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1. INTRODUCTION

For any metric spaces Y and Z we denote by C(Y,Z) the class of all continuous
functions from Y into Z. If Yy C Y and o € C(Y, Z), then aly, denotes the restriction
of a to the set Yj.

We will use vectorial inequalities understanding that the same inequalities hold
between their corresponding components.

Suppose that M = (M, ..., M,) € AC([0,a],R%), a > 0, Ry = [0,400), and the
function M is nondecreasing, b = (b1,...,b,) € R’ and b > M(a). Let E be the Haar
pyramid

E={(t,x) eR"™"™" :t€[0,a],—b+ M(t) <a<b—M(t)},
where © = (x1,...,x,). Suppose that by € Ry and
Ey = [—by,0] x [—b,b].
For (t,z) € E, we define the set D[t, z] as follows:

Dlt,z] = {(r,y) e R : (t+ 7,2 +y) € Eg U E}.
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Write
Vit,z] ={(r,s) € D[t,z] : 7 <0}, (t,x) € E,

and
A =[—rg,0] x [-2b,2b], B =|[—rg,a] x[—2b,2b], 719 = b+ a.

Then V[t,z] C A and D[t,z] C B for (t,z) € E.
Given a function z: Ey U E — R and a point (t,z) € E. We consider functions
20 D[t x] = R and 2 4): V[t,2] — R defined by

Z[t,x] <T7 y) = Z(t +7,7+ y)a (T7 y) € D[t,.’l)],

and
Z(t,x) (Tu y) = Z(t + 7,2+ y)7 (T7 y) € V[t’ l’]

Put @ = E x C(A,R) x C(B,R) and suppose that F': Q@ — R is a given function
of the variables (¢, z, v, w). Suppose that

f:Q_>RTZ f:(fla"'afn)v
vo: [0,a] =R, @: E—=R", &= (p1,.--,0n),

and
k: Ey —R

are given functions. The requirements on ¢y and @ are that 0 < ¢g(t) <t for ¢ € [0, d]
and (po(t), ¢p(t,z)) € E for (t,z) € E. Write

@(t’ (E) = (QOO(t)a gb(t,x)), (t,:L’) €L

We will say that F' and f satisfies the condition (V) if for each (¢,z) € E and for
v,0 € C(A,R), w,w € C(B,R) such that

and w|D[t,m] =

Uy iptan = Plvipeen D by a1

we have
F(t7 x’ U’ w) = F(t7 x’ 7'_}7 11]) and f(t7 x?’U’w) = f(t7 x’ /l'_}’ w)'

Note that the condition (V') means that the value of F and f at the point (¢, x,v,w) € Q
depends on (¢, z) and on the restrictions of v, w to the set V{p(t, x)], D[t, x] only
We consider the functional differential equation

atz(t .’E) +f(t Ty Zp(t,x)s # tx]) a Z(t iL’) F(tax,zap(t,x)az[t,x]) (11)

with the initial condition
z(t,x) = k(t,z) on Ejp, (1.2)

where 0,2 = (04,2, - .., 0, 2). We assume that F' and f satisfy the condition (V).
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Write

S, =[-b+ M(t),b—M(t)], tel0,a],
Ilz] ={t€0,a] : =b+ M(t) <z <b—M(t)},
E, = (Eg UE) N ([=bo,t] xR™), te]0,a].

We consider Carathéodory solutions of the initial problem. A function 2: (EyUE) — R
is a solution to (1.1), (1.2) provided that

(i) derivatives 02, 0,Z exist almost everywhere on F,
(ii) Z satisfies equation (1.1) almost everywhere on E,
(iii) initial condition (1.2) holds.

The following problems are considered in the paper. We prove that under natural
assumptions on given functions there exists exactly one Carathéodory solution to (1.1),
(1.2) and the solution is defined on E. We will show that there is a Fréchet derivative
to the solution of (1.1), (1.2) with respect to initial data.

There is a wide literature on first order partial functional differential problems, we
wish to mention some references on existence results.

There are various concepts of a solution concerning initial or mixed problems

for functional differential equations. Continuous functions satisfying integral systems
obtained by integrating original equations along bicharacteristics were considered
n [20]. Generalized solutions in the Carathéodory sense are investigated in [6, 19].
Results on the existence of solutions are obtained in these papers by using a method
of bicharacteristics. Classical solutions in the functional setting are studied in [3,10].
Cinquini Cibrario solutions to nonlinear differential functional equations were first
treated in [4]. This class of solutions is placed between classical solutions and solutions
in the Carathéodory sense and both inclusions are strict. Existence results for initial
problems for semilinear equations can be found in [5]. Sufficient conditions for the
existence of classical solutions defined on the Haar pyramid are given in [15, 16].
Classical solutions and differentiability with respect to initial data for Volterra type
equations are studied in [14].

Theorems on the continuous dependence of solutions on initial or initial boundary
conditions are given in Chapters 4 and 5 of [11]. We expand Kamont’s theory. We
investigate functional differential equations with both Volterra and Fredholm functional
arguments. Moreover, the differentiability with respect to initial functions for partial
functional differential equations is proved in these papers. The monograph [9] contains
results on the differentiability of solutions for ordinary functional differential equations.

In [12,13] the existence and differentiability of classical solutions with respect to
initial functions for semilinear partial functional differential systems with arguments of
both Volterra and Fredholm type are considered. The initial problem is transformed into
a functional integral systems. The existence of global solutions is proved by a method
of successive approximations. Although the techniques used in our investigations are
based on the methods used in the above papers, there is a necessity to prove more
complicated conditions on the characteristics. The series of Gronwall type of integral
inequalities is proved in Section 2.1. The existence of solutions is proved locally.
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Until now there have not been results concerning existence and differentiability of
solutions with respect to initial functions for quasilinear partial functional differential
equations with arguments of both Volterra and Fredholm type.

Suppose that G: Ex C(EqUE,R) —» Rand g: E x C(EoU E,R) — R™ are given
functions. Let us consider the functional differential equation

Opz(t,x) + g(t, @, 2) - 02(t, ) = G(t,x, 2), (1.3)

where z is the functional variable. It is clear that (1.1) is a particular case of (1.3).

We will say that G and g satisfy the Volterra condition if for each (¢, z) € E and for
z,2 € C(EyUE,R) such that z(7,y) = Z(7,y) for (1,y) € (EoUE)N([—bg, t] x R™) we
have G(t,z,z) = G(t, z, 2) and g(t, x, z) = g(t, x, Z). The Volterra condition means that
the value of G, g at (t,x,2) € E x C(EyU E,R) depends on (¢, z) and on restrictions
of z to the set (Fo U E) N ([—bg,t] x R™) only.

Note that equation (1.1) do not satisfy the Volterra condition.

The results presented in [1,3-6,10-16,19,20] have the following property: functional
differential equations or systems considered in these papers satisfy the Volterra condi-
tion. Until now there have not been any results on functional differential equations of
the form (1.3), which do not satisfy the Volterra condition.

We give examples of functional differential equations which can be obtained from
(1.1) by specializing the functions F' and f.

Example 1.1. Suppose that G: EXR xR — R, g: E xR xR — R” are given
functions and F, f are defined by

F(t,z,v,w) = G(t,z,v(0,0),w(0,0)) on Q, (1.4)
f(ta SU,’U,U)) = g(t,x,v(O, 0),71)(0, 0)) on €, (15)

where 0 = (0,...,0) € R™. Then (1.1) reduces to the differential equation with
deviated variables

Oez(t,x) + g(t, 2, , 2(p(t, 7)), 2(E,2)) - o2(t, 2) = G(t, 2, 2(p(t, 2)), 2(t, x)).  (1.6)
Example 1.2. Suppose that p(t,z) = (t,z) for (¢,z) € E and for the above G, g we
put

F(t,x,v,w)-G(t,z, / v(T, s)dsdr, / w(r,s)dsd7‘> on €, (1.7)

V[t,x] Dt,z]
flt,z,v,w) = g(t,x, / v(T, s)dsdr, / w(T, s)dsdT) on €. (1.8)
Vt,x] Dlt,x]
Then (1.1) reduces to the differential integral equation

O z(t, x) +g<t,:c, / 2(t,2) (T, 8)dsdr, / 2[t,2(T, 3)d$d7‘> < Opz(t, )

Vt,x] Dlt,z]

G(t,x, / 2(t,2) (T, 8)dsdr, / z[t,x](ﬂs)dsd7>.

Vt,x] Dt,z]
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It is clear that more complicated examples of differential equations with deviated
variables and differential integral equations can be obtained from (1.1) by specializing
the operators F, f.

Information on applications for differential integral equations and differential
equations with deviated variables can be found in monographs [11,21] and papers
[2,7,8,17,18].

We remark that our work is motivated by the applications given in the above
papers.

2. SEQUENCES OF SUCCESSIVE APPROXIMATIONS

For x = (z1,...,2z,) € R”, let ||z = |z1| + ... + |z,|. The maximum norms in
the spaces C(V[t,z],R) and C(D[t,z],R) are denoted by || - [y, and || - [ pf,a),
respectively. For ¢t € [0,a] and z € C(Ey U E,R), v € C(Ep U E,R"™), we define the
seminorms

2|l ¢,r) = max{|z(,z)| : (1,2) € E4},
[v]l(t,rn) = max{[lv(r,z)| : (7,2) € Et}.

Let (Y, Z) be a class of all integrable functions form Y into Z.

Assumption Hy[f, F]. The functions f: Q — R", F': Q — R satisfies the following
proprieties:

1) f, F satisfy condition (V) and f(-,z,v,w): I[z] = R", F(-,z,v,w): I[z] = R,
are measurable for (x,v,w) € [—b, b] x C(A,R) x C(B,R),
2) f(t,-): Sy x C(A,R) x C(B,R) = R", F(t,-): St x C(A,R) x C(B,R) — R are

continuous for almost all ¢ € [0, a],
3) the following estimation is fulfilled:

(\fl(t,x,v,wﬂ, e |fn(t,x,v,w)|) <M'(t), (t,x)€E, ae., (2.1)
4) there is v9 € L([0, a],Ry) such that
|1F'(t,2,0,0)[| < v(t) on E,
5) there are 8,y € L([0,a], R) such that

1E(E 2,0,w) = F(t,2,0,0)[ < B(#)|lv—0la+~(#)]|w - |z on,

) [ A(r)el- POt < 1.
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Assumption H[g]. The functions ¢g: [0,a] = R, ¢: E — R™ are continuous and

1) 0< olt) < t, (wolt), §lt,)) € B for (t,2) € B,

2) there is Q € R such that
lp(t.2) = ¢(t.2)|| < Qllz — Z|  on E.

Assumption H[x]. The functions x: Ey — R are continuous and there is Ly > 0 such
that
I5(t,2) — £(t,2)| < Lollz — 2| on Ep.

Let us denote by X the class of all k: Ey — R satisfying Assumption H|[x].

Given k € X, we denote by Cy[d], d € Ry, the set of all z € C(E,R) such that
z(t,x) = k(t,z) on Ey and |z(t,z) — 2(¢,Z)| < d||lx — Z|| on E.

Suppose that Assumptions Hy[ f, F'|, H[p] are satisfied and x € X. Let us denote
by g[z](-,t, ) the solution of the Cauchy problem

77/(7—) = f(Tv 77(7)7 Zo(T,n(T))> z[‘r,n(‘r)])a n(t) =7, (2'2)

where (t,z) € E. The function g[z](-,t,z) is the characteristic of equation (1.1).
Set

PlE|(r,t,2) = (7, g[2](7, £, 2), Zp(r glel (r.0,00) Zlrglal )] -
Suppose that z € Cy[d]. Let us denote by F[z] the function defined by

t

Fl2|(t,x) = k(0, g[2](0,t,x)) + /F(P[z](T,t,x))dT on E,

0
Fl2|(t,x) = k(t,z) on Ep.
Consider the functional integral equation
z = Flz]. (2.3)

We give estimates of solutions to (1.1), (1.2).

Lemma 2.1. Suppose that Assumption Holf, F| is satisfied and Z € C\[d] is a solution
to (1.1), (1.2). Then the following estimation holds true:

el < exo { / giryar (1l + / o(ryar ) (144 / i), 2a)

a

A:exp{/aﬁ(T)dT} (1—/7(7) exp{/aﬂ(s)ds}dr>_l. (2.5)

where
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Proof. Tt is clear that Z satisfies (2.3). Then we have

t t t
121l ery < [l +/5(T)||5||(T,R)d7+ ||2||(a,R)/7(7)d7+/70(7)d7' (2.6)
0 0 0
Write
t t t
w0 = Il + [ B air + Bl [+ [, e 0.4
0 0 0

Then
U'(t) < BE)TE) + 1|2l (a,r)Y(E) +70(t)

for almost all ¢ € [0, ¢]. This gives

| roen] - /5 pir}] < 12020+ 20(0] exp { - /g )

for almost all ¢ € [0, a], and consequently

()<||ﬂexp{/ﬂ d7}+z|<am/ exp{/xs )is s
+0/70(7)exp{/ﬂ(s)ds}d7

for t € [0,a]. The above inequality and (2.6) imply (2.4), (2.5). This completes the
proof. O

2.1. INTEGRAL INEQUALITIES
In the present paper we consider functional differential equations which do not satisfy

the Volterra condition. We need a new comparison result for integral inequalities. More
precisely, we consider integral inequalities generated by the equation

(—77+/Co d¢+/B() T)dT + y(a /C (2.7)

where B,C,Cy: [0,a] = R, and n € R,
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Lemma 2.2. Suppose that A, B,C,Cy € L([0,c],R,), @ € C([0,a],R}) and n € R,.

(i) There exists exactly one solution of the integral equation (2.7) if

B(7)dr

/C ds < 1. (2.8)

(i) If
ds <1, (2.9)

a ~ f(A(T)—l-B(T))dT
/C(s)es
0

and §: [0,a] — Ry is a solution of the integral equation

¢ ¢ ¢
= / dT+/ T)dT + y(a / dr, (2.10)
0 0 0

and
@(t) < n+/éo(7)d7+/£1( o (r )dr+/B( VG(7)dr +(a )/C*(T)dT, (2.11)
0 0 0 0

then

&
=
IN
<

(t) for te]0,al. (2.12)
Proof. (i) Set

t

t
B(r)dr t ~ f T)dT
ds—l—C*/C(s)es ds, te(0,al,
0

jB(T)dT ¢ . f
g(t) = neo + [ Co(s)e
/

where

com el " Jeod " a] o= feord "]

0

It follows that g is the unique solution of the Cauchy problem corresponding to (2.7).
This completes the proof of the first part of the lemma.

(ii) It follows from (2.9) that there exists exactly one solution 7: [0,a] — R4
of (2.10). Write y.(t) = @(t) — @.(t), t [0 a), where ¢ > 0 and &, is the solution
of the integral equation w(t) = € + fo Jw(7)dT. We will show that y.(t) < §(t)
for ¢t € [0,a]. It is clear that y.(0) < §(0). Suppose that there is £ € (0,a] such that
ye(t) < g(t) for t € [0,f) and

ye(t) = 5(t). (2.13)
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Then

ye(t) = §(t) = 4(f) — we(®) — §(F) < /A(T)[E(T) = §(7)]dr — we(f) < —e

which contradicts (2.13). Therefore, y.(t) < g(t) for ¢ € [0, a]. From this inequality we
obtain in the limit, letting € tend to zero, estimate (2.12). O

Now we prove a lemma on an integral inequality of the Fredholm type.

Lemma 2.3. Suppose that A, B,C € L([0,a],R,) and A is nondecreasing and con-
dition (2.8) holds and the function @ € L([0,a],R4) is the solution of the integral
inequality

y(t) < A@t) + | B(r)y(r)dr +y(a) | C(r)dr. (2.14)
/ /
Then ) )
B fB(’T)d’T B t B IB(T)d’T
o(t) < A(t)ed + A(a)A, / C(s)e>  ds, (2.15)
0
where ) .
[ B(rydr ra [ B(syds q-1
A, =e0 1— | C(r)er dr| . (2.16)
-/ |
Proof. Write
U(t) = /B(T)(Z)(T)dTer(a)/C_'(T)dT
0 0

Then

for almost all ¢ € (0, a] and

d —]B(T)dT —jB(T)dT B ~ ~
a[\ll(t)e 0 ] <e o [A®)B(t) + C(t)d(a)]
This gives
B fB(T)dT j B fB(s)ds
W(t) < A(t) [eo - 1] +&(a) / C(r)er dr
0
and . .
_ fB(T)dT { B fé(s)ds
o) < A(t)ed + &(a) / Clryer dr (2.17)
0
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It follows from (2.8) that &(a) < A, A(a). The last inequality and (2.17) imply (2.15).
This completes the proof. O

2.2. CHARACTERISTICS

Denote
a t

n(t) :exp{/ﬂ(T)dT}(HnH +/’Yo(8)d5) (1+A/'y(s)ds).
0

0 0
Take r = n(a). Set

Qr] = {(t,z,v,w) € Q : [|v][a <7, [Jwllp <7}
Assumption H|[f, F|. Suppose that there is 3y € L([0, a], R;) such that
1E @, 0,w) = F(t,2,0,w)|| < Bo()[le =zl on Qfr],

and there are ag, po, Ao € L([0,a],Ry) such that on Q[r] the following estimations are
fulfilled:

1f(t, 2, 0,w) = f(t,2,0,0)| < ao(®)|z = Z[ + po(t)l|v = ol[a + Ao (D)[|w — @] 5,

¢ [ (@o(r)+d-@po(r))dr
/d - Ao(s)es
0

ds <1, (2.18)
and moreover
f (B()+k(r))dr
/ ) + ak(r ds < 1, (2.19)
0
where
k(r) = (B(r)Qdb(r) + d (7 / pola
0

(6(7) is given in Lemma 2.4).
Lemma 2.4. If Assumptions Ho[f,F|, H|[f,F] are satisfied, then we have
(1, 9l2l(7,t,2)) € E, 7 € [0,4], and

||g[Z](~,t,;1:) 79[2]('7tv‘f)”(7,R") SQ(T)foi'”v (tvx)a(tvj) GE, (220)
and

lgl21C- 58 2) = glZ](-, 8, 2) || ()

a

<o) ([ (o)l = i smyds + alle = ).

T

(2.21)
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where B B
J (@0(Q)+dQpo(¢))d¢ T J (@0 (Q)+dQpo(¢))d¢
O(1) =eo +A,.d /)\O(s)es ds
0
and Ay is given by (2.16).

Proof. The existence and uniqueness of solutions of (2.2) follows from classical existence
theorems. We prove that the graph of the characteristic g[z](-, ¢, ) is in the E for
T € [0,t], (t,x) € E. Suppose that [0,¢] is an interval on which the characteristic
glz](-,t,z) is defined. Then we have

—-M'(1) < %g[z](ﬂt,m) <M'(r) for 7€]0,t],

and consequently
b+ M(7) < glz](1,t,x) <b—M(7) for 7 €]0,t].

This gives (7, g[z](7,t,2)) € E for T € [0, ¢].
For (t,z),(t,z) € E, it follows that the functions g[z](-,t,z) — g[z](-,t, Z) satisfy
the integral inequalities

lgl=](- . 2) — g[2]( ., .i‘)H(T_Rn)
< o —al
[ uts) + po(s)QlglAC ) = gl o

T

+

+dXo(s)g[2] (-t ) — gl2] (- t, @)l amm) ]| ds|.

From Lemma 2.3 we obtain (2.20). Now we will show (2.21). We have that

Hg[zK ) t,.%‘) - 9[2}( ) tvx)”('r,]R“)

/(ao(S) +po(s)dQ) gLz, t,x) = glZ] (-, t, ) | s,y ds

T

<

+dlgl=(-,t,2) —9[5}(-,t7x)||<a,mn)/Ao(S)dS

t

+ / po($)l1z — 2l wmyds + 12 — 2l ama

T

From Lemma 2.3 we obtain (2.21). This completes the proof. O
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3. EXISTENCE OF SOLUTIONS

The proof of the existence of weak solutions to (2.3) is based on the following method of
successive approximations. Suppose that k € X and Assumptions Hy[ f, F |, H[ f, F],
H|[ ] are satisfied. We consider the sequence {z(™}, where

2 EyUE > R,
defined in the following way. We put
2Ot x) = k(t,z) on Ey, 29t x)=k(0,z) on E. (3.1)
If 20M: By UE — R is given, then z(™*Y is defined by
2D — Flm)], (3.2)

Suppose that Assumptions Hy[ f, F'], H| f, F'] are satisfied. Write

t

L(t) = Lof(a) exp { / Z(T)dT:| + / exp { / Z(s)ds} Bo(T)0(7)dr,

0 T

where Z(t) = B(t)Q0(t) + v(t)0(a) for t € [0, a).

For the above L € L([0,a],R;), we denote by C, . ;(EyU E,R) the set of all
z € Cp(EgUE,R) such that |2(t, z) —2(t, #)| < L(t)||z— || on EgUE and |2(t,x)| < r
on EO UE.

Now we formulate a theorem on the local existence of weak solutions of (1.1), (1.2).

Theorem 3.1. If Assumptions Holf,F), H[f,F], Hlp] are satisfied and
Kk € X, then there is a generalized solution z: Eg UE — R of (1.1), (1.2) and
zeC, , i(EpUE,R). If k € X and Z is a generalized solution of equation (1.1) with
the initial condition

Z(t,x) = R(t,z) on Ey,

then
12 - Zlles) < [exp { O/I(T)dT} + Ao/u(T) exp { T/l(s)ds}dT] k=&l (33)
t € [0,a], where A is given by (2.5) and
() = B(7) +/a ()ds(B(T)QL(7)0(7) + 7(7)L(a)8(a)),
0
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Proof. We first prove that 2m e C_ :(EyU E,R). By virtue of the definition
of L we have [zO(t,z)| < 7, therefore 20 ¢ C_, ;(FyU E,R). Suppose that
2m e ;(FyUE,R) is given, m > 0. We will show that z(mH) has the same
property. It follows from Assumption H|[ f, F'| that

12D (¢ ) — 2D (2,3)| < Lollg[2] (0,8, 2) — g[2](0,t, )|

+/ﬂMﬂ+ﬁ@)(W+v D Hlgle)(r.t,z) — gle)(r,t,7) | dr

< L(t)]|x — 7.

Moreover, if we assume that ||2(™ (¢, 2) s < r, then for m + 1 we have

27Dl < el + [ B rryir

t t

+ ||Z(m)H(a7R)/’Y(T)d’]’-i—/’}/o(’r)d’r <r

0 0

The above relation implies 2(™) € O ; (Ey U E,R) for m > 0.
Now we prove that the sequence {z(m)} is uniformly convergent on Fy U E. Define
function 49 € L([0,a],R4) by the relation

t
29 = FEOlom < [ (i, te (0.l
0

Define the sequence {w®} as follows: {w(®} is a solution of the Cauchy problem

W'(t) = B(t)w(t) +w(a)y(t) + Fo(t), w(0)=0. (3.4)

If w(™ is a known function, then w(™+1)(t) is given by

wm (¢ /[3 W™ (7)dr + w™ /fy
0

From condition 6) of Assumption Hy[f, F] it follows that there is exactly one solutions
to the problem (3.4).
It can be easily seen that

0 <w™ () <w™(t) forte[0,a] and m > 0.

Hence, there is @(t) = lim w™(t) on [0, a] uniformly. From condition 6) of Assump-
m—o0

tion Hy[f, F'] we have &(t) = 0.
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It is easy to show that {z("™)} is a Cauchy sequence in C. ., i (EyUE,R),ie.
[|2(mtP) — z(’”)H(t,R) <w™(t), tel0,a], m,p>0.
Furthermore, we have that
zZ(t,x) = FlzZ](t,z), (t,x)€ E. (3.5)

For a given (t,z) € E let us put y = g[z](0,¢,z). It follows that g[z](7,t,z) =
g[Z](1,0,y). We conclude from (3.5) that

Z(t, g[2](t,0,y)) = £(0,y)
t
+ / F(7,9Z2)(7,0,9), Zp(r.g12)(,0.0)) Zlrg[2)(r,0,9)]) AT
0

(3.6)

The relations y = g[2](0,t,2) and = = ¢[z](¢,0,y) are equivalent. By differentiating
(3.6) with respect to ¢ and by putting again x = g[z](¢, 0,y) we obtain that z satisfies
(I.1) on E.

Now we prove inequality (3.3). First we take

t

17 = Zll(epey < llx = Rllx + /[Z(T)IIE = 2l my + ()2 = 2l am))dT.
0

The inequality (3.3) follows directly from Lemma 2.3. This completes the proof. [J

4. DIFFERENTIABILITY OF SOLUTIONS
WITH RESPECT TO INITIAL FUNCTIONS

We denote by CL(A,R) and CL(B,R) the class of linear continuous functionals defined
on C(A,R) and C(B,R) respectively. The norms in CL(A,R) and CL(B,R) generated
by the maximum norms in C(A,R) and C(B,R) will be denoted by || - || a« and || - || 5,
respectively.

Assumption H,[f, F']. The functions f: E - R", F: E x C(A,R) x C(B,R) - R
satisfy the following conditions:

1) there exist the derivatives
0o = 00, 1]

on Qand 9, f;( -, z,v,w): I[z] — R™ is integrable for (z,v,w) € [-b,b] x C(A4,R) x
C(B,R) and 0, f(t,-): S¢ x C(A,R) x C(B,R) — R" is continuous for almost all
t € Iz,

2) the derivatives 0, F = (0., F, ..., 0., F) exist on Q and 0, F (-, z,v,w): I[x] - R"
is integrable for (z,v,w) € [-b,b] x C(A,R) x C(B,R) and 9, F(t,-): Sy x C(A,R)
C(B,R) — R™ is continuous for almost all ¢ € I[x],

i,j=1,...,n

X
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3) the Fréchet derivatives O,f(t,z,v,w) = (O, f1(t,z,v,w),...,0pfn(t,x,v,w)),
Owf(t,z,v,w) = (8wf1(t,x,v,w) , Ow fn(t,x,v,w)) exist for (¢, z,v,w) € Q
and 9, f;(t,x,v,w) € CL(A,R), wfz( z,v,w) € CL(B,R) for i = 1,...,n,
(t, z,v,w) € Q,

4) the functions 0, f;( -, x,v,w)v: I[x] — R are integrable for (x,v,w) € [—b,b] x
C(A,R) x C(B,R), v € C(A,R) and 9y, f;( -, z,v,w)w: I[x] — R™ is integrable for
(z,v,w) € [=b,b] x C(A,R) x C(B,R), w C(B R),i=1,...,n

5) the Fréchet derivatives 0, F(t, z,v,w), Oy F(t, x,v, w) exist for (¢, z,v,w) € Q and
O F (t,z,v,w) € CL(A,R), 0y F(t,x,v,w) € CL(B,R) for (t,x,v,w) € Q,

6) the functions 0, F (-, z,v,w)d: I[sc} —> R is integrable for (z,v,w) € [-b,b] X
C(A,R) x C(B,R), v € C(A,R) and 9, F(-,z,v,w)w: I[x] — R™ is integrable for
(z,v,w) € [=b,b] x C(A,R) x C(B,R), w € C(B,R),

7) there are ag, a1, as, fo, 3,7 € L([0, a], R4 ) such that

R a
Js

02 fi(P)II < a0 (t), 100 fi(P)llax < cr(t), 10w fi(P)ll5x < az(t),
”azF(P)” < Bo(t), ||8UF(P)HA* < B(t)7 0w F (P)|| Bx < 'V(t)

for P = (t,z,v,w) € Q,
8) there is L € L([0,a], Ry ) such that

[0 (¢, x,v,w) — 0. F(t,&,0,0)| < L(t)([lx — Z|| + [|[v — 0[|.a — lw — @[ 5),

[0uF(t, 2, v, w) = OuF(t, &, 0, @)l ax < L(t)([|# — Z[| + [[v = 0|2 — [[w — @] B),

10w E (t, x,v,w) — 0w F(t,2,0,0)|| e < L(t)(|lx — & + v — 0]ja — ||lw — @)
for (t,x) € E, v,0 € C(A,R), w,w € C(B,R).

Suppose that Assumptions Ho[ f, F'], H[ f, F], H.[ f, F'], H[¢], H[ L] are satisfied
and kK € X.

The next theorem states that for each k € X there exists the Fréchet derivative of
the solution to the problem (1.1), (1.2) with respect to the initial function.

We will denote by z(-; «) the solution of (1.1) with the initial condition z(t,z) =
k(t,x) on Ey.

Theorem 4.1. If Assumptions Hy[ f, F'], H[ f, F], H.[ f, F'] and H[¢] are satisfied,
then for each k € X there exists the Fréchet derivative of the solution to the problem
(1.1), (1.2) with respect to initial functions. Moreover, if k,x € X and z, is the Fréchet
derivative of solution, then z, is a solution of the equation

z = A[z], (4.1)
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where on E

A[Z](ta .’E) = amX(Ov g[Z( S K:)](Oa t, $))azg[z( S H)](Oa t, 1') Z

+ / . F(Pl( - K)](rot, 2))0agl( - 5)](mo t, ) 2 dr
0

* / O F(Pl2( -5 KT8, ) 2p(r gl 50)) (m,,2)) AT
0
t

+ /B’UF(P[Z( 3 K)](Ta t, x))amz( ) H)cp(‘r,g[z( k) (T, t,x))

89090(7-; g[Z( 3 "{)](Tv tv x))azg[z( ) ’{)}(Tvtv :K) zdr
4 / O F(PL=(-5 )7, 2)) 21 gl o))

0
t

+ / B F (Pla( - 1)](7: 1, 2))0u2( 5 B) pragla ool (ret)]
0
0.9(z(+; r)|(1,t,x) zdr.

Proof. First we calculate differential quotients for the given functions
1
A(t,z) = —[2(t, ;5 + sx) — 2(t,2;k)] on E,
s

where s € R, s # 0. Using the mean value theorem we will obtain formula similar to
(4.1) with the functions given in the mean points, and the differential quotient Ag
instead of z.. The outcome of these calculations will be denoted by As[z](t, ).
We conclude from Assumption H.[ f, F'] that the function Ay satisfies the integral
functional equation
z = Ag[z].

It is easily seen that there exists exactly one solution z, € Cy(Ep U E,R), of equation
(4.1). We thus get the formula for (z,.—A;) (¢, z) on E. It follows from the above relations
and from conditions 5), 6) of Assumption H.[f, F'] that there is Lo € L([0,a],R,)
such that

HZ* - As ||(t,R)
t

< /io(T)(HZ( k4 sx) — 205 8) |l rr) 1120584 sx) — 2(-58) [0y ) dT
0

t t
+/5(7)||Z* —ASH(T’R)dT—i—/’y(T)Hz* “Adlmydn, t€0.dl.
0 0
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From Lemma 2.3 we obtain

t

12 = Aullmy < 2 — Al R>/ eXp{/ﬁ ds}

¢ ¢ (4.2)
o [omar} [ Lo lint 50 - 250l
0 0
Hllz(im+5x) = 20 16) lam) ) dr.
We conclude from Theorem 3.1 that there is a function I'(¢) such that
12055 4 8x) = 2(55 8)lery <T@ sl Ixll 0.y
and
1205 5+ sx) = 255 8) l@r) < T(a) Is! [Ixlo,r)-
Then .
2 = Ayllm) < A / Lo(r)(T(r) + D(a))dr Is! Il o1 (4.3)
0
In conclusion,
20 = Adllery < T / o(MIL(T) + T@ldr Is| o0
0
From (4.2) and (4.3) we obtain that there exist, 1iIr(1) Ag and
5—
lir% Ag(t,z) = z.(t,z) uniformly on FE.
s—
This proves the theorem. O
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