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Abstract

Recent developments of an innovative own earlier approach to safety analysis of a complex multistate
ageing system impacted by its operation processes are presented. A safety function and other safety
indicators are defined for a complex multistate ageing system changing its functional structure and con-
sequently its safety structure and its components safety parameter s during the operation and determined
under the assumption that its components have piecewise exponential safety functions. Results are ap-
plied to examine safety of port and maritime transportation systems.

1. Introduction

To perform the investigation of the complex mul-
tistate ageing technical system safety (Bautista et
a., 2020; Brunelle & Kapur, 1999; Dabrowska,
2020; Kotowrocki, 2000, 2003, 2005, 2008, 2011,
2014, 2020b, 2021b; Kotowrocki & Magryta
Mut, 2020; Kossow & Preuss, 1995; Kvassay et
a., 2020; Li & Pham, 2005; Natvig, 2007; Szym-
kowiak, 2018a, 2018b, 2019; Wang et al., 2011,
Xue, 1985, Xue & Yang, 19953, 1995b; Yingkui
& Jing, 2012; Zaitseva & Levashenko, 2017), the
semi-Markov process model (Ferreira & Pacheco,
2007; Glynn & Haas, 2006; Grabski, 2014; Lim-
nios & Oprisan, 2005; Mercier, 2008; Tang et al.,
2007), can be used to describe this system opera
tion process (Kotowrocki 2014; Magryta 2020).
The system operation process model, under the as-
sumption on the system safety multistate model
(Xue & Yang, 1985; Xue, 1995), can be used to
construct the general safety model of the complex
multistate system changing itsfunctional structure
and its components safety parameters during var-
iable operation conditions (Kotowrocki, 2014).
Further, using this general moddl, it is possible to
define the complex system main safety character-
istics such asthe system safety function, the mean

values and standard deviations of the system life-
times in the system safety state subsets and in the
system particular safety states (Dgbrowska, 2020;
Kotowrocki, 2014, 2020a, 2020b; Magryta,
2020). Other system safety indicators, like the
system risk function, the system fragility curve,
the moment when the system risk function ex-
ceeds a permitted level, the system intensity of
ageing, the coefficient of operation process im-
pact on system intensity of ageing and the system
resilience indicator to operation process impact,
can be introduced as well (Gouldby et a., 2010;
Kotowrocki, 2014; Lauge et a., 2015; Szym-
kowiak, 2018a, 2018b, 2019).

The Chapter is organized into 5 parts, this Intro-
duction as Section 1, Sections 2—4 and Conclusion
as Section 5. In Section 2, the multistate approach
to ageing system safety analysisis introduced. In
Section 3, the safety model of the multistate age-
ing system impacted by its operation process is
devel oped and its safety indicators are introduced.
In Section 4, the applications of the developed
model to safety examination of the port oil critical
infrastructure (Kotowrocki, 2020a) and the mari-
time ferry technical system (Kotowrocki & Kuli-
gowska, 2018) are presented. In Conclusion, the
evaluation of results achieved is done and the per-
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spectivefor futureresearchinthefield of the com-
plex technical systems including critical infra
structures safety (Ancione et a., 2020; Berg &
Petrek, 2018; Bogalecka, 2020; Kotowrocki,
2022b; Kosmowski, 2021; Lauge et al., 2015;
Magryta-Mut, 2023a) is proposed.

2. Multistate approach to ageing system
safety analysis

2.1. System safety model

Similarly, asin the case of multistate approach to
system reliability (Kotowrocki, 2014), in the mul-
tistate system safety analysis to define the system
with degrading/ageing components, we assume
that:
- nisthe number of the system components (as-
sets);
E,i=12,...,n, aethe system components,
all components and the system have the safety
sateset{0,1,...,z},z > 1,
the safety states are ordered, the safety state O
isthe worst and the safety state zis the best,
r,r €{1.2,...,z}, is the critical safety state
(the system and its components staying in the
safety states less than the critical state, i.e. in
safety states 0,1,2...,r — 1, is highly danger-
ous for them and for their operating area),
Ti(u), i = 1,2,...,n, are random variables rep-
resenting the lifetimes of system components
Ei in the safety state subset {u,u +1,..., z},
u=2012,...,z, while they were in the safety
state z at the moment t = 0,
T(u) isarandom variable representing the life-
time of the system in the safety state subset
{uu+1,..,z,,u=012,...,z whileit was
in the safety state z at the moment t =0,
the components and the system safety states
degrade with timet,
S(t) isthe component Ej, i = 1,2,...,n, safety
state at the moment ¢, t € (0, ), while it was
in the safety state z at the moment t =0,
S(t) is the system safety state at the moment t,
t € (0, ), given that it was in the safety state
z at the moment t = 0.
The above assumptions mean that the safety states
of the system and its degrading components may
be changed in time only from better safety states
to worse safety states and not necessarily to the
neighboring ones. This system ageing property is
illustrated in Figure 1 and Figure 2.
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Figure 2. Relationship between realizations t(u),
u=1,2,...,z of sysemlifetime T(u),u = 1,2,...,z,
in safety state subsets{u, u +1,...,z}, u=12,...,z.

2.2. System safety indicators
We define the system saf ety function by the vector

S(t:)=[8(t 1),5(t,2),...,5( 2)], (1)
for t € (0, ), where the coordinate
S(tu) =P(s(t)® us(0) =2 =P(T(u)>t) (2

defined for t € (0,©),u =1,2,..., z, isthe prob-
ability that the multistate system is in the safety
statesubset {u,u +1,...,z}, u=12,...,z athe
moment t,t € (0, ), while it was in the safety
state z at the moment t = 0.

We omit in the vector (1) the coordinate S(t, 0) as

S(t,0)=P(s(t)2 0|s(0)=2=P(T(O)>t)=1

for t € (0, o), what means that it is constant in
time.

ThecoordinatesS(t,u),t € (0,0),u=172,...,z,
defined by (2) are called the coordinate safety
functions of the system safety function S(t,),
t € (0, ), defined by (1). Thus, the relationship
between the distribution function F(t,u),



Safety analysis of complex multistate ageing system

t €(0,0), u=12,...,2z, of the system lifetime
(w), u=12,...,z, in the safety state subset
{uu+1,...,z}, u=12...,2z and the coordi-
nate safety function S(t,u), t € (0, ),
u=12...,z, of its safety function S(t,),
t € (0, ), defined by (1), isgiven by

F(t,u) =P(T(u) <t)=1-P(T(u) >1t)
=1-S(t,u),t €(0,0), u=12...,z. (3

The exemplary graph of afour-state (z= 3) system
safety function

S(t!) = [S(t,l), S(t,Z), S(t,3)], te <Ov OO);
isshown in Figure 3.
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Figure 3. The graphs of afour-state system safety
function St,) coordinates.

If r isthe critical safety state, then the multistate
ageing system risk function

r(t) =P(s(t) <rfs(0) =2) = P(T(r) £1) (4)

defined for t € (0, ) is the probability that the
system at the moment ¢, t € (0, ), isin the sub-
set of safety states worse than the critical safety
state r,r € {1,2,...,z}, while it was in the best
safety state z at the moment t = 0 and by (3) and
(4) itisgiven by

rt)=1-S(,r),t € (0,0), (5)

where S(t,r) is the coordinate safety function of
the multistate system safety function (1) defined
by (2) foru=r.

The graph of the exemplary system risk function
Is presented in Figure 4.
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Figure 4. The graph of exemplary system risk
function r(t).

The moment t, when system risk function exceeds
apermitted level d, d € (0,1), isdefined by

t =175, (6)

where r71(t), t € (0, »), is the inverse function
of therisk function r(t), t € (0, «), given by (5).
The intensities of ageing (degradation) of
a multistate ageing system, i.e. the intensities of
a system departure from safety state subsets
{u,u+1,....,z},,u=1.2,...,z, aedefined by

_ds(tuw)

A(t,u) :Ttiut)’t € (0,00),u = 1,2,...,Z, (7)

where (t,u), u=12,...,z, are the coordinate
safety functions of the multistate ageing system
safety function (1) defined by (2).

Hence, the multistate ageing system limit intensi-
ties of ageing can be found from the formulae

A(u) = tli_)noll(t, u),u=12,...,z. (8

Whereas, the multistate ageing system approxi-
mate mean intensities of ageing can be defined by

=_1 .=
A(u) = s u=12,..., 2z, 9)
where (u), u = 1,2,..., z, are the mean values of
the multistate ageing system lifetimes in
the safety state subsets {u,u+1,...,z},
u=12,...,z, given by
p@) = [ S(twdt,u=12,...,z (10)
andS(t,u),u=12,...,z,b=12,...,v are co-
ordinate safety functions defined by (2).
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The coefficients of the outside impact on the mul-
tistate ageing system safety are defined by

p(t,u) = A(t,u)/2°(t, u), (11)
t €(0,0),u=12,...,2

or by

p(W) = AW/2°w), u=12,...,2 (12)

where A(t,u), A(u) and A°(t,u), A°(w),
u=12,...,z, respectively are, the intensities of
ageing of the multistate ageing system with and
without outside impact, determined respectively
according to (7), (8) and (9).

Finally, we define the multistate ageing system re-
silenceindicators, i.e. the coefficients of the mul-
tistate ageing system resilience to the outside im-
pact, by

1
p(tu)’

RI(t,u) = te(0,o©),u=12...,z (13

or by

RI(u) =$,u=l,2,...,z,

(14)

where p(t,u) and p(u), u=12,...,z, are the
coefficients of the outside impact on the multistate
ageing system safety, respectively defined by (11)
and (12).

2.3. System safety structures

On the basis of the multistate approach to ageing
system safety analysis proposed in Section 2.1,
considering definition of safety function intro-
duced in Section 2.2, we may define basic multi-
state ageing system safety structures.

Definition 1

A multistate ageing system composed of n assets
A,i=12...,n, is caled series if its lifetime
T(u), u=12,...,z in the safety state subset
{uu+1,...,z},u=12...,zisgivenhby

T(u) = 1rpii<t’ln{Ti(u)}, u=12...,z,

where T;(w), u=12,...,z, i=12,...,n ae
the lifetimes of the assets A, i =12,...,n,
in the safety state subset {w,u+1,...,2},
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u=12,...,z. Thenumber nis called the system
safety structure shape parameter. considering def-
inition of safety function introduced in Section
2.2, we may define basic multistate ageing system
safety structures.

Definition 2

A multistate ageing system composed of n assets
A,i=12...,n, is caled series if its lifetime
T(u), u=12,...,z, in the safety state subset
{uu+1,.. .,z u=12...,zisgivenhby

T(u) = 1rpii<t’ln{Ti(u)}, u=12,...,z,

whereT;(u),u=12,...,z,i=12,...,naethe
lifetimes of the assets A, i=12,...,n, in
the safety state subset {u,u+1,... 2},
u=12,...,z. Thenumber nis called the system
safety structure shape parameter.

The above definition means that the series multi-
state ageing system is in the safety state subset
{uu+1l,...,z,u=12...,z if and only if al
its n assets are in this subset of safety states. That
meaning is very close to the definition of atwo-
state system considered in a classical reliability
analysisthat isnot failed if all itsall assets are not
failed (Kotowrocki, 2014). This fact can justify
the safety structure scheme for a series multistate
ageing system presented in Figure 5.
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Figure5. The scheme of a series multistate ageing
system safety structure.

It is easy to work out that the safety function of

the series multistate ageing system, isgiven by the
vector (Kotowrocki, 2014)

S(t,) = [S(t,1),5(t,2),...,5(t,2)], t € (0, ),

with the coordinate safety functions

S(t,u) = HSi(t,u),t €(0,0),u=12...,z
i=1

Definition 3
A multistate ageing system composed of n assets
A,i=12,...,n,iscaled paralé if its lifetime
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Tu), u=12,...,z, in the safety state subset
{u,u+1,....,z},u=12,...,z,isgiven by

T(u) = 1rT<1l<’;1<)r(l{Tl(u)}, u=12,...,z,

where T;(u), u=12,...,z, i=12,...,.n ae
the lifetimes of the assets A, i =1,2,...,n, in
the safety state subset {u,u+1,..., 2},
u=12,...,z.

The number nis called the system structure safety
shape parameter.

The above definition means that the parallel mul-
tistate ageing system is in the safety state subset
{uu+1l,...,z}, u=12,...,z if and only if a
least one of its n assetsis in this subset of safety
states. That meaning isvery closeto the definition
of atwo-state parallel system in aclassical relia
bility analysisthat isnot failed if at |east one of its
componentsis not failed what can justify the par-
allel multistate ageing system safety structure
scheme presented in Figure 6.
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Figure 6. The scheme of a parallel multistate ageing
system safety structure.

The safety function of the parallel multistate age-
ing system is given by the vector (Kotowocki,
2014)

S(t,-) = [S(t,2),5(t,2),...,.5(t,2)], t € (0, )

with the coordinate safety functions

Stu)=1- 1_[[1 _ st W],

te(0,®),u=12,...,z.

Definition 4

A multistate ageing system composed of n assets
A,i=12,...,n,iscdled an ,mout of n” if its
lifetime T(u), u=12,...,z, in the safety state
subset {u,u+1,...,z}, u=12,...,z, is given
by

T(u) = T(n_m+1)(u) m=12,..nu=12..., 2,

where Tip—miy(uw), m=12,..n,u=12...,z,
isthe (n-m+1)-th order statistic in the sequence of
the asset lifetimes

T(u),T,(U),..,T,(U),u=12...,z.

The above definition means that the ,,m out of n”
multistate ageing system isin the safety state sub-
set {fu,u+1,...,z}, u=12,...,z if and only if
at least m out of its n assets are in this safety state
subset and it isaparalel systemif m=1anditis
aseriessystem if m=n. The numbersm and n are
called the system safety structure shape parame-
ters. The scheme of an,, mout of " multistate age-
ing system safety structure, justified in an analo-
gousway asin the cases of seriesand parallel mul-
tistate ageing systems, isgivenin Figure 7, where
i1,i5,..,ip, €{1,2,..n}and i, # i, fora # b.

4,
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Figure 7. The scheme of an,,mout of n” multistate
ageing system safety structure.

It can be simply shown that the safety function of

the ,mout of n” multistate ageing systemis given
by the vector (Kolowrocki, 2014)

S(t,) = [S(t,1),5(t,2),...,5(t,2)], t € (0, ),

with the coordinate safety functions
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S(tu) = [Si(t,w)]" -

71,72,...Tn€{0,1}
mST1+r2+---+TnSn

[1=S;(t,u)]* ", t €(0,0),u=12,...,2

or equivalently with the coordinate safety func-
tions

S(t,u) = [S;(t,u)]"i -
11,72,...Tn€{0,1}

0sry+ry+---+rpsm-1
[1=S;(t,u)]* ", t €(0,0),u=12,...,2

Definitions of other multistate ageing system
safety structures can be found in (Kotowrocki,
2014).

3. Safety of multistate ageing system impacted
by its operation process

3.1. Semi-Markov model of system operation
process

We assume that the system during its operation
process is taking v, v € N, different operation
states z4, z,, ..., z,,. Further, we define the system
operation process Z(t), t € (0, ), with discrete
operation states from the set {z,, z, ..., z, }.
Moreover, we assume that the system operation
process Z(t) isasemi-Markov process (Ferreira &
Pacheco, 2007; Glynn & Haas, 2006; Grabski,
2014; Limnios & Oprisan, 2005; Mercier, 2008;
Tang et a., 2007) with the conditional sojourn
times 6,,; at the operation states z,, when its next
operation state is z;, b,l =1,2,...,v, b # [. Un-
der these assumptions, the system operation pro-
cess may be described by the following parame-
ters (Kotowrocki, 2014):

the vector [p, (0)],4, Of theinitial probabilities

pp(0) =P(Z(0) =2z,),b=12,...,v, (15

of the system operation process Z(t) staying
al particular operation states at the moment
t =0,

the matrix [pp;],x, Of probabilities

pblibllzllzl---;vab:’tll (16)
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of the system operation process Z(t) transitions
between the operation states z,, and z;,

the matrix [Hy;(t)],x, Of conditional distribu-
tion functions

Hp(t) = P(0p; < 1), (17)

t €(0,0),bl=12..v,b #,

of the system operation process Z(t) condi-
tional sojourn times 6,,; at the operation states
or equivalently by the matrix [hy;(t)],, Of the
conditional density functions

dHp(t)

hy () = i (18)

t €(0,0),b,l=12,...,v,b#1,

of the system operation process Z(t) condi-
tional sojourn times 6,,; at the operation states
corresponding to the conditional distribution
functions Hy, (t).
The knowledge of the system operation process
parameters gives the possibility of finding its
main characteristics:
themeanvaluesM,,b = 12,...,v, of thesys-
tem operation process Z(t) unconditional so-
journtimes8,, b =1,2,...,v, a the operation
statesz,, b =12,...,v,

My = X1 PpiMp, b =12,...,v, (19)
where
My, = [, dHy(t) = f, thy(t)dt, (20)

forb,l=12,...,v,b # [,
are the mean values of the conditional sojourn
times 6,,; at the operation states z;,, when its next

operation stateis z;, b,l = 12,...,v,b # I,
the limit values

Py = limp, (t)

of the system operation process Z(t) transient
probabilities at the particular operation states

py(t) = P(Z(t) = zp),
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t €(0,00),b=12,...,v,

given by
_ TpMp —
pb_ 1l;=17TlMll b - 1121'-'1V1 (21)

wherem,, b = 1,2,...,v, are the steady proba-
bilities of thevector [}, ],,, Satisfying the sys-
tem of equations

[p] = [mp]lppi]
' 22
the approximate mean vaues M,

b=12,...,v, of the system operation process
Z(t) total sojourntimes 8, at the particular op-
eration states z,, b =1,2,...,v, during the
large fixed system opetation time 8, given by

M, =p,0,b=12...v. (23)

3.2. Safety of system related to its operation
process

We assumethat the changes of the operation states
of the system operation process Z(t) have aninflu-
ence on the safety of system components E;,
i =12,...,n,and onthe system functional struc-
ture and consequently on the system safety struc-
ture as well. Thus, we denote the system multi-
state component E;, i =1,2,...,n, conditiona
lifetimein the safety state subset {u, u + 1,...,z},
u=12,...,z, while the system is a the
operation state z,,, b =1,2,...,v, by [Tl-(u)](b),
u=12,...,z,b=12,...,v,i=12,...,n, and
its conditional safety function by the vector

[S;(t, )P =[[S;(¢, DID.....[Si(t, 2)]P], (24)
te(0,®),u=12,...,z,
b=12,...

Vv, i=12,...,n,

with the coordinates defined by

[S:(t. w]® = P, W]® > t|Z(t) = 2,).(25)
te(0,®),u=12...,z

b=12,...,v,i=12,..., n.

The coordinate safety function [S;(t, u)]®,
u=12,...,z, b=12,...,v, i=12,...,n, IS
the conditional probability that the system compo-
net E;, i=12,...n, lifaime [T;w)]®,
u=12...,z, b=12,...,v, i=12,...,n, In
the safety state subset {u,u+1,...,2},
u=12,...,z, isgreater than t,t € (0, ©), while
the system operation process Z(t), t € (0, ), isat
the operation state z,, b = 1,2,...,v.

Similarly, we denote the system conditional life-
time in the safety state subset {u,u +1,...,2z},
u=12,...,z, while the system is a the
operation state z,, b = 1,2,...,v, by [TW)]®,
u=12...,z,b=12,...,v, and the conditional
safety function of the system by the vector

[S® = [IS( DIP....[SE 1P, (26)

t €(0,0),b=12...,v,

with the coordinates defined by

[S(t,w]® = P([TW]? > tlZ(¢) = z,), (27)
te(0,0),u=12,...,2,b=12,...,v.

The conditional coordinate safety function
[S(t,u)]®, t € (0, ), u=12... 2z,
b=1.2,...,v, defined by (27), is the conditional
probability that the system lifetime [T(w)]®,
u=12,...,z, b=12,...,v, in the safety state
subset {u,u+1,...,z}, u=12,...,2z, is greater
thant,t € (0, ), while the system operation pro-
cess Z(t), t € (0, ), is at the operation state z,,,
b=12,...,v.

Thus, the system conditiona lifetimes in
the safety states subset {u,u+1,...,2},
u=12,...,z, a the operation stae z,,
b=12,...,v,

WO

= 7([T, )], [T1P,... . [T,@)]®),

defined foru=12,...,z,b=12,...,v,n € N,
are dependent on the components conditional
lifetimes [T, (w)]®, [T,1®.....[T,(@)]®, in
the safety states subset {u,u+1,...,2},
u=12,...,z, a the operation state z,,

85



Kofowrocki Krzysztof

b=1.2,...,v, and the coordinates of the system
conditional safety function at the operation state
Zp, b =12,...,v,

[$(t,u)]®

= S([Sl(ti u)](b), [SZ(ti u)](b)l T [Sn(tl u)](b))

defined  for t € (0, ), u=12,...,z,
b=12,...,v,n € N, are dependent on the coor-
dinate safety functions

[Sl (t, u)](b), [52 (t, u)](b), ""[Sn(ta u)](b)n
te(0,0),u=12,...,2,b=12,...,v,

of the components conditional coordinate safety
functions at the operation state z,, b = 1,2,...,v,
defined by (25).

Further, we assume that the system components
E;,i=12,...,n, a the system operation states
zp, b=12,...,v, have piecewise exponential
safety functions, i.e. their coordinate safety func-
tions are given by

[S:(t, w)]® = P, w)]® > t1Z(t) = z,)

= exp[ — [1:(w)]Pt] ¢ € (0, ), (28)

u=12,....,.z,b=12,...,v,i=12,...,n,

and we conclude that the system conditional coor-
dinate safety functions are dependent of these
piecewise exponential safety functions.
Consequently, we denote the system uncondi-
tional lifetime in the safety state subset
{uu+1l,..,z}, u=12..,z, by T(u),
u=12,...,z, and the unconditional safety func-
tion of the system by the vector

S(t,) =[S(t 1),...8(t, 2)], t € (0, o), (29)

with the coordinate safety functions defined by
S(t,u) = P(T(u) > t), (30)
te(0,®)u=12...,z

In the case when the system operation time 6 is
large enough and the condition (28) is fulfilled,
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the coordinate safety functions of the uncondi-
tional safety function (30) of the system defined
by (29) are given by

S(tu) = Xy pp[S(t,w)]®, (31)

t€(0,0),u=12,...,2z

where [S(t, )], t €(0,0), u=12...,z,
b=12,...,v, are the conditiona coordinate
safety functions of the system conditional safety
functions defined by (26)—«(27) and p,,
b=12,...,v, are the system operation process
limit transient probabilities determined by (21).
Hence, the mean value of the system uncondi-
tiona lifetime T(u), u = 1,2,..., z, in the safety
state subset {u,u+1,...,z}, u=12,...,2, is
given by (Kotowrocki, 2014)

ll(u) = 1l;:l Pb[ﬂ(u)](b): u= 1121 e Zy (32)
where[p(W]®, u=12,...,z,b=12,...,v, ae
the mean values of the system conditional life-
times [T)]®, u=12,...,z,b=12,...,v,in
the safety state subset {{u,u+1,...,2},
u=12,...,z, a the opeation state z,,
b=12,...,v,gvenby

[e@)]® = [7[S(t,w)]Pdt, (33)

where [S(t,u)]?), t€(0,0), u=12,...,z
b=12,...,v, ae defined by (26)—<27) and p,,
b=1.2,...,v,aredetermined by (21).

Whereas, the variance of the system unconditional
lifetime T'(u) is given by

o(u) = 2 [ tS(t,u)dt — [p(w)]?, (34)
u=12,...,z,
whereS(t,u), t€(0,o), u=12,...,z, ae

given by (31) and p(u), u =0,1,...,z, are given
by (32).

Further, we get the following formulae for the
mean values of the unconditional lifetimes of the
system in particular safety states

pw)=zpuu)—p(u+1),u=12,...,z—-1,
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A(z) = p(2), (35
where p(u), u=0,1,...,z, are determined by
(32).

Moreover, if r is the system critical safety state,
then the system risk function is given by
r(t) =1-5(t7),t €(0 ), (36)
where S(t,r), t € (0, ), is the coordinate safety
function of the system unconditional safety func-
tion (29) defined by (30) and given by (31) for
u=r.

Next, if t is the moment when the system risk
function exceeds a permitted level d, then
t = r(s), (37)
wherer(t) istheinverse function of therisk func-
tion r(t) given by (36).

The intensities of ageing (degradation) of the sys-
tem impacted by its operation process, i.e. thein-
tensities of the system impacted by its operation
process departure from the safety state subset
{uu+1,....,z},u=12,...,z, aegiven by

_dS(t,u)

A(t,u) = T‘t), t€(0,®),u=12,...,2, (38)

where S(t,u), t € (0,»), u=12,...,z, aredeter-
mined by (31).

The multistate ageing system impacted by its op-
eration process limit intensities of ageing can be
found from the formulae

Alu) = tli_)r?ol(t,u), u=12,..., 2z, (39)

where A(t,u), t € (0,0), u=12,...,z, ae
given by (38).

Whereas, the multistate ageing system impacted
by its operation process mean intensities of ageing
can be found from

A(u) Eﬁ,u:LZ,...,z,

(40)
where (u), u = 1,2,..., z, are the mean values of
the multistate ageing system impacted by its oper-
ation process lifetimes in the safety state subsets
{uu+1l,...,zu=12,..., 2 givenby (32).
Finaly, we can determine the system resilience
indicators:

the coefficients of operation processimpact on
the system intensities of degradation, i.e. the
system intensities of departure from the safety
state subsets{u,u +1,...,z},u=12,...,z2,

A(tuw)

p(tu) =505 (41)
t €(0,0),u=12,...,z
and
A
p(u) = /10((13)’ u=12,...,z2, (42)

where A°(t,u), t€(0,0) and A°u),
u=12...,z are the intensities of degrada-
tion of the system without of operation process
impact, whereas A(t,u), t € (0, ) and A(u),
u=12,...,z, aetheintensity of degradation
of the system with the operation processimpact
given respectively by (38), (39) and (40),

the indicators of system resilience to operation
process impact defined by

~ 1
RI(t,u) = e (43)
t€(0,0),u=12,...,z
or by
~_1 =
RI(u) = P u=12,...,z, (44)
where  p(t,u), te€(0,0) and p(u),

u=12,...,z, arethe coefficient of operation
process impact on the system intensities of
degradation given respectively by (41) and
(42).

4. Application

4.1. Safety of port oil terminal critical
infrastructureimpacted by its operation
process

We consider the port oil terminal critical infra-
structure impacted by its operation process oper-
ating at the Baltic seaside that isdesignated for re-
ceiving oil products from ships, storage and send-
ing them by carriages or trucks.

Theport oil terminal critical infrastructureis com-
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posed of three parts A, B and C, linked by the pip-
ing transportation system with the pier of Gdynia
Port. The port oil terminal operating area is pre-
sented in Figures 8.
The main technical assets components (assets) of
the port oil terminal critical infrastructure are:
- A1 —port oil piping transportation system,

Ac —internal pipeline technological system,

Az — supporting pump station,

As —internal pump system,

As — port oil tanker shipment terminal,

As —loading raillway carriage station,

A7 —loading road carriage station,

As — unloading railway carriage station,

Ao — 0il storage reservoir system.

g, M ‘Ciiy of Gdy\nia

Morg, .
G }
|

\ . g Port
Terminal Facility RA
_Locations
Google

Zawartosé mapy @2009 Tefp Allas, PPV =\\larunk korzystania 2 sl

Figure 8. The port oil terminal critical infrastructure
operating area.

The port oil piping transportation system, the as-
set Aq, location in the Port of Gdyniais presented
in Figure 9.

Figure 9. The port oil piping transportation system
location in the Port of Gdynia.
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The considered port oil piping transportation sys-
tem, the asset Ay, functional structureis presented
in Figure 10.

g
PORT

Figure 10. The port oil piping transportation system
functional structure.

TERMINAL

The port oil pipeline system safety structure pre-
sented in Figure 11.

S; S, S
J L - J
Az

Figure 11. The scheme of the port cil piping trans-
portation system safety structure.
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The asset Ay, is a system composed of a series-
parallel subsystems S;, containing two pipelines
(the assets A1 and Aq> with series safety struc-
tures), a series-parallel subsystems S, containing
two pipelines (the assets A1 and Az with series
safety structures), and one,, 2 out of 3" subsystem
S containing 3 pipelines (the assets As1, Az and
Azawith series safety structures). The subsystems
S, S and S are forming a general series port oil
pipeline system safety structure.
The asset A; operation is the main activity of the
port oil termina critica infrastructure involving
Its remaining assets A2 — Ag and determining their
operation processes.
On the basis of the statistical dataand expert opin-
ions, it is possible to fix and to evaluate the fol-
lowing unknown basic parameters of the oil ter-
minal critical infrastructure operation process.
the number of operation process states v = 7,
and the operation process states:
- theoperation state z;, transport of onekind
of medium from the terminal part B to part
C using two out of three pipelines of the
subsystem S of the asset A: illustrated in
Figure 12 and assets Az, A4, As, A7, Ao,
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Figure

I

A33

12. The scheme of the port ail piping

transportation system saf ety structure at the operation

state Z1

Figure

the operation state z», transport of onekind
of medium from the terminal part C to part
B using one out of three pipelines of the
subsystem S of the asset Aq illustrated in
Figure 13 and assets Az, A4, As, Ao,

Ss

—
[

A33

13. The scheme of the port ail piping

transportation system safety structure at the operation

state Zy

the operation state zs, transport of onekind
of medium from the termina part B
through part A to pier using one out of two
pipelines of the subsystem S and one out
of two pipelines of the subsystem S of the
asset Arillustrated in Figure 14 and assets
A2, A4, As, Ao,

Sl SZ
All J \\ AZl
AlZ AZZ

Figure 14. The scheme of the port ail piping
transportation system safety structure at the operation

state Z3.

the operation state z4, transport of onekind
of medium from the pier through parts A
and B to part C using one out of two pipe-
lines of the subsystem S, one out of two
pipelines in subsystem & and two out of
three pipelines of the subsystem S of the
asset Arillustrated in Figure 15 and assets
A2, As, As, As, As, Az, Ao,

S 1 SZ S3

=l

L]

A33

Figure 15. The scheme of the port il piping
transportation system safety structure at the operation
State Z4-

the operation state zs, transport of one kind
of medium from the pier through part A to
B using one out of two pipelines of the
subsystem S, and one out of two pipelines
of the subsystem S of the asset A; illus-
trated in Figure 16 and assets Az, As, As,
As, Ao,

Sl SZ
All J \\ A21
A12 AZZ

Figure 16. The scheme of the port il piping
transportation system safety structure at the operation
State Zsg.

the operation state zs, transport of one kind
of medium from the termina part B to C
using two out of three pipelines of the sub-
system S, and simultaneously transport
one kind of medium from the pier through
part A to B using one out of two pipelines
of the subsystem S and one out of two
pipelines of the subsystem S of the asset
A1 illustrated in Figure 17 and assets Ao,
Ag, As, As, As, Az, Ao,
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S; S S3
—|: All J \\ AZl J A31
A12 A22 A32
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Figure 17. The scheme of the port oil piping
transportation system safety structure at the operation
State Zg-

- theoperation state z7, transport of onekind
of medium from the termina part B to C
using one out of three pipelines of the sub-
system S, and simultaneously transport
second kind of medium from the terminal
part C to B using one out of three pipelines
of the subsystem S of the asset A; illus-
trated in Figure 18 and assets Az, A4, As,

a safety state 2 — the components and the port
oil terminal arefully safe,
a safety state 1 — the components and the port
oil termina are less safe and more dangerous
because of the possibility of environment pol-
lution,
a safety state O — the components and the port
oil terminal are destroyed.
The port oil terminal system safety function is
given by the vector

S(t!) = [S(t,l),S(t,Z)], t € (O, Oo);

with determined according to (31) and (45) the co-
ordinate safety functions:

(46)

S(t,1) = 0.395:[S(t,1)]%V + 0.060-[S(t,1)] @
+0.003[S(t,1)]® + 0.002[S(t,1)]“
+0.2[S(t,1)]® + 0.058:[S(t,1)] @

Az, Ag, Ao.

Ss

Az

Az
1 I
1 I
[} |
i |
L Azs L

Figure 18. The scheme of the port ail piping
transportation system saf ety structure at the operation
sState Z7.

To identify the unknown parameters of the port il
pi ping transportation system operation processthe
suitable statistical data coming from itsreal redli-
zations should be collected on the basic of this
datait is possibleto estimate these parameters and
to fix the port oil terminal characteristics. The port
oil terminal critical infrastructure operation pro-
cess Z(t) main characteristics, the limit values of
transient probabilities at the particular operation
statesz,, b = 1,2,...,7, are (Kotowrocki, 2020a):

p1= 0.395, p, = 0.060, ps= 0.003, pa = 0.002,

ps = 0.200, ps = 0.058, p7 = 0.282. (45)

We distinguish the following three safety states
(z=2) of the system and its components:

90

+0.282-[S(t,1)]?, t € (0, ), (47)
S(t,2) = 0.395[S(t,2)] ¥ + 0.060-[S(t,2)] @

+ 0.003-[S(t,2)]® + 0.002:[S(t,2)] ¥
+0.2:[S(t,2)]® + 0.058[S(t,2)]©
+0.282:[S(t,2)]7, t € (0, o), (48)

where the conditional coordinate safety functions
[St,w]®, t € (0,00),u=12,b=1,2,...,7,

are given in (Kotowrocki, 2020a; Kotowrocki &
Magryta, 2020a).

The graph of this three-state port oil terminal crit-
ical infrastructure safety function, determined by
(46)—(48), isshown in Figure 19.

0.6

S(tu)

0.4

0.2

8 10 12 14 16 18 20 22 24 26 28 30
t

—S(t,1) 5(t,2)

Figure 19. The graph of the port oil terminal critical
infrastructure safety function coordinates.

The expected values and standard deviations of
the terminal lifetimes in the safety state subsets
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{12}, {2}, in years, determined according to
(32)—«34), respectively are:

u(l) = 7.89, u(2) = 5.03, (49)

o(1) = 7.91,0(2) = 5.03. (50)
Considering (35) and (49), the terminal lifetimes
in the safety state 1 and 2, in years, respectively
are

(1) = u(1) — u(2) = 2.86,
fi(2) = u(2) = 5.03.

Assuming that the critical safety stateisr =1 and
applying (36), the system risk function is given by

(51)

rt) =1—5(t,1),t € (0, ), (52)

where S(t, 1) isgiven by (47).

The graph of the port oil terminal risk function is
presented in Figure 20.

1
0.8
0.6

r(t)

0.2
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t
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Figure 20. The graph of the port oil terminal risk
function.

The moment t, when system risk function exceeds
apermitted level d, d € (0,1), is
= r~1(8) = 0.40 year. (53
The port oil terminal critical infrastructure ap-
proximate mean intensities of ageing, determined
according to (40) and (49), are:
(1) = 0.126743, A(2) = 0.198807. (59)
Hence, considering the values of the intensities of

ageing of the port oil terminal without considering
its operation process impact A°(1) = 0.115873

and 1°(2) = 0.18174, determined in (Kotow-
rocki, 2020a), and applying (42), the coefficients
of the operation process impact on the port oil ter-
minal critical infrastructure intensities of ageing,
are:

p(1) =1.09381, p(2) = 1.09391. (55)
Finally, the port oil terminal critical infrastructure
resilienceindicators, i.e. the coefficient of the port

oil terminal critical infrastructure resilience to the
operation process impact, by (44) and (55), are:

RI(1) = 0.9142 = 91.42%,

RI(2) = 0.9142 = 91.42%. (56)

4.2. Safety of maritimeferry technical system
impacted by its operation process

The considered maritime ferry is a passenger ship
operating at the Baltic Sea between Gdynia and
Karlskrona ports on regular everyday line (see:
Figure 21).

SWEDEN

Karlskrona
.

Gdynia®

| POLAND

Figure 21. The maritime ferry operating area.

Theferry technical system:

S1 —anavigational subsystem,

S —apropulsion and controlling subsystem,

S —aloading and unloading subsystem,

Sy — a stability control subsystem,

S — an anchoring and mooring subsystem.
The subsystems S, &, S, &, S, are forming a
general series safety structure of the ferry tech-
nical system shown in Figure 22.

— s S |—- - . | s =

Figure 22. The genera safety structure of ferry tech-
nical system safety.
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Thus, taking into account the expert opinions con-
cerned with the operation process of the consid-
ered ferry technical system, we distinguish thefol -
lowing as its eighteen operation states:

- an operation state z; — loading at Gdynia Port,
an operation state z, —unmooring operations at
Gdynia Port,
an operation state z; — leaving Gdynia Port and
navigation to GD buoy,
an operation state z, — navigation at restricted
waters from GD buoy to the end of Traffic Sep-
aration Scheme,
an operation state z; — navigation at open wa-
tersfrom the end of Traffic Separation Scheme
to Angoering buoy,
an operation state z, — navigation at restricted
waters from Angoering buoy to Verko Berth at
Karlskrona,
an operation state z, — mooring operations at
Karlskrona Port,
an operation state zg —
Port,
an operation state z,
Port,
an operation state z;, — unmooring operations
at Karlskrona Port,
an operation state z,, —ferry turning at Karls-
krona Port,
an operation state z,, — leaving Karlskrona
Port and navigation at restricted waters to An-
goering buoy,
an operation state z; ; — navigation at open wa-
ters from Angoering buoy to the entering Traf-
fic Separation Scheme,
an operation state z; , —navigation at restricted
waters from the entering Traffic Separation
Schemeto GD buoy,
an operation state z,; — navigation from GD
buoy to turning area,
an operation state z; , — ferry turning at Gdynia
Port,
an operation state z,, — mooring operations at
Gdynia Port,
an operation state z, g — unloading at Gdynia Port.

The influence of the above defined operation

states changing on the changes of the ferry tech-

nical system safety structureis as follows.

At the operation states z; and z; g, the ferry tech-

nical system is composed of two subsystems S

and S; forming a series structure shown in Figure

23.

unloading at Karlskrona

— loading at Karlskrona
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Figure 23. The scheme of the ferry technical system
structure at the operation states z; and z4g.

At the operation states z,, z,, z;, and z,,, the
ferry technical system is composed of three sub-
systems S, S and S forming a series structure
shown in Figure 24.

Figure 24. The scheme of the ferry technical system
structure at the operation states z,, z;, z1o and z,.

At the operation states z3, z;4, z;5 and z¢, the
ferry technical system iscomposed of two subsys-
tems S; and S, forming a series structure shown
in Figure 25.

Figure 25. The scheme of the ferry technical system
structure at the operation states z3, 211, z15 and z4¢.

At the operation states z,, zs, z4,, z13 and z,, the

ferry technical system is composed of three sub-
systems S;, S, and S, forming a series structure
shown in Figure 26.
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Figure 26. The scheme of the ferry technical system
structure at the operation states zy, zs, 212, Z13 and

Z14-

At the operation state z4, the ferry technical sys-
tem is composed of three subsystems S;, S, and
S, forming a series structure shown in Figure 27.

St s,

11 21

Figure 27. The scheme of the ferry technical system
structure at the operation state zg.

At the operation state zg and z,, theferry technical
system is composed of two subsystems S; and S,
forming a series structure shown in Figure 28.

53
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Figure 28. The scheme of the ferry technical system
structure at the operation states zg and zg.

To identify the unknown parameters of the ferry
technical system operation process the suitable
statistical data coming from its real realizations
should be collected and on the basic of this data it
IS possible to estimate these parameters and to fix
the port oil terminal characteristics. It is possible
to collect these data because of the high frequency
of the ferry voyages that result in alarge number
of its technical system operation process rediza
tions. The ferry technical system operation pro-
cessisvery regular in the sense that the operation

state changes are from the particular state z,,
b=12,...17, to the neighboring state z,,,
b=1.2,...,17, and from z,4 to z; only.

The ferry technical system operation process Z(t)
main characterigtics, the limit values of transient
probabilities of at the particular operation states
zp, b =12,...,18, are (Kotowrocki, 2020a):

p; = 0.038, p, = 0.002, p; = 0.026,
ps, = 0.036, ps = 0.363, pg = 0.026,
p; = 0.005, pg = 0.016, p, = 0.037,
P10 = 0.002, p;; = 0.003, p;, = 0.016,
p13 = 0.351, p1, = 0.034, p,5 = 0.024,
P16 = 0.003, p;, = 0.005, p;, = 0.013. (57)
Weidentify five saf ety states of theferry technical
system and its components:
asafety state 4, theferry operationisfully safe,
a safety state 3, the ferry operation is less safe
and more dangerous because of the possibility
of environment pollution,
a safety state 2, the ferry operation is less safe
and more dangerous because of the possibility
of environment pollution and causing small ac-
cidents,
asdfety state 1, theferry operationismuch less
safe and much more dangerous because of the
possibility of serious environment pollution
and causing extensive accidents,
a safety state O, the ferry technical system is
destroyed.
The maritime technical system safety function is
given by the vector

S(t-)=[8(t 1),5(t2),5(3),5(4)], (58)

t € (0, ),

with determined for t € (0, =), according to (57)
and (31), the coordinate safety functions:

S(t,1) = 0.038[S(t,1)]® + 0.002:[S(t,1)] @
+0.026°[S(t,1)]® + 0.036[S(t,1)] ¥
+0.363[S(t,1)]® + 0.026:[S(t,1)]©

+ 0.005:[S(t,1)]” + 0.016[S(t,1)]®
+0.037-[S(t,1)]© + 0.002:[S(t,1)] 1
+0.003-[S(t,1)] ™Y + 0.016-[S(t,1)] 12
+0.351°[S(t,1)] ™ + 0.034-[S(t,1)]*4
+0.024-[S(t,1)] ™ + 0.003-[S(t,1)]1®

+ 0.005°[S(t,1)] " + 0.013-[ S(t,1)]*®), (59)
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S(t,2) = 0.038[S(t,2)] + 0.002:[S(t,2)] @
+0.026:[S(t,2)]® + 0.036[S(t,2)] ¥
+0.363[S(t,2)]® + 0.026:[S(t,2)]©
+0.005:[S(t,2)]? + 0.016°[S(t,2)]©®
+0.037-[S(t,2)]© + 0.002:[S(t,2)] 1@
+0.003[S(t,2)] ™Y + 0.016-[S(t,3)]*?
+0.351°[S(t,2)] ™ + 0.034-[S(t,2)] 4

+ 0.024:[S(t,2)] ™ + 0.003-[S(t,2)] 16

+0.005°[S(t,2)] 17 + 0.013-[S(t,2)] 1), (60)

S(t,3) = 0.038[S(t,3)]® + 0.002-[S(t,3)]@
+0.026:[S(t,3)]® + 0.036°[S(t,3)] ¥
+0.363[S(t,3)]® + 0.026°[S(t,3)]©
+0.005:[S(t,3)] 7 + 0.016°[ S(t,3)] @

+ 0.037[S(t,3)] @ + 0.002:[S(t,3)] 1@
+0.003-[S(t,3)] ™Y + 0.016-[S(t,3)] 2
+0.351°[S(t,3)] ™ + 0.034-[S(t,3)] 4
+0.024-[S(t,3)] ™ + 0.003-[S(t,3)]1©

+ 0.005-[S(t,3)] 47 + 0.013-[S(t,3)] ), (61)
S(t,4) = 0.038[S(t,4)]® + 0.002:[S(t,4)] @
+0.026°[S(t,4)]® + 0.036°[S(t,4)] @
+0.363[S(t,4)]® + 0.026:[S(t,4)]©
+0.005°[S(t,4)] 7 + 0.016°[S(t,4)]®

+ 0.037-[S(t,4)]© + 0.002[S(t,4)] 1@
+0.003[S(t,4)] ™Y + 0.016-[ S(t,4)]*?

+ 0.351-[S(t,4)] ™ + 0.034-[S(t,4)] 4

+ 0.024-[S(t,4)] ™ + 0.003-[S(t,4)]16)
+0.005-[S(t,4)] 47 + 0.013-[S(t,4)] 9, (62)
where the conditional coordinate safety functions

[S(t,u)]®, t € (0, ),
u=1234,b=12,... 18,

are given in (Kotowrocki & Magryta, 2020c,
2021; Magryta-Mut, 2023b).

The graph of thisfive-state ferry technical system
safety function is shown in Figure 29.

The expected values and standard deviations of
the ferry technical system lifetimes in the safety
state subsets {1,2,3,4}, {2,3,4}, {34}, {4} ex-
pressed in years respectively are:

p(l) = 1.694, u(2) = 1.395,

u(3) = 1.244, u(4) = 1.114, (63)
o(1) = 1.669, 6(2) = 1.396,
o(3) = 1.230, o(4) = 1.102. (64)

94

1

0.8

0.6

S(t,u)

0.4

0.2

1 2 3 4 5 6 7 9 10 11 12 13 14 15 16

t

— S(t,1) S(t,2) S(t,3) S(t,4)

Figure 29. The graph of the ferry technical system
safety function coordinates.

Considering (35) and (49), the terminal lifetimes
in the safety state 1 and 2, in years, respectively
are:

A1) = p(1) — u(2) = 0.299,
A(2) = p(2) — pu(3) = 0.151,
B(3) = p(3) — u(4) = 0.130,
f(4) = u(4) = 1114 (65)
Since the critical safety stateisr =1, then accord-
ing to (36), the system risk function is given by
r(t) = 1—85(t,2) fort3 0, (66)
where S(t, 2) is given by (60).

The graph of the ferry technical system risk func-
tionis presented in Figure 30.
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Figure 30. The graph of the ferry technical system
risk function.

After applying (37) and (66), the moment t, when
system risk function exceeds a permitted level d,
de (01),is

t = r~1(§) = 0.073 year. (67)
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The ferry technical system approximate mean in-
tensities of ageing, by applying (42) and consid-
ering (63), are:

(1) = 0.590363, A(2) = 0.716869,
A(3) = 0.803573, A(4) = 0.897470. (68)
The coefficients of the operation process impact
on theferry technical system intensities of ageing,
are:

p(1) = 1.044942, p(2) =1.058098,
p(3) = 1.044645, p(4) =1.044655. (69)
Finally, from (69), applying (42), the ferry tech-
nical system resilience indicators, i.e. the coeffi-
cients of the ferry technical system resilience to
the operation process impact, are:

RI(1) = 0.9570 = 95.70%,
RI(2) = 0.9451 = 94.51%,
RI(3) = 0.9573 = 95.73%,
RI(4) = 0.9573 = 95.73%. (70)

5. Conclusion

The general safety analytical model of complex
multistate technical system related to its operation
process was presented. The procedure based on
this system safety model was practically applied
to the port oil terminal critical infrastructure and
the maritime ferry technical system safety exami-
nation. This procedure can be used in safety eval-
uation of various real complex technical systems
and critical infrastructures (Gouldby et a., 2010;
Kotowrocki & Magryta, 2020c; Lauge et a.,
2015; Magryta, 2020) and together with the linear
programming (Klabjan & Adelman, 2016) to their
safety and operation cost optimization (Kotow-
rocki, 2021; Kotowrocki & Magryta, 2020a,
2020b, 2022; Magryta-Mut, 2020, 20233, 2023b;
Ramirez-Marqueza & Coid, 2007).

Further research can be related to considering
other impacts on the system safety and its opera-
tion cost, for instance a very important impact re-
lated to climate-weather factors (Kotowrocki,
2021, 2022a, 2022b; Kotowrocki & Kuligowska,
2018) and resolving the issues of critical infra
structure (Lauge et a., 2015) safety and operation
cost optimization and discovering optimal values
of safety, operation cost and resilience indicators
of system impacted by the operation and climate-

weather conditions (Kotowrocki, 2021). These
developments can aso benefit the mitigation of
critical infrastructure accident consequences (Bo-
gaecka, 2020) and inside and outside depend-
ences (De Porcdllinis et a., 2009; Holden et d.,
2013; Kotowrocki, 2021, 2022a, 2022b; Nieu-
wenhuijs et a., 2008; Ouyang, 2014; Rinaldi et
al., 2001; Svedsen & Wolthunsen, 2007) and to
minimize the system operation cost and to im-
provecritical infrastructure resilience to operation
and climate-weather conditions (Kotowrocki,
2021, 2022a, 2022b).

The proposed developments of optimization pro-
cedures and perspective of future research applied
to system operation cost and to safety and resili-
ence optimization of the complex systems and
critical infrastructures can give practically im-
portant possibility of these systems effectiveness
improvement through the proposing their new op-
eration strategy application and their components
safety and operation cost optimization (Magryta-
Mut, 20233, 2023b).

Asaconseguence of the presented results and sug-
gested their developments, the further research
could be focused on safety analysis of multistate
ageing complex systemsand critical infrastructure
networks, considering their ageing, inside de-
pendencies, outside impacts, including separate
and joint operation and climate-weather change
impacts and the use of the achieved new resultsto
improve their safety, strengthen their resilience
and minimizing and mitigate the effects of ther
degradation and failures (K otowrocki, 2022b).
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