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 Abstract 

Most of the modern computer software for the building structures` calculation is based on mathemat-

ical dependencies which make it possible to analyse rather complex stress-strain state of structures 

subjected to loading. As a rule, the calculation is based on the finite element method and is reduced to 

the calculation of deformations arising in structures due to the action of external forces with the use of 

real strain diagrams of materials, σ-ε diagrams for concrete and reinforcement. Modern normative 

regulations for reinforced concrete structures` calculation are also based on the deformation model 

using material deformation diagrams, which are as close to the real ones, as possible. Therefore, this 

study was aimed to investigate in more detail the stress-strain state and the physical essence of the 

processes occurring in reinforced concrete structures with combined reinforcement according to math-

ematical approaches and regulations of DBN B.2.6-98:2009 and DSTU B. In 2.6-156:2010. Namely, 

in the research is analysed the combined reinforcement of S245 steel tapes and A1000 rebar, which is 

used in the production of reinforced concrete elements. The results of mathematical modelling were 

compared with the calculation results, according to DBN B.2.6-98: 2009 and DSTU B. B 2.6-

156:2010, as well as with field experimental data. Therefore, the conclusion could be made, whether 

it is possible to use this technique with sufficient accuracy to calculate reinforced concrete structures 

with combined reinforcement. 
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1. Introduction 

Reinforced concrete structures, subjected to bending, have 

occupied the prevailing position in construction practice 

(Blikharskyy et al., 2021). The reinforced concrete should be 

considered as the artificial material, which properties could be 

predefined based on consideration of particular application 

conditions, which requires detailed analytical investigation 

(Blikharskyy et al., 2021). In the works (Vavruš et al., 2019) 

research was conducted, aiming to indicate the need for con-

trol load testing of bridge structures to assess the accuracy of 

calculations and mathematical modeling in the design of struc-

tures. An important factor that will affect the accuracy of the 

mathematical model is the presence of damage and defects 

(Lobodanov et al., 2019), the impact of which cannot be taken 

into account without experimental data. According to research 

of (Blikharskyy et al., 2021), an important problem for oper-

ated reinforced concrete structures is intensive environmental 

impact, which could be the reason for local destruction and 

failure of structures. The paper (Vegera et al., 2021) describes 

an improved method of calculating reinforced concrete beams, 

with damages in the stretched reinforcement that occurred dur-

ing loading. Also, the work (Blikharskyy et al., 2021) should 

be noted, where changes of rebar stress-strain state due to cor-

rosion fatigue damages.  

Studies devoted to determination of the load-bearing and 

carrying of prefabricated bridge bended structures were con-

ducted for real bridges in Slovakia (Koteš et al., 2021). The 

calculation was performed according to Eurocode standards, 
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which take into account the modified reliability levels and par-

tial safety factors. According to the results of analytical calcu-

lation with the use of probabilistic approach, the decrease in 

the reliability and durability of the bridge was identified. Also, 

the relationship between the fatigue crack size and change of 

the resistance and the reliability of the cross section over time 

was identified (Koteš and Vičan, 2021). 

One of the factors in the modeling of bridge structures is the 

need to take into account changes in the physical and mechan-

ical characteristics of materials (Song et al., 2022). The anal-

ysis of the influence of various factors on the process of chlo-

ride penetration into the concrete structure was performed. 

Also, the difficulty of introduced mathematical models may 

be caused by the use of new or modified materials for the 

structure manufacturing (Federowicz et al., 2021; Mao et al., 

2019). The article (Czajkowska et al., 2020) analyzes the in-

fluence of different humidity conditions on selected strength 

properties of hardened steel-fiber concrete (such as Young's 

modulus and compressive strength of concrete). The analysis 

shows that the value of the Young's modulus of concrete that 

hardens at 100% humidity is the highest. In all these cases for 

mathematical modeling it is necessary to specify experimen-

tally determined characteristics of materials, determined with 

the required reliability. 

An engineering method for calculating the bearing capacity 

of the supporting sections of solid monolithic reinforced con-

crete tape beams, which unite pressed or driven reinforced 

concrete piles into single foundation structure (Kos et al., 

2022). The authors evaluated the influence of structural fac-

tors in long-span studied elements, and with the use of com-

puter software "Lira-Sapr" modeled their work under loading. 

Study was aimed to clarify the stress-strain state and confirm 

the scheme of their destruction adopted in the physical model. 

Development and testing of mathematical models of rein-

forced concrete beams` cracking using the software 

"COMPEX" were carried out to determine the width of normal 

cracks and the length of the projection of dangerous inclined 

cracks (Karpiuk et al., 2021). The models are based on exper-

imental studies of T-shaped prestressed beam structures. 

Based on the obtained data, an empirical expression is pro-

posed to determine the projection of a dangerous inclined 

crack for such beams. 

This paper also discusses the impact of an eccentric crack. 

The numerical approach was based on the combination of gen-

eral finite element and a multiparameter form of the maximum 

tangential stress criterion. This generalized method is espe-

cially suitable for materials with specific (elastoplastic, quasi-

brittle, etc.) fracture behavior. As the result of the research, 

some recommendations for the use of one-parameter / multi-

parameter fracture mechanics were given (Malíková et al., 

2020). 

An important issue is the implementation of mathematical 

modeling of structures reinforced with composite materials 

(Ilnytskyy et al., 2020). The use of composite reinforcement 

has the number of advantages over classic steel reinforcement. 

For instance, coefficients of thermal expansion of reinforce-

ment and concrete are quite close, which prevents the for-

mation of cracks when the temperature changes. 

The complex stress-strain state of inclined sections, in the 

case of their strengthening, is the difficult case of theoretical 

calculation and mathematical modeling (Blikharskyy et al., 

2018). Experimental studies of reinforced concrete beams 

show deviations from the calculation models, which requires 

clarification. 

The different stress-strain state of the main structure and the 

reinforcement system complicates the mathematical model-

ing, because such a stress-strain state will be different from 

the real one (Borysiuk and Ziatiuk, 2020). The special case is 

the modeling of the stress-strain state of structures, in the case 

of their strengthening, when the characteristics of the strength-

ening material differs significantly (Azizov et al., 2019). In 

this case, correct mathematical modeling requieres determina-

tion of the parameters of the compatible stress-strain state and 

the joint operation of such a composite structure. The paper 

(Azizov et al., 2020) describes the method of calculating of 

masonry structures that are strengthened with reinforced con-

crete slabs. Studies show that in the case of high-stiffness 

joints, the structure can be calculated as monolithic, taking 

into account the characteristics of two different materials. In 

the general case when constructions need to be calculated as 

separate, it is necessary to add the characteristics of the joint 

or adhesive layer to the mathematical model (Blikharskyy, 

2019). 

Experimental studies of masonry structures, strengthened 

with steel sheets, in the form of indirect reinforcement showed 

that with the same area of indirect reinforcement by steel bars 

or sheets, the strength of elements with sheets-strengthening 

is on average 40% higher (Pavlikov, et al., 2020). Such results 

should be taken into account when conducting mathematical 

modeling, calculation or design of such structures. 

The study of the influence of dynamic loading on structures 

of various kinds is a common practice in mathematical mod-

eling (Panchenko et al., 2021). This case of loading is difficult 

for experimental testing or manual calculation, because the 

dynamic load varies according to the certain law and accurate 

research could be performed only by modeling the stress - 

strain state of such structures. 

The factors, mentioned above, lead to changes in the relia-

bility of structures. Modeling of real operating conditions of 

structures is given in (Khmil et al., 2020). Therefore, the num-

ber of controlled random parameters were included in the the-

ory of calculations, namely: strength of materials, geometric 

cross-sectional parameters, as well as the level of load in the 

case of structural strengthening. The presence of the load level 

simulates the real operating conditions of the structure during 

its strengthening (Khmil et al., 2021). 

The above cases show the importance of the study of struc-

tures through experimental tests and their subsequent mathe-

matical modeling, to create adequate models and further use 

the digital data. 

2. Problem formulation 

When modeling structures of any complexity, three types of 

finite elements are usually used: 
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- linear element (Fig. 1a), which in this study is identified 

with the steel bar, perceives only axial tension or com-

pression and has four degrees of freedom; 

- plane quadrangular or triangular element, which in this 

study is identified with concrete and is in a plane stress 

state and has eight degrees of freedom (Fig. 1b); 

- three-dimensional element, also very often identified 

with concrete structures, but in this study, such ele-

ments were abandoned. 

The individual elements are joined by nodes. Each node has 

two possible displacement directions - u and v. The linear i-th 

finite element is described by the coordinates of two points (i, 

j), has the linear length - li, cross-sectional area - Ai and the 

initial modulus of elasticity - Esoi. It is generally assumed, that 

the linear element is subjected only to tensile and compressive 

deformations, and does not perceive bending deformations. 

 

 
a) b) 

Fig. 1. Finite elements: a – linear; b – plane 

The plane i-th finite element is characterized by coordinates 

of four nodes (i,j,k,l), area - Ai, thickness - tpl, modulus of elas-

ticity - Ex, Ey, E1, E2 (E1, E2 values are required for calculation 

of shear modulus G) . 

Differential expressions for dependence between defor-

mations and displacements are given by the equations of the 

theory of elasticity, also known as Cauchy equation. 

𝜀𝑥 =
𝜕𝑢

𝜕𝑥
 ;  𝜀𝑦 =

𝜕𝑣

𝜕𝑦
   (1) 

The plane problem of the theory of elasticity considers two 

partial cases of the stress-strain state - the plane deformation 

and the plane stress state. In both cases, all the parameters of 

the stress-strain state depend on only two coordinates, because 

the considered area is two-dimensional. 

For the plane problem of the theory of elasticity, the vectors 

of displacement and external load are two-dimensional, and 

the vectors of stresses and strains contain three components: 

𝑢 = {
𝑢
𝑣
} ; 𝜎 = {

𝜎𝑥

𝜎𝑦

𝜏𝑥𝑦

} ;  𝜀 = {

𝜀𝑥

𝜀𝑦

𝛾𝑥𝑦

} .  (2) 

For isotropic material the basic relations of the plane stress 

state could be given in the following form: 

Matrix of dependence of deformations and displacements:  

𝜀 = [𝐵] ⋅ 𝑢    (3) 

The matrix operator of Cauchy differential equations [B] 

will look like: 

[𝐵] = {

𝜀𝑥

𝜀𝑦

𝛾𝑥𝑦

}  =

[
 
 
 
 

𝜕

𝜕𝑥
0

0
𝜕

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝑥]
 
 
 
 

. {
𝑢
𝑣
};  (4) 

Matrix of dependence of stresses and deformations:  

𝜎 = [𝐷] ⋅ 𝜀;   (5) 

The matrix operator of the transition from strain to stress [D] 

will have the form: 

[𝐷] = {

𝜎𝑥

𝜎𝑦

𝜏𝑥𝑦

}  =
𝐸

1−𝜇2 ⋅ [

1 𝜇 0
𝜇 1 0

0 0
1−𝜇

2

] ⋅ {

𝜀𝑥

𝜀𝑦

𝛾𝑥𝑦

}, (6) 

where [B] – material stiffness matrix; [D]- matrix of elastic 

characteristics. 

Deformations x and у in the case of plane stress state will 

have the following form: 

{
𝜀𝑥 =

𝜎𝑥

𝐸𝑥
− 𝜇

𝜎𝑦

𝐸𝑦

𝜀𝑦 =
𝜎𝑦

𝐸𝑦
− 𝜇

𝜎𝑥

𝐸𝑥

, therefore {
𝜎𝑥 =

𝐸𝑥

1−𝜇2 (𝜀𝑥 + 𝜇𝜀𝑦)

𝜎𝑦 =
𝐸𝑦

1−𝜇2 (𝜀𝑦 + 𝜇𝜀𝑥)
,    (7) 

Secant deformation modulus Ex, Ey, E1, E2  and shear mod-

ulus G for і-th quadrilateral finite element could be determined 

from the equations: 

𝐸𝑥 =
𝑓 (

𝜀𝑥+𝜇𝜀𝑦

1−𝜇2 )

𝜀𝑥+𝜇𝜀𝑦

1−𝜇2

,  𝐸𝑦 =
𝑓 (

𝜀𝑦+𝜇𝜀𝑥

1−𝜇2 )

𝜀𝑦+𝜇𝜀𝑥

1−𝜇2

,  𝐸1 = |
𝑓(𝛾)

𝛾
| ,  

𝐸2 = |
𝑓(−𝛾)

−𝛾
|   (8) 

𝐺 =
𝐸1𝐸2

(1+𝜇)(𝐸1+𝐸2)
       (9) 

where:  
𝜀𝑥+𝜇𝜀𝑦

1−𝜇2 ,  
𝜀𝑦+𝜇𝜀𝑥

1−𝜇2  – relative deformations in a quadran-

gular finite element; 

f(x) and f(у) – stresses x and y, obtained from the real de-

formation diagram for і-th quadrangular finite element; 

f() and f(-) – normal stresses, which correspond to defor-

mations;  

l, h – width and height of quadrangular finite element; 

t, z – constant values, which are assumed to be equal respec-

tively 0.5t and 0.5z for the coordinate of the finite element 

center; 

=0.3 – Poisson's ratio; 

γ= (1-t)*(Ul – Ui)/l + t*(Uk – Uj)/l + (1-z)*(Vj – Vi)/h + z*(Vk 

– Vl)/h – shear angle; 

Vi, Ui, Vj, Uj, Vk, Uk, Vl, Ul – displacement of nodes i, j, k, l. 

The calculation model for the analysis of the work of rein-

forced concrete beams with combined reinforcement has the 

form of set of linear and rectangular plane finite elements, the 

total area of which corresponds to the size of the experimental 

beams. The linear finite elements perform the function of steel 

bars, which are the reinforcement of the beam in the lower and 

upper zones. The rectangular plane finite element is assigned 

the characteristics of concrete. 
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3. Description for real - diagrams for 

reinforcement 

The accuracy of the reinforced concrete structures` calcula-

tion depends on the accuracy of the input information about 

the materials` physical and mechanical characteristics. There-

fore, real "-" diagrams of the materials` stress-strain state 

were used to perform the calculations. 

For a more accurate description of the deformation diagram 

of high-strength and usual reinforcement, it was conditionally 

divided into four sections (Fig. 2). 

 

Fig. 2. Mathematical representation of real deformation diagrams of 

reinforcement with physical yield strength (a) and reinforcement 

with conditional yield strength (b) 

The first region OA of both diagrams corresponds to the 

elastic work of steel with the initial modulus E0, and is limited 

by the yield strength of mild steel or conditional yield strength 

for high-strength reinforcement, which is equal to 

2.07.0  se . In these regions Hooke's law is valid and lin-

ear dependence kkk E  could be applied.  

0 ≤ 𝜀𝑘 <
0.7𝜎0.2

𝐸𝑘
 ,   (10) 

For mild reinforcement with physical yield region the linear 

dependence iii E   could be accepted within following 

limits: 

0 ≤ 𝜀𝑖 <
0.6𝜎𝑦

𝐸𝑖
.   (11) 

The second section is curvilinear, from the beginning of the 

elastic limit to the beginning of the yield strength, and could 

be described with the use of the quadratic EKB-FIP depend-

ence: 

𝜎𝑠 =
𝑓𝑢𝑑(𝑘𝜂−𝜂2)

1+(𝑘−2)𝜂
 ,   (12) 

where 𝜂 =
𝜀𝑠𝑖

𝜀𝑠𝑢
 - the value, which indicates the intensity of strain 

increase for і-th region; 𝜀𝑠𝑖, 𝜀𝑠𝑢 – the strain value, correspond-

ing to the maximum compression stress; 𝑘 - coefficient of elas-

tic-plasticity, indicating the point at which the curve reaches the 

elastic limit:  

𝑘 =
𝐸𝑘

2𝜎𝑦
2−1.2𝜎𝑦𝐸𝑘𝜀𝑦+0.7𝜎0.2

2

0.4𝜎𝑦𝐸𝜀𝑦
 ,        (13) 

𝑘 =
𝐸𝑖

2𝜎𝑦
2−1.2𝜎𝑦𝐸𝑖𝜀𝑦+0.6𝜎𝑦

2

0.4𝜎𝑦𝐸𝜀𝑦
.       (14) 

The third region corresponds to the yield region. It could be 

described by line, parallel to X- axis. 

For high-strength reinforcement with conditional yield 

strength: 

𝜎𝑖 = 𝜎𝑢𝑛, 𝜀0.2 ≤ 𝜀𝑖 < 𝜀𝑢𝑛,         (15) 

For mild reinforcement with physical yield region: 

𝜎𝑖 = 𝜎𝑦, 𝜀𝑦 ≤ 𝜀𝑖 < 𝜀𝑦𝑛.      (16) 

The fourth section runs from the end of the yield strength until 

the tensile strength. The beginning of the curve corresponds to 

the beginning of the coordinates, the intermediate point is the 

end of the yield region, and the top of the curve is the temporary 

limit strength. 

Coefficient k could be obtained from the condition of passing 

the curve through the specified points: 

𝑘 =
𝜎𝑦

2−𝜂0
2−2𝜂0

𝜂0−𝜎𝑦𝜂0
, where 𝜂щ =

𝜀𝑦𝑛

𝜀𝑢
.  (17) 

4. Description of real - diagrams for concrete 

The main physical characteristics of linear and quadrangular fi-

nite elements are the initial modulus of elasticity of finite elements, 

the fixing scheme in the nodes, the control points of relative defor-

mations and stresses according to the obtained real diagrams. 

In order to describe the process of deformation - of con-

crete, the quadratic dependence according to the proposals of 

DBN B.2.6-98: 2009 was used. The analysis of the obtained re-

sults of curves` approximation showed their similarity with the 

accuracy within 1.2-3.2% with the values of real diagrams ob-

tained from testing prisms.  

For the region of concrete, subjected to compression (Fig. 3) 

the equation has the following form, according to DBN B.2.6-

98: 2009: 

𝜎𝑏𝑖 =
𝑓𝑐𝑘,𝑝𝑟𝑖𝑠𝑚(𝑘0𝜂−𝜂2)

1+(𝑘0−2)𝜂
 ,  (18) 

where 𝜂 =
𝜀𝑏𝑖

𝜀𝑏𝑢
 - the value, which indicates the intensity of strain 

increase for і-th region  of concrete; 𝜀𝑏𝑖- the strain value, corre-

sponding to the maximum compression stress; 𝑘0- coefficient, 

which takes into account plastic strain in concrete, fck,prism  – prism 

strength of concrete on the 28th day after manufacturing. 

To build the ascending graph, an additional point was intro-

duced, which corresponded to the initial modulus of defor-

mation of concrete Eb0. It was for stresses about b = 0.3Rb. 

Therefore, the stress-strain equations had the following form: 

𝜀𝑏 =
𝜎

𝐸𝑐𝑘
=

0.3⋅𝑓ck,prism

𝐸𝑐𝑘
,  (19) 

therefore 

𝜂0 =
0.3⋅𝑓ck,prism

𝜀𝑏𝑢𝐸𝑐𝑘
,            (20) 

Therefore, the elastic-plasticity coefficient of ascending 

graph for concrete k is equal to: 

𝑘 =
𝜂0

2−0.6𝜂0+0.3

0.7𝜂0
.   (21) 
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Fig. 3. Mathematical interpretation of the real deformation diagrams 

for concrete 

In order to identify the maximum point of ascending graph 

for concrete the following equation was introduced, which ac-

cording to [Błąd! Nie można odnaleźć źródła odwołania.] is 

in good agreement with experimental data: 

𝜀𝑏𝑢 = (3.6𝑓ck,prism − 3 [
𝑓ck,prism

36
]
5

+ 51) 10−5,     (22) 

where the starting point of the ascending branch was assumed 

at the coordinate origin. 

In order to describe the descending branch, an additional con-

trol point was introduced, which corresponded to the final value 

of concrete deformations, taking into account, that the concrete 

strain max,b  was introduced by equation: 

𝜀
𝑓ck,prism

(10+2.7𝑓ck,prism)

−2

𝑏,𝑚𝑎𝑥

,  (23) 

Therefore, the elastic-plasticity coefficient of ascending 

graph for concrete k if 𝜀𝑏,𝑚𝑎𝑥  corresponds to stress 𝜎𝑏 =
0.8𝑓ck,prism is equal to: 

𝑘1 =
𝜂01

2 −1.6𝜂01+0.8

0.2𝜂01
.  (24) 

for stretched region of the concrete diagram he dependence 

could be used, which has the form, similar to the compression: 

𝜎𝑏𝑖 =
𝑓ctk,0.05(𝑘0𝜂−𝜂2)

1+(𝑘0−2)𝜂
,  (25) 

where coefficient η was taken from the condition 𝜂 =
𝜀𝑐𝑘

𝜀𝑏𝑡𝑢
, 

where 𝜀𝑐𝑘 - the tension strain of concrete, which correspond to 

the maximum tension stress 𝑓ctk,0.05. 

4. Experimental investigation 

In order to verify the developed mathematical model, 8 re-

inforced concrete beams with an estimated span of 2400 mm, 

cross section 120x240 mm and 2600 mm length were de-

signed, manufactured and tested. Beams were designed ac-

cording to single span scheme, with two supports loaded with 

two concentrated forces in thirds of their span (Fig. 4). 

At the first stage, it was aimed to design beams with differ-

ent percentages of cross-section reinforcement and with dif-

ferent ratio in the amount of high-strength rebar and tape rein-

forcement, however the condition was fulfilled, that their 

strength according to the DSTU BV.2.6-156: 2010 calculation 

should be the same, that is, the destructive load for them was 

assumed to be the same. This was done for the convenience of 

comparing the experimental results and obtaining more accu-

rate results.  
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Fig. 4. Reinforcement frames of experimental beams 

In the stretched zone of experimental samples the combined 

reinforcement was used, containing smooth S275 steel tapes 

of 8 mm width and high-strength A1000 rebar of periodic pro-

file with  10 mm. The reinforcement of the compressed zone 

of experimental samples was designed from periodic profile 

rebar of  8 mm and A400S class. Transverse reinforcement, 

which was also the anchors for smooth tape S275 reinforce-

ment were steel bars of 5 mm diameter and A240S class, with 

70 mm - spacing at the supports and 100 mm-spacing in the 

area of pure bending. Design concrete grade was C35/45. 

The designed beams were divided into four series, in order 

to increase the reliability of the test results, each series con-

sisted of two identical beams, which were manufactured and 

tested under the same conditions (Table 1).  

Table 1. Characteristics of the test samples  

Marking of the beams 
B-I-1,  

B-I-2 

B-II-1,  

B-II-2 

B-III-1,  

B-III-2 

B-IV-1,  

B-IV-2 

Cross-sec-

tion param-

eters 

width b, mm 120 120 120 120 

height h, mm 240 240 240 240 

area A, cm2 288 288 288 288 

Reinforcement of stretched zone –longitudinal S275 steel tape 

width bs, mm 82 46 - 114 

thickness ts, mm 8 8 - 8 

area Аs, cm2 6.56 3.68 - 9.12 

Reinforcement of stretched zone – longitudinal steel bars 

Number and diameter of 

steel bars øs, mm 

1ø10 

А1000 

2ø10  

А1000 

3ø10  

А1000 
- 

area Аs, cm2 0.785 1.570 2.355 - 

Rs(fуk)Аs, of steel bar 

Rs(fуk)Аs, of tape 

31.2% 

68.8% 

61.9% 

38.1% 

100% 

0% 

0% 

100% 

total reinforcement ratio  2.77% 1.97% 0.89% 3.45% 

Reinforcement of compressed zone – longitudinal steel bars 

Number and diameter of 

steel bars øs, mm 

2ø8 

А400S 

2ø8 

А400S 

2ø8 

А400S 

2ø8 

А400S 

area Аs’, cm2 1.005 1.005 1.005 1.005 

Transverse steel bars 

Number and diameter of 

steel bars øsw, mm 

2ø5 

А240S 

2ø5 

А240S 

2ø5 

А240S 

2ø5 

А240S 

area Аsw, cm2 0.392 0.392 0.392 0.392 

spacing S, mm 70 70 70 70 

 

b

b,maxbub

b=0.3Rb

b

btu=Rbt

bu=Rb

btubt,max
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In the beams of series B-I and B-II the combined reinforce-

ment of the stretched zone contained A1000S class steel bars 

and S275 steel tape. In the beams of series B-III and B-IV 

combined reinforcement was not used, they served as a kind 

of standard samples for further comparison and analysis of the 

results of their work with the results of beams B-I and B-II. As 

the working longitudinal reinforcement of the stretched zone 

in beams of series B – III only high-strength steel bars were 

used, namely, three steel bars of 10 mm diameter and A1000 

class. In beams of series B – IV, was used only tape reinforce-

ment of S275 class and 8 mm thickness. 

4. Comparison of the experimental test results 

with the calculation of the mathematical model 

Described above computer method of calculation allowed to 

obtain the mathematical apparatus for describing and deter-

mining the stresses` and strains` values of concrete and work-

ing reinforcement at all stages of loading the structure until its 

destruction. 

Results of theoretical calculations and experimental study 

are given in Table 2 - 4.  

Obtained theoretical results, according to mathematical 

model with sufficient accuracy correspond to experimental 

data, which confirms the possibility of its usage for calculation 

of steel-concrete structures with combined reinforcement.  

As could be seen from the results, the proposed computer 

calculation with sufficient accuracy estimates the load-bearing 

capacity of reinforced concrete beams with combined rein-

forcement, the deviation from the experimental data does not 

exceed 5.9% (Table 2). 

Table 2. Comparison of experimental, theoretical according to 

mathematical model and calculated normative values of experi-

mental beams` bearing capacity 
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B-I-1 42.70 
43.5 

-1.9 51.52 
51.38 

0.3 
51.4 

0.2 

B-I-2 43.60 0.2 52.64 2.4 2.4 

B-II-1 31.10 
30.1 

3.2 55.20 
52.10 

5.6 
52.3 

5.3 

B-II-2 31.10 3.2 52.40 0.6 0.2 

B-III-1 - 
- 

- 55.36 
52.85 

4.5 
53.7 

3.0 

B-III-2 - - 57.04 7.3 5.9 

B-IV-1 51.49 
50.4 

2.1 51.49 
50.25 

2.4 
50.4 

2.1 

B-IV-2 50.57 0.3 50.57 0.6 0.3 

The values of the bending moments, that cause the for-

mation of normal cracks, obtained by the numerical model, 

also have good similarities with experimental data, the devia-

tion does not exceed 5.0%. Detailed data is given in Table 3.  

Computer computation in the Turbo Pascal 7.0 environment 

with the use of finite element method, taking into account the 

real “-” deformation diagrams of materials corresponds to 

the work of the real structure reinforced by the rebar with ex-

ternal tape reinforcement. 

This proves that the calculation model allows to estimate 

with sufficient accuracy the strength and deformability of re-

inforced concrete structures with combined reinforcement. 

When determining the deflections, the satisfactory coinci-

dence of results was obtained at all stages of structural loading 

(Table 4). During field tests, based on the results of mathemat-

ical modeling, it was possible to predict the work of the struc-

ture, compare the increase in deflections, cracks and control 

the yielding point of the tape reinforcement, which had its im-

pact on samples` performance. 

Table 3. Comparison of experimental, theoretical according to 

mathematical model and calculated normative values of experi-

mental beams` fracture moments 

Beams 

mark-

ing  

Fracture moments of experimental beams  

Experi-

mental 

Md
сrc, 

kN*m 

According to 

DBN V.2.6-

98:2009 

MDBN, mm 

(Md
сrc – 

МDBN)/ Мd
сrc, 

% 

According to 

mathematical 

model Mmod-

crc, kN*m 

(Мd
сrc – 

Мmod
crc)/ 

Мd
сrc, % 

B-I-1 6.9 
5.92 

14.2 
7.04 

2.0 

B-I-2 7.15 17.2 -1.5 

B-II-1 8.00 
6.12 

23.5 
7.71 

-3.6 

B-II-2 7.46 18.0 3.4 

B-III-1 11.67 
5.26 

18.1 
11.2 

-4.0 

B-III-2 10.99 6.1 1.9 

B-IV-1 39.16 
7.12 

11.9 
37.2 

-5.0 

B-IV-2 39.00 10.1 -4.6 

 

Table 4. Comparison of experimental, theoretical according to 

mathematical model and calculated normative values of experi-

mental beams` bearing capacity 
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0.4 Мdr2 

B-I-1 2.21 
2.15 

-2.7 
2.1 

-5.0 

B-I-2 2.35 -8.5 -10.6 

B-II-1 4.81 
4.5 

-6.4 
4.1 

-14.8 

B-II-2 3.98 13.1 3.0 

B-III-1 8.25 
8.9 

7.9 
8.2 

-0.6 

B-III-2 9.64 -7.7 -14.9 

B-IV-1 1.94 
.12 

9.3 
2.1 

8.2 

B-IV-2 2.08 1.9 1.0 
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Table 4. Comparison of experimental, theoretical according to 

mathematical model and calculated normative values of experi-

mental beams` bearing capacity (continue) 
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marking 
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0.7 Мdr2 

B-I-1 4.55 
5.5 

20.9 
5.2 

14.3 

B-I-2 5.08 8.3 2,4 

B-II-1 9.44 
10.4 

10.2 
9.8 

3.8 

B-II-2 9.56 8.8 2.5 

B-III-1 20.32 
21.8 

7.3 
22.1 

8,8 

B-III-2 21.57 1.1 2,5 

B-IV-1 4.15 
4.4 

6.0 
4.4 

6.0 

B-IV-2 4.55 -3.3 -3.3 

5. Conclusion 

Analysis of theoretical and experimental data suggests that 

the proposed mathematical model and method of calculating 

the load-bearing capacity of reinforced concrete structures re-

inforced with combined reinforcement, sufficiently takes into 

account the design features of these structures. Proposed 

methodologies can be used in design, modeling and evaluation 

of their load-bearing capacity and deformability, as well as in 

the production engineering of reinforced concrete elements. 

Deviations between experimental data and theoretical results 

of bearing capacity - 5.9%, crack formation - 7.0%, deforma-

bility at 0,7Мdr2 - 14.3%. 
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钢筋混凝土组合梁应力应变状态的数学建模

關鍵詞 

组合钢筋 

高强度钢筋 

钢混结构 

RC 结构设计 

外部钢筋 

摘要 

大多数用于建筑结构计算的现代计算机软件都基于数学相关性，这使得分析承受载荷的结构的

相当复杂的应力-应变状态成为可能。 通常，计算基于有限元法，并简化为使用材料的实际应

变图、混凝土和钢筋的 σ-ε 图计算由于外力作用而在结构中产生的变形。 现代钢筋混凝土

结构计算规范也是以变形模型为基础，采用尽可能接近真实的材料变形图。 因此，本研究旨

在根据 DBN B.2.6-98:2009 和 DSTU 的数学方法和规定，更详细地研究钢筋混凝土结构中发生

的过程的应力-应变状态和物理本质。 B. 在 2.6-156:2010 中。 即，在研究中分析了用于生

产钢筋混凝土构件的 S245 钢带和 A1000 钢筋的组合钢筋。 将数学建模结果与根据 DBN 

B.2.6-98:2009 和 DSTU B. B. B 2.6-156:2010 的计算结果以及现场试验数据进行了比较。 因

此，可以得出结论，是否有可能使用这种技术以足够的精度来计算组合配筋的钢筋混凝土结

构。 


