1) wo,wp are coupled lower and upper solutions of type II for (3.1) with vy(t) < wo(t)
in (a,b]; and

(B2) f,g € C(J x[vo(t),wo(t)] x [Tuo(t), Two(t)],R), where f(t,u(t),Tu(t)) is
increasing in u and Tu and g (t,u(t), Tu(t)) is decreasing in u and Tu.

Define the following sequences,

DqUn+1(t) = f (t> wn(t)v Twn(t)) +g (t’ Un(t)a Tvn(t)) )

3.8
Va1 (B)( = @)1= = u°, (3.8)

and
Dlwyi1(t) = f (Evn(t), Toa(t)) + g(t, wn(t), Twa(t)),

W1 (8)(t = a)P =g = u°.

If u(t) is a solution of (3.1) such that vo(t) < wi(t) < u(t) < wvi(t) < wo(t), t € (a,b],
then (3.8) and (3.9) provide intertwined sequences of the form

(3.9)

vg Swyp S <. S vy S Wappr SU

S wopt1 Sway < .. Swe < v < Wy,

where

{(t — a)Pvan(t), (t — a)Pwan1(t)} — (t —a)Pp(t)
and

{(t = a)Pwan (1), (t — @)Pv2ns1(t)} — (t — a)Pr(t)

uniformly and monotonically in C[J,R], and p,r are coupled minimal and mazimal
solutions of (3.1), respectively; i.e., p and r satisfy the coupled system

Do(t) = £ (t,p(t), Tp(D)) + g (£,7(£), Tr(t), ¢ € (a,b],
p(t)(t—a)' "7 =,

and

Dir(t) = f(t,r(t), Tr(t)) + g (&, p(t), Tp(t)), t € (a,b],
r(t)(t — a)—a = u’,

with p < u <7 in (a,b)].

Remark 3.5. In addition to conditions (A1)—(A2) of Theorem 3.3 or (B1)—(B2)
of Theorem 3.4, suppose that there exist positive constants M7, Mo, and non negative
constants Ny, No such that f and g satisfy the following one—sided Lipschitz conditions
for x > v,

f (t,x,Tz) - f (t’yv Ty) < Ml(x - y) + ]VlT(':E - y)a

g (t,x,Tx) -9 (t’ Y, Ty) > —MQ(.T — y) — N2T(m —_ y)’ (310)

then p = r = u; i.e., the sequences converge to a unique solution.
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We already proved that p < r. In order to show that r < p, let p(¢t) = r(t) — p(t).
Clearly,
p)(t = a)?li=a = (r = p)()(t — @)"|1=a = uo —uo = 0.

Since p < r we have from the conclusion of Theorem 3.3 and (3.10) that
Dip = D% — Dp
= [trTr)+g(tp,Tp) = [ (t,p,Tp) —g(t,rTr)
< Mi(r—p)+ N1T(r — p) + Ma(r — p) + NoT(r — p)
= (My + Ms)(r — p) + (N1 + No)T'(r — p)
= (M1 + M2)p + (N1 + N2)T'p.
We obtain from Corollary 2.9 that p(t) < 0 for ¢t € (a,b] and, consequently,

r(t) < p(t). Therefore p(t) = r(t) = u(t), and the sequences converge to the same
solution.

4. NUMERICAL RESULTS

In this section we present one example that illustrates the result from Theorem 3.4.
Example 4.1. Consider the following integro—differential initial value problem

of order ¢ = 3 on J = [0, 1],

t

DY?y =2 — g + éu(t) + é /(1 + s)u(s)ds

0

¢ 2 (4.1)
—%ﬁm—%lﬂuﬂwww,
0

Here

Then the function

f (@t u(t), Tu(t) =2— é + éu(t) + é/(l + s)u(s)ds

(=)

is increasing in w and Tu, and

g (u(t). Tu(t) =~ 10 (0) - ¢ | [+ 9yuls)ds
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is decreasing in w and Tu for all ¢ € (0,1]. We will show graphically that vg = 0 and
wo = 3 + v/t are coupled lower and upper solutions of type II that satisfy (3.4) on
the interval J = [0, 1]. Clearly vo(t)t}/?|i—¢ = wo(t)t'/?|;=0 = 0. Also,

D'Y2yy(t) = 0,
3 2
= — 4+ —.
vt T

In Figure 1 we show the graph of f (¢, wo(t),Two(t)) + g (¢, vo(t), Tve(t)) and
in Figure 2 we show the graph of f (¢,vo(t), Tvo(t)) + g (t, wo(t), Two(t)).

DY 2w (t)

-
-
-
e
e
e
—————
p——

25+

—
b -

1.5+

0.5+

0.2 0.4 0.6 0.8 1

Fig. 1. 0= DY 2uy(t) < f (t,wo(t), Two(t)) + g (¢, vo(t), Two(t))

10 -

o
e
e ———
~
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We construct the sequences according to Theorem 3.4, in Figure 3 we show four
iterates of {t'/2v,,(t)} and four iterates of {t!/?w,(¢)} on [0, 1].

4+
3L

2t ==

________

="
ﬂ’—
ﬂ”
1+
________________
———————————— S~
- -~
- ~

z=-- ~

| L L ! 2

0 0.2 0.4 0.6 0.8 1

Fig. 3. Dashed: t1/2v0 < t1/2w1 < t1/2v2 < t1/2w3 < t1/2v4;
Solid: /2wy < Y205 < 1 2ws < Y201 < %0

Table 1. Table of ten points in [0, 1] of v4(¢) and wa4(t) for equation (4.1)

t v4(t) wy (L)
0.0 | 0.000000 | 0.000000
0.1 | 0.226289 | 0.226289
0.2 | 0.453429 | 0.453431
0.3 | 0.680861 | 0.680881
0.4 | 0.907949 | 0.908047
0.5 | 1.133821 | 1.134178
0.6 | 1.357143 | 1.358235
0.7 | 1.575812 | 1.578753
0.8 | 1.786538 | 1.793770
0.9 | 1.984275 | 2.000883
1.0 | 2.161438 | 2.197557

We have used Mathematica to compute the iterates, the graphs and the tables.
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