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Various applications of complex thermal impedance  
for transient and AC heat transfer analysis  
 

Abstract 
 
This paper presents the concept and three practical examples of using 
complex thermal impedance for characterisation different thermal objects. 
The first problem describes estimation time shift between power and 
temperature in electric distribution systems with non-sinusoidal currents. 
The second example discussed here, shows the estimation of power losses 
distribution in the magnetic punched ferromagnetic strips. The third 
application presents the inverse thermal modelling of 3-layer biomedical 
objects (tissues) to estimate the thermal parameters. More details of the 
presented problems are in the appropriate papers of the authors referenced 
here. 
  
Keywords: thermal impedance, Nyquist plot, Laplace transform, heat 
transfer, IR thermography. 
 
1. Introduction 
 

Thermal impedance (Zth) is often used for characterization of 
thermal objects. It is an old and relatively simple concept, which is 
very helpful in many practical applications [1, 2, 5, 6, 7, 10]. For 
almost every electronic component today, producers provide the 
measured time-dependent thermal impedance Zth(t) for step power 
excitation or/and for square wave power with varying duty cycles 
[1]. Due to the complex geometry of some objects, various power 
excitations and complicated boundary conditions, the thermal 
modelling can only be perform using the numerical approaches. It 
makes the problem of predicting the temperature rise in the 
thermal systems more difficult. There are another concepts of the 
thermal characterization of objects using so called structure 
functions [2]. This concept leads to simplify the interpretation of 
heat transfer through multilayer structures, and it is widely used in 
power electronics today. 

Our approach is slightly different. One can notice that in the 
Laplace transform domain the solutions of heat transfer 
differential equations become easier to solve in many practical 
cases, or even they have the analytical forms [3-6, 10, 13]. We 
proposed to analyse either temperature variation or thermal 
impedance in frequency domain using Laplace transform [7, 8, 9, 
10]. The concept is presented in Fig. 1. Definition of complex 
thermal impedance is presented by eqn. (1). We usually assume 
that the reference temperature is the ambient one, and since the 
model is linear we define it as equal to 0. It denotes that we 
calculate the temperature surplus over the ambient, and at the end 
of analysis we have to add the ambient temperature to the solution.  
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where: T is temperature above ambient caused by the power 
dissipated P. 

There is a discussion where one should measure the 
temperature. Usually, in many practical cases we do not have 
access to the heat source to measure the temperature there. If we 
use thermography as a measuring tool, we can get the surface 
temperature only. In such a case we are dealing with so-called 
transfer thermal impedance. It can vary with the impedance 
measured in the heat source [5, 6].  

 
 

 
 
Fig. 1.  The proposed methodology of thermal analysis using complex thermal 

impedance 

 
In addition, we often work with the step power function 

excitation. It implies P(s) = P0/s and makes possible to express the 
complex thermal impedance as Zth(s)= sT(s)/ P0. The very 
convenient form of thermal impedance, which simplifies the 
analysis and interpretation, is the Nyquist plot – Re{Zth(jω)} = 
f(Im{Zth(jω)}). 
 
2. Estimation of temperature increase of 

energetic cables with non-sinusoidal 
current 

 
The first practical problem solved using the complex thermal 

impedance, concerns the estimation of temperature increase in 
overhead or buried high voltage energetic cables and lines [7]. The 
problem is important if we take into account the energy losses in 
the energy distribution system and the safety of system due to the 
thermal elongation of the overhead cables. In order to evaluate the 
temperature, at first, the thermal model has to be worked out. 
Overhead cable is made of aluminium, and it is reinforced by  
steel – Fig. 2. 

 
 

 
 
Fig. 2.  Cross-section of an overhead cable  

 
Due to the cylindrical symmetry of the cable, 2-D thermal model 

is expressed by eqns. (2) [7].  
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where i and Cvi are the thermal conductivity and volumetric 
capacity of i-th material, i=1,2, q is the power density in the 
aluminium layer.   

The solution of eqs. (2) uses the Bessel functions [3, 4, 7].  
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where I0 and K0 are the zero-th order modified Bessel functions, A, 
B, C are the integration constants that can be determined using the 
boundary and interface conditions, and  
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Having the temperature distribution (3), one can determine 

thermal impedance and its Nyquist plot for an overhead cable. For 
typical energetic cable, one gets: r1 = 0.004549 m, r2 = 0.012489 m, 
1 = 44.1 W/mK, 2 = 237 W/mK, Cv1 = 2.707106 J/m3K , Cv2 = 
3.728106 J/m3K. Modelled Nyguist plot is presented in Fig. 3 [7]. 

 
 

 
 
Fig. 3.  Nyquist plot of thermal impedance of an overhead cable calculated using  

the model described above [7] 

 
For the buried underground cable we used a numerical 

modelling to calculate the thermal impedance because of more 
complex geometry of the analysed object. Exemplary Nyquist plot 
of thermal impedance for underground 3-phase line calculated 
numerically is presented in Fig. 4 [7]. 

 
 

 
 
Fig. 4.  Nyquist plot of thermal impedance of an underground cable calculated 

numerically [7] 

 
 
 

 
 
Fig. 5.  Peak shift of the current and temperature for overhead and underground  

cable [7]  

 
Since we have thermal impedance (Nyquist plot), we know the 

behaviour of the thermal system for different frequencies of the 
power dissipated in it. This knowledge can be used for estimation 
the amplitude and the phase shift between the peaks of the current 

and temperature. Typically, the current is non-sinusoidal 
containing many harmonic components [7]. We got the current 
variation for a few months from the electric company for chosen 
overhead high voltage line. We performed the frequency analysis 
of the power (current) and temperature using Zth estimated for the 
data recorded during 1 week. As a result we got the temperature 
curves versus time, presented in Fig. 5.  

The character of variations of temperature, current and power is 
similar. The temperature delayed in reference to the current by 
61.8 min for buried and 28.2 min. for overhead cable [7].  
 
3. Losses in punched ferromagnetic strips 
 

The ferromagnetic strips used for transformers’ cores are 
mechanically or optically cut. During this process the properties of 
ferromagnetic material significantly change. It results in 
increasing the power losses in the punched area. The width of this 
area is typically a few hundreds micrometres [8]. The effect of 
damage and larger power dissipation can be observed by sensitive 
infrared system when the magnetic flux affects the strip (Fig. 6). 
We registered temperature about 0.2 K higher at the point no. 4 in 
impact region, than at the point no. 1 on another undamaged side 
of the strip – Fig. 7. We made the experiment with 1.7 T magnetic 
flux density and measured the transient process of temperature rise 
after applying the magnetic flux to the sample. 

 

 
Fig. 6.  IR images of punched ferromagnetic strip for different moments in time  

after start the heating  

 
Temperature curves vs. time were noisy due to its low excess of 

the temperature, above the ambient. Therefore the exponential 
approximation were needed as it is shown in Fig. 7.   

 
 

 
Fig. 7.  Temperature rise at points P1 and P4 of the strip, at the distance 1.5 mm  

and 29.3 mm from the edge (measured using photon IR camera) [8] 

 
In order to calculate the power dissipated in the punched area,  

a simple thermal model was worked out. The strip of size 3030 
mm was divided into 11 rectangular sectors as shown in Fig. 8. 
The thickness ts of the strip was much lower than its length d and 
the magnetic field was uniformly distributed along the strip width. 
In consequence 1-D thermal model was used in modelling.  
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Fig. 8.  Sectional model of the magnetic strip [8] 

 
1-D thermal model (5) in Laplace transform domain includes 

convection cooling along the strip. Convection was modelled 
using heat transfer coefficient  = 1 + 2 which was constant but 
different for both sides of the strip. 
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where  is material density, cs is specific heat,  is thermal 
conductivity coefficient, ts is thickness of strip,  is heat transfer 
coefficients  = 1 + 2, qvi is the volumetric power density 
dissipated in each section, i=1..11. 

L is so-called diffusion length and it is a complex value given by 
eqn. (6). 
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The solution of eqn. (5) for each section is analytical, eq. (7). 
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As before the integral constants Ai and Bi were determined using 

the boundary and interface conditions between the sections [8]. 
Optimization procedure was used to adapt the power density in 
each section to fit temperature from the model and measurement at 
different points of the strip. The calculation was performed for the 
following material parameters: density  = 7850 kg/m3, thermal 
conductivity  = 44.1 W/mK, specific heat cs =475 J/kgK, 
convective heat transfer coefficient  = 25.1 W/m2K. The final 
result of the power distribution in punched ferromagnetic strip is 
presented in Fig. 9. The obtained results agree with ones published 
in the literature [9].  

 
 

 
Fig. 9.  Power density distribution in punched ferromagnetic strip  

 
 

4. Thermal modelling multilayers biomedical 
objects 

 
The aim of the next research was to evaluate the thermal 

properties of a tissue by inverse thermal modelling [10]. Our 
hypothesis was that using the thermal parameters of multilayer 
biomedical structure, it is possible to differentiate the pathological 
and physiological states of tissue, especially the skin.   

We used cold-stress approach. It denotes that we cooled down 
the skin by a few degrees Celsius to monitor the recovery to the 
thermal equilibrium. By comparing the temperature rise from the 
model and measurement we could estimate thermal diffusivity, 
conductivity and perfusion of each layer of the tissue.  

At first the thermal model of 3-layer skin tissue was worked out. 
The model uses the well-known Pennes equation (8) [11]. It 
describes bioheat transfer in human tissue with perfusion and 
metabolism. 
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where: Qper is the heat corresponding to perfusion, Qmet is  
a constant value heat corresponding to metabolic processes in  
a tissue. Qmet takes values between 245-24500 W/m3, and was 
neglected in this research. We assume that the metabolic heat in 
the skin is rather small.  

As before, the thermal model was defined in Laplace transform 
domain in order to simplify the time dependent, transient 
calculations, eqns. (9). 
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where: ρ – tissue density (kg/m3), cs – specific heat (J/kgK),  
λ – thermal conductivity (W/mK), w – perfusion coefficient (1/s), 
L – thermal diffusion length (m). 

First step of the measurement procedure was to cool down the 
part of the body by a cooling gel. Then we took off the cooling gel 
and started the measurement. One assumed that the thermal 
excitation was the unit step function. We looked for thermal 
response in Laplace transform domain. Either cooling or heating 
by the convection from the ambient was taken into account by the 
boundary condition [10]. 1-D heat transfer model of a human 
tissue is sufficient for this problem. One has to underline that each 
layer of multilayer structure has its own solutions of eqs. (9). 
Then, the interface conditions integrate the solution for the whole 
structure. One assumes the continuity of the heat fluxes and 
temperature at the interfaces between the layers. As final result, 
the model provides temperature variation on the upper surface  
in order to compare it with the thermographic measurement [10, 
12, 13].  

The overall procedure consists of: 
 measurement of temperature after release the cold stress,  
 approximation of temperature recovery to reduce the noise [10], 

Fig. 10, 
 thermal modelling in Laplace transform domain, 
 finding Zth from the model and measurement, 
 optimisation – adapting values of thermal parameters and/or 

power to match temperature from the model and measurement in 
the frequency domain – Fig. 11, Table 1. 
Approximation of temperature curve obtained from the 

thermographic measurements was performed using combination of 
exponential and erfc functions. Such an approximation gives  
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a necessary smoothing, and it has the analytical form of Laplace 
transform [10]. It simplifies the calculations and makes them 
much faster. 

 
 

 
 
Fig. 10.  Thermography image and temperature evolution vs. time in the chosen 

point on the chest after cold provocation [10] 

 
A program in MATLAB environment was prepared to 

implement the entire method. The main window of this program is 
in Fig. 11 presented. In Fig. 11 and Table 1, there are results of the 
optimisation procedure, that allowed estimating the values of 
thermal parameters of the multilayer skin structure. 

 
 

 
 
Fig. 11.  Thermal impedance comparison for 1-D thermal model and measurement  

 
We believe that our methodology of thermal investigations will 

allow to diagnose the pathologies of the skin, such as psoriasis, 
melanoma, allergy, etc.  

 
Tab. 1. Thermal parameters of the human skin obtained using inverse thermal  

model [10] 
 

 Layer 1 

epidermis 

Layer 2 

dermis 

Layer 3 

hypodermis 

Blood 

Thermal 
conductivity 

K, W/mK 
0.127 0.758 0.83 - 

Thickness  

d, mm 
0.08 1 3 - 

Density 

, kg/m3 
2000 2000 1845 800 

Specific heat 
c, J/kgK 

4000 3657 2444 2000 

Perfusion  

W, 1/s 
1.01108 0.0049 0.0005 - 

 
 
5. Conclusions 
 

Three different applications of thermal modelling in Laplace 
transform domain leading to the determination of complex thermal 

impedance were presented in this paper. All of them confirm the 
usefulness and simplicity of applying Zth for 1-D and 2-D transient 
or AC modelling of heat transfer in various object. Moreover this 
modelling is partly analytical. It makes the entire methodology 
faster in operation and allows the better physical understanding 
the thermal processes and heat transfer in complex objects. If 
necessary, our approach of forward and inverse thermal modelling 
can be extended by using full numerical solvers of heat transfer 
differential equations. It can be required if the objects have the 
complicated structure, are nonlinear, or there are time or 
temperature dependent boundary conditions. 
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