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Abstract: The main objective of this work is the numerical prediction of the mechanical behaviour up to the damage of the bends  
of the functionally graded material (FGM) type ceramic/metal pipes. Firstly, the effective elastoplastic proper-ties of bent FGM pipes  
were determined using the homogenisation law by the Mori–Tanaka models for the elastic part and TTO (Tamura-Tomota-Ozawa) 
 for the plastic part based on a rule of mixtures per function in the form of a power law. Our work also aims at the use of a meshing method 
(UMM) to predict the behaviour of the FGM by finite element in the mesh of the model. The analysis was performed using the UMM  
technique for different loading cases and volume fraction distribution. Two stages are necessary for the analysis of the damage: the first  
is the model of initiation of the damage established by the criterion of maximum deformation named MAXPE and the second is criterion  
of the energy of the rupture according to the theory Hillerborg used to determine damage evolution. Both stages involve a 3D finite element 
method analysis. However, for damage, the XFEM technique was used in our UMM method to predict crack initiation and propagation  
in FGM pipe bends. The results of the numerical analysis concerning the mechanical behavior showed, that if the nature of the bent pipes 
is in FGM, a good reduction of the various stresses compared to those where the nature of the pipe is metallic material. The results  
were presented in the form of a force–displacement curve. The validation of the proposed numerical methodology is highlighted  
by comparisons of current results with results from the literature, which showed good agreement. The analysis took into account the effect 
of the main parameters in a bent FGM pipe under internal pressure and bending moment on the variation of the force–strain curves. 
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1. INTRODUCTION  

Hollow cylinders and thick-walled cylindrical shells are com-
mon components used in structural applications and device sys-
tems involving aerospace structures and civil engineering struc-
tures, machinery, pipes, probes and petrochemical structures 
(1).These structures, mainly consisting of straight pipes and el-
bows, are subjected to mechanical stresses at their own weight, 
connection effects; the pipe elbow is a pipe connection. Regard-
less of the type of machinery, equipment and pipeline used, most 
of them are mainly used in oil transportation, gas transportation 
and bridge construction. Therefore, the effective boundary load 
analysis has attracted the attention of many researchers. In the 
study of Joong-Hyok et al  (2), limit load solutions for pipe bends 
under combined bending and torsional moment are given. Studies 
by Marie et al. (3) analysed elastic stress solutions for 90° pipe 
bends under plane bending with a mean radius-to-thickness ratio 
of up to 50. Li et al. (4) investigated the load interaction behaviour 
of smooth pipe elbows with long straight pipes with defect by 
using a finite element method and then established the yield 
interaction behaviour when an elbow is subjected to a load com-
bination in-plane bending, torsion and internal pressure. Kara-
manos et al. (5) analysed the nonlinear elastic–plastic response of 
90 degree pipe bends under internal pressure under in-plane and 
out-of-plane bending. Cui et al. (6), investigated the influence of 

torque and bending moment on the limiting internal pressure of 
bends with local wall thinning defects. Peng and Changyu  (7) 
considered in their analysis the effect of local wall thinning (LWT) 
of the pipe subjected to different loads; pressure, bending moment 
and combined loads. They analysed the resistance of the pipe 
experimentally and numerically by the finite element method. The 
results showed that the influence of depth and circumferential 
length of LWT on the limit load is more evident compared to that 
of the axial length when an elbow is under pressure, bending 
moment or torque. Elbows are used in piping systems as they 
provide flexibility in response to thermal expansion and other 
loads that impose large displacements on the system.. As with 
most piping considerations, understanding the ideal uses of the 
elbow pipe in the application areas is essential for good design 
and for proper operation of the finished system. Therefore, there 
is a need to move towards new materials exhibiting high strength 
and thermal resistance when undergoing severe thermomechani-
cal loads. To meet these requirements, the process of choosing 
and producing such materials must be improved. This is achieved 
by replacing existing conventional materials with such new gener-
ation materials. For this purpose, functional gradient materials are 
studied (8).   

In recent years, functionally graded materials (FGMs) have at-
tracted a lot of attention due to their many benefits. Functionally 
graded materials is an emerging field of research. FGMs with 
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brittle and ductile materials presented a rather important ad-
vantage in the application of the structures of high precision as 
well as those under mechanical loading. Therefore, current re-
search is mainly centred on the discovery of the nature complex 
fracture mechanics due to the inhomogeneity of materials. From 
recently published work (9) a detailed analysis of functional gradi-
ent pipe bends under a bending moment was carried out using a 
finite element analysis of a numerical model. Dai et al. (10) pre-
sented the effect of the volumetric ratio of constituents and porosi-
ty on magnetoelastic stresses and perturbation of magnetic field 
vector and to design the optimum FGM cylindrical and spherical 
vessels. Yavar et al. (11) developed stress analysis of a function-
ally graded hyperplastic thick spherical shell subjected to internal 
and external pressures whose hyperplastic behaviour is modelled 
by using the modified neo-Hookean strain energy function with 
variable material parameters. Benslimane et al. (1) presented an 
analytical formulation to find displacements and stress compo-
nents in thick-walled cylinder FGM subjected to internal and ex-
ternal pressures. Almasi et al. (12) developed an FGM cylindrical 
tube model for elastic limit domain assessment using an analytical 
solution. This tube undergoes internal pressure and temperature 
difference with superimposed heat generation. Nejad et al. (13) 
investigated the time-dependent thermoplastic creep response for 
isotropically rotating thick-walled cylindrical pressure vessels 
made of a functional gradient material (FGM), taking into account 
the creep behaviour of FGM pressure vessels. Using finite ele-
ment analysis, damage problems of FGM structures have been 
widely studied in the literature. Lee and Toi (14) analysed the 
elastoplastic behaviour of FGMs subjected to thermal loading by 
using the finite element method using continuum damage me-
chanics (CDM). They used the Lemaitre damage model to ana-
lyse the damage behaviour of an FGM disk. They discussed the 
effect of FGM on thermal damage by some numerical examples 
for industrial materials. Thamburaj and Johnson (15) used a finite 
element model (LS-DYNA) to develop FGMs. The Johnson–
Holmquist damage model (JH2 model) is used to predict and 
measure damage propagation in materials. Houari et al. (16) 
established a simple and efficient method using Matlab–UMM to 
model an FGM (Ti/TiB) according to several types of hardware 
designs and to compare the results to the classical ABAQUS 
method using UMAT (User Material). The meshing method (UMM) 
has been found efficient in the analysis of the elastic–plastic 
behaviour and damage of an FGM structure in the presence of a 
central circular notch. In another work, Houari et al. (17) authors 
analysed, by using the finite element method and the code of 
ABAQUS, the variation of the circular, radial and axial forces in a 
tubular structure in FGMs; it is assumed that that the used materi-
al is isotropic and heterogeneous, solicits only under the internal 
pressure. In our work, we proposed a multifunctional material 
graduated in 3D (which is new), that is to say the definition of the 
properties of the material by element molecular language, for the 
purpose of defining a resolution of a design produced by the 
Additive manufacturing method. To facilitate their use in various 
fields of specific application. Numerical studies on optimal vibra-
tion control of power law FGM (P-FGM) pipes subjected to a high-
temperature environment are presented for different volume frac-
tion indices of FGM. 

2. MODEL GEOMETRIC 

A bent pipe with an outside diameter of D = 185.4 mm is con-
sidered in this study, with the value of angle of curvature (devia-

tion) equal to 90. The thickness of the pipe is equal to 23.4 mm, 
corresponding to a diameter-to-thickness ratio (D/e) equal to 7.9. 
The radius-to-diameter ratio of the elbow (R/D) is equal to 1.34. 
The vertical system pipe of length L = 727.5 mm is embedded  
in a floor (Fig. 1). The pressure pipes are simulated, with an inter-
nal pressure equal to P = 7 MPa (70 bar), and the horizontal pipe 
part of length I = 160 mm was produced with a force of F = 480 N 
and a bending moment to 𝑀f = 200 N.mm. The presence of a 
bend aims to concentrate the stresses and locate a plastification, 
which will act a source of initiation of damage. 

 
Fig. 1. Geometric model of a mass FGM cylinder  

3. MATERIALS WITH PROPERTY GRADIENT (FGM Ti-TiB) 

Metal/ceramic FGMs are becoming more and more important 
in modern technology; they are used to meet industrial require-
ments because they combine the properties of metals (ductility 
and high electrical and thermal conductivity) and the properties of 
ceramics (high hardness, resistance to corrosion and tempera-
ture). In addition, the presence of notches within the FGM consti-
tutes not only a geometric discontinuity but also a source of crack 
initiation and stress concentration, which can damage the material 
with a property gradient with a brittle or ductile fracture. We used 
an FGM material (Ti titanium/TiB titanium monoborder). The FGM 
elbow pipe material is composed of two ductile/brittle materials 
(Ti/TiB); their material properties are defined in Table1. 

Tab. 1. Material property [19] 

Property Metal Ti Ceramic TiB 

Young’s modulus E 107,000 MPa 375,000 MPa 

Poisson’s ratio ν 0.34 0.14 

Yield stress σY 450 MPa - 

Ultimate tensile 
strength σUTS 

552 MPa 1,400 

Fracture energy GIc 24 KJ/m2 0.11 KJ/m2 

Ratio of stress to 
strain transfer “q” 

4,500 MPa  

4. ANALYTICAL FORMULATION 

Most articles in the literature on FGMs use the simple mixing 
rule to obtain effective material properties. Regarding volume 
fraction distribution functions, the equivalent material properties of 
FGMs could be determined by various functions in power law 
FGM (P-FGM), sigmoid law FGM (S-FGM) or exponential law 
FGM (E-FGM) form.  There are several types of homogenisation 
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methods. For example, the Voigt method, which is frequently 
applied in FGM analysis, estimates the material properties of 
FGMs, and the Mori–Tanaka model estimates the effective shear 
G and isostatic modulus of elasticity K of the FGM, Y. It should be 
noted that the effective material properties given by the Hashin–
Shtrikman lower bound are equivalent to the Mori–Tanaka micro-
mechanical model, and the upper bound can also be obtained by 
interchanging the matrix and including in the formulation of the 
Mori–Tanaka model [20]. Tamura et al.[21] proposed a simple 
model to describe the stress–strain curves of composite materials. 
The model has been used to predict elastic and plastic constitu-
tive responses for a range of representative multiphase materials. 
TTO formulation reduces to Voigt's estimate for qt = ±∞ and the 
Reuss estimate for qt = 0.  

This part shows that the properties of FGM are continuously 
varied in their direction by row of finite elements according to the 
model used in this work – UMM, and this in accordance with the 
law of mixture. To determine the material properties of the elastic 
part of the FGMs, the Mori–Tanaka model was used to estimate 
the effective shear G and isostatic modulus of elasticity K of the 
FGM as follows: 

𝐾𝑈𝑀𝑀
𝑘 (𝑟𝑖) = 𝐾𝑚 +

(𝐾𝑐−𝐾𝑚)(
𝑟𝑖−𝑅in

𝑅ex−𝑅in
)
𝑛

[1+(1−(
𝑟i−𝑅in

𝑅ex−𝑅in
)
𝑛
)

3(𝐾𝑐−𝐾𝑚)

3𝐾𝑚+4𝐺𝑚
]

  

and 

𝐺UMM
𝑘 (ri) = 𝐺𝑚 +

(𝐺𝑐−𝐺𝑚)(
𝑟𝑖−𝑅in

𝑅ex−𝑅in
)
𝑛

[1+(1−(
𝑟𝑖−𝑅in

𝑅ex−𝑅in
)
𝑛
)
(𝐺𝑐−𝐺𝑚)

𝐺+𝑓1
]

           (1) 

f1 =
Gm(9Km+8Gm)

6(Km−2Gm)
             (2) 

Then, the effective value of Young’s modulus and Poisson's 
ratio can be given as follows: 

𝐸UMM
𝑘 (𝑟𝑖) =

9𝐾UMM
𝑘 (𝑟𝑖)𝐺UMM

𝑘 (𝑟𝑖)

3𝐾UMM
𝑘 (r𝑖)+𝐺UMM

𝑘 (𝑟𝑖)
      

and 

 νUMM
k (ri) =

3KUMM
k (ri)−2GUMM

k (ri)

2(3KUMM
k (ri)+GUMM

k (ri))
             (3) 

where EUMM
k (ri) is effective Young's modulus of FGM of row k; i 

is the surface number; the subscript k denotes the location of a 
row of graduated elements; the subscripts c and m represent the 
ceramic and metallic phases, respectively; Rin denotes the inner 
radius of the cylinder; Rex is the outside radius of the cylinder; ri is 
the coordinate of each surface along the radius; and n is the 
exponent of the non-negative volume fraction. On the other hand, 
the TTO model homogenisation formulations are used in the UMM 
method to determine the properties of the plastic part. The TTO 
model equations are as follows: 

𝐻𝑈𝑀𝑀
𝑘 (𝑟𝑖) = [(𝐻𝑚

𝑞+𝐸𝑐

𝑞+𝐻𝑚
− 𝐸𝑐) (

𝑟𝑖−𝑅𝑖𝑛

𝑅𝑒𝑥−𝑅𝑖𝑛
)

𝑛

+  𝐸𝑐] /

[
𝑞+𝐸𝑐

𝑞+𝐻𝑚
. (

𝑟𝑖−𝑅𝑖𝑛

𝑅𝑒𝑥−𝑅𝑖𝑛
)

𝑛

+ (1 − (
𝑟𝑖−𝑅𝑖𝑛

𝑅𝑒𝑥−𝑅𝑖𝑛
)

𝑛

)]              (4)  

and 

𝜎𝑌0
𝑘 (𝑟𝑖) =

𝜎𝑌0𝑚 [
𝑞+𝐸𝑚

𝑞+𝐸𝑐

𝐸𝑐

𝐸𝑚
. (1 − (

𝑟𝑖−𝑅𝑖𝑛

𝑅𝑒𝑥−𝑅𝑖𝑛
)

𝑛

) + (
𝑟𝑖−𝑅𝑖𝑛

𝑅𝑒𝑥−𝑅𝑖𝑛
)

𝑛

]                 (5) 

We propose 

𝑟𝑖 = ∆𝑟𝑘(𝑖 − 1) +  𝑅𝑖𝑛   

where 𝜎𝑌0
𝑘 (𝑟𝑖) is the row FGM yield strength and k σ𝑌0𝑚  is the 

yield strength of the metal and Hm tangent modulus of the metal. 
The proposed criterion to predict FGM damage in our case of 

combined internal pressure and bending moment (Fig. 2). They 
rest on one or the other of the conditions of maximum deformation 
for initialisation of damage. The approach to predict the maximum 
deformation of FGM εUTS (r) is shown in the following equation: 

𝜀𝑈𝑇𝑆(𝑟𝑖) = 𝜀𝑈𝑇𝑆𝑚. [
𝑞+𝐻𝑚

𝑞+𝐸𝑐
. (1 − 𝑉𝑚) + 𝑉𝑚]              (6)  

 
Fig. 2. Illustration of layers in an FGM (TiB/Ti) pipe  

The MAXPS criterion as shown in the following equation: 

w =
εeq

Avg ∑εUTS
k (ri)

= 1                    (7) 

where 𝜀UTSm denotes the maximum deformation of metal, Hm is 
the tangent modulus of metal, ∆ε ̅ is the accumulated increment of 
the equivalent plastic strain of the FGM during an integration 

step, 𝜀�̅�
𝑝𝑙

 is the equivalent strain of the FGM at failure and w is the 

damage parameter for failure initiation when it is equal to 1. The 
evolutions of the damage are defined by the energy condition to 
create new free surfaces (Eq. 2). The choice of the energy ap-
proach is often governed by the size of the finite elements. 

Gf
k(ri) = ∫ LσY0

k (ri)dε̅plε̅f
pl

ε̅0
pl                 (8) 

Thus, following the initiation of the damage, the variable of 
damage increases according to the following equation: 

D =
Ldε̅pl

u̅
f
pl                    (9) 

where �̅�𝑓
𝑝𝑙

 is the equivalent plastic displacement at failure of the 

FGM, which is calculated as in the following equation: 

u̅f
pl

=
2.Avg∑Gf

k(ri)

Avg ∑σY0
k (ri)

              (10) 

where σ𝑌0
𝑘 (𝑟𝑖) is the elastic limit of the FGM, G𝑓

𝑘(𝑟𝑖) is the frac-

ture energy of the FGM and L is the characteristic of the finite 
element. 
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5. FORMULATION OF FINITE ELEMENTS 

The main feature of FGM is that it gradually changes inside 
the structure. This distribution of materials makes it possible to 
modify the properties inside the structure. Gradients of properties 
can thus be achieved at the mechanical, physical, chemical levels, 
etc. The main goal of the mechanics of materials is to predict the 
behaviour of materials. This requires estimating the effective 
mechanical properties of the two-phase composition, which is 
commonly referred to as homogenisation. Therefore, the analysis 
of FGM components involves two important aspects: the definition 
of the volume fraction at each point of the component and the 
evaluation of the effective composite properties at each point from 
the properties and volume fractions of each phase. In the numeri-
cal simulation, there are various possibilities of modelling the bent 
pipe in the ABAQUS/standard calculation code. In most studies in 
the literature, the pipe bend was also performed as part of the 
explicit calculation [5,7]. This method works, but it is relatively 
expensive. A much more efficient approach, which is simple in 
ABAQUS/standard and has been applied in this study, is the 
implicit–explicit coupling. The internal pressure is taken into ac-
count in a calculation step with ABAQUS/implicit, which takes only 
a few minutes, and then the model and the stress state are trans-
ferred to a calculation with ABAQUS/explicit for the bending mo-
ment.  

We used a homogenization model (TTO) in the form of a 

power law. The effective material properties of the FGM bent pipe 
are obtained for each volume fraction and have been determined 
by the Abaqus computer code using the UMM mesh method 
based on the size of the finite elements.. It should also be noted 
that the choice of elements for the discretisation of the structure is 
essential for the study of the damage of structure FGM.  

The UMM technique is conditioned by the type of 3D solid fi-
nite element and the size of the finite elements in the direction of 
gradation. The structure is modelled by solid elements with eight 
nodes (C3D8R). So, all the FGM (ceramic/metal) models are 
analysed with the same type of the solid element C3D8R and with 
the same number of 100,000; the details are presented in Fig. 3. 
The UMM technique was used to determine the mechanical prop-
erties of FGM in element code finite ABAQUS, and the formulation 
of the approach is as follows: 

PUMM
k = ∑ ∑ Pi

j
Ni

8
i=1

m
j=1               (11) 

where (i) represents number of nodes per element i = 1,8 and 

𝑃UMM
𝑘  is the property of FGM of the row or « m » expresses the 

number of identical elements in each row (Fig. 2).  
Afterwards, the formula of the UMM method can determine 

the two lame coefficients λ(r) and G(r), which are expressed as a 
function of Young's modulus of composite E(x) and Poisson's ratio 
υ(r); then the relation of tensions and stresses are deduced from 
the constitutive law using the 3D elasticity matrix from these equa-
tions: 

 

[CUMM
k ] =

[
 
 
 
 
 
 
λ(r) + 2G(r) λ(r) λ(r)

λ(r) λ(r) + 2G(r) λ(r)

λ(r) λ(r) λ(r) + 2G(r)

0         0     0
0         0      0
0         0      0

0                      0                      0

0                      0                      0

0                       0                      0

G(r)     0 0

0 G(r) 0

0    0 G(r)]
 
 
 
 
 
 

       (12)  

For the UMM method, the MATLAB program was used to de-
termine all the values of the mechanical properties of FGM for 
each row of finite elements according to its location and its grada-
tion in the structure according to the TTO model. The purpose of 
this technique is to introduce the values of the mechanical proper-
ties of FGM directly into the ABAQUS computer code. 

The UMM technique allows determining finite element stiff-
ness equations by principle of virtual work, and the stresses for 
each row of finite elements can be given in the following form:  

𝜎UMM
𝑘 = [𝐶UMM

𝑘 ][𝐵]{𝑢𝑛} (13) 

where 𝜎UMM
𝑘  is the constraint of each range, 𝐶UMM

𝑘  is the elastici-
ty matrix of each range k and un is the classic displacement field. 
For this purpose, Hooke's law is used to determine the stresses at 
the macroscopic levels: 

𝜎𝑈𝑀𝑀 = 𝐴𝑣𝑔 ∑{𝜎𝑈𝑀𝑀
𝑘 } = 𝐴𝑣𝑔 ∑[𝐶𝑈𝑀𝑀

𝑘 ] [𝐵]{𝑢𝑛}        (14) 
 

𝐹𝑈𝑀𝑀
𝐹𝐺𝑀 = ∫ [𝐵]{𝜎𝑈𝑀𝑀}𝑑𝑉 

.

𝑉
           (15) 

The technique of XFEM, which exists in the code ABAQUS, is 
compatible with the finite elements of the technique of mesh UMM 
in the structures out of materials with functionally graded (FGM). 
At the same time, the use of the method of XFEM to face a nu-
merical difficulty that of the phenomenon of volumetric closure due 
to the incompressibility in plasticity.  

 

𝑢ℎ(𝑥) = ∑ 𝑁𝑖(𝑥)𝑢𝑖𝑖=𝑁 +  ∑ 𝑁𝑖(𝑥)𝐻(𝑥)𝑎𝑖𝑖∈𝑁𝑑
+    

∑ 𝑁𝑖(𝑥)(∑ 𝐹𝑖(𝑥)𝑏𝑖
𝑗4

𝑗=1 )𝑖∈𝑁𝑝
          (16) 

where ui is the classic displacement field at the node i, Ni (x) is 
shape function, a and b are the corresponding degrees of free-
dom, H(x) is the heaviside type enrichment function and Fi (x) is 
the enrichment function. The final equation is as follows: 

𝜎𝑈𝑀𝑀 = 𝐴𝑣𝑔 ∑{𝜎𝑈𝑀𝑀
𝑘 } = 𝐴𝑣𝑔 ∑[𝐶𝑈𝑀𝑀

𝑘 ] [𝐵]{𝑢ℎ}        (17) 

6. RESULTS AND ANALYSES 

6.1.  Mesh sensitivity 

This part aims to validate the numerical model chosen for the 
analysis by highlighting the effect of the density of mesh elements 
on the convergence of the results. Indeed the density of mesh 
must be appropriate to have good results compared to the prac-
tice or compared to the stability of the results. The choice of solid 
finite element type C3D8R in our study aims to create a row of the 
same type of element. Consequently, the UMM/USDFLD method 
consists in integrating the distribution of the mechanical properties 
of the different constituents of the FGM-type ceramic/metal by row 
of finite elements in all directions of the structure in 3D with a type 
of hexahedral element C3D8 (see Fig. 3.). Our choice was the 
type of hexahedral element C3D8R, which is widely used in the 
mesh of structures; however, the number of type of mesh ele-
ments has been varied (see Fig. 4.). We also used all the densi-
ties of mesh to determine their effects on the stability of the results 
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by the curves of traction in the form force*–displacement. From 
the determined tensile curves, it was possible to demonstrate the 
effect of the mesh density in relation to the ultimate tensile force in 
the pipe elbow oriented at 90°. 

 
Fig. 3. Description of the mesh according to the material property  

variation of the FGM (TiB/Ti) per row 

 
Fig. 4. Presentation of the mesh density in the 90° pipe bend:  

(a) 13,000 FE, (b) 22,500 FE, (c) 45,000 FE, (d) 100,000 FE 

 
Fig. 5. Effect of the mesh element density on the response  

in the force–displacement tensile curve with respect to the pipe 
bend oriented at 90° under in-plane bending in metal Ti 

Fig. 5 represents the tensile force–displacement curve of the 
90° Ti metal pipe bend as a function of the different number of 
mesh elements. It can be noticed that compared to the elastic 
part, the density of elements does not have an influence on the 
variation of the curve force–displacement. On the other hand, the 
density of elements of mesh has an influence on the plastic part, 
or there can be a slight variation in the force according to the 
number of elements chosen for the mesh of the structure. From 
the tensile curves shown in Fig. 5, it was possible to represent the 
variation of the ultimate tensile force in the metal 90° pipe bend 
under in-plane bending as a function of mesh element density 

(Fig. 6). The resistance of the bend on the metal part which has a 
plastic part clearly depends on the density of the mesh elements. 
It is preferable to have a structure discretised in a maximum num-
ber of elements (refined structure). The maximum value of the 
force determined numerically presents a value close to that found 
experimentally for the metal Ti (see Tab. 1 [19]). 

 
Fig. 6. Variation of maximum tensile strength of 90° pipe bend  

under in- plane bending in metal Ti as a function of mesh density 

Another important parameter that was the subject of our sen-
sitivity analysis is the number of surfaces introduced into the 
structure and the number of points of Gauss between these sur-
faces with the UMM technique. Our analysis of the effect of the 
density of mesh elements has no influence on the geometric 
approach to gradation but essentially on the behaviour to damage 
such as crack initiation and propagation. Element C3D8R has to 
demonstrate its performances in the comparison of the results 
with the experimental results; in the same way, this type of ele-
ment is appropriate with the criterion of the evolution of damage 
and is known by these advantages with the use of XFEM [18]. 

6.2. The effect of gradation exponent on structural strength 
in FGM 

In Fig. 7, we can notice if the structure is in rotation with re-
spect to the axis xx, and that if n = 0.5, the pipe is rich in metal. 
The overall elongation of the bent pipe presents more plasticity 
with a maximum elongation. If the volume fraction exponent in-
creases, the bent pipe becomes ceramic-rich and thus more 
strength and less ductility. An increase in the gradation exponent 
leads to an increase in the maximum force value of almost 4,500 
N, which is beneficial for the structure. 

If there is a rotation around the YY axis, the same phenome-
non is observed, except that the value of the maximum force 
decreases considerably for an exponent of gradation equal to 2, 
where the structure is rich in ceramics. At this rotation, the struc-
ture has good resistance in terms of force and displacement for a 
balanced gradation coefficient equal to 1 and hence a linear dis-
tribution. If the elbow structure is rich in metal, the strength of the 
structure will be low. 

If the structure is imposed on a rotation along the YY axis, the 
resistance of the elbow will be low and clearly lower than that 
when the rotation is imposed along the XX axis (Fig. 7). The effect 
of the gradation coefficient is important for the strength of the 
structure; if this coefficient has a low value (structure rich in met-
al), the structure has a very low resistance. However, if the struc-
ture is rich in ceramics, ie the gradation coefficient is high, it has 
good resistance but with low displacement. 
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Fig. 7. Force–displacement of the pipe bent at 90 in FGM (TiB/Ti)  

with different exponents n = 0.5, 1 and 2, ratio condition (D/t = 7.9) 
and rotate around UR11 (XX) 

 
Fig. 8. Force–displacement of the pipe bent at 90 in FGM (TiB/Ti)  

with different exponents n = 0.5, 1 and 2, ratio condition (D/t = 7.9) 
and rotate around UR22 (YY) 

 
Fig. 9. Force–displacement of the pipe bent at 90 in FGM (TiB/Ti)  

with different exponents n = 0.5, 1 and 2, ratio condition (D/t = 7.9) 
and rotate around UR33 (ZZ) 

If one imposes a bending according to the axis ZZ, the struc-
ture presents one more weak resistance than when at the two 
other axes (Figs. 7 and 8). Similarly in Fig. 9, the effect of the 
gradation coefficient is importance for the resistance of the struc-
ture. The structure presents damage if a bending moment is 
imposed with respect to this direction. 

6.3. Maximum stress analysis of bent pipe case n = 2 and 
moment around the axis (XX) 

The analysis of the maximum stress level in the bent structure 
shows heterogeneity in the stress distribution at each layer of the 

structure (Fig. 10). At the level of the internal radius where the 
ceramic-rich structure, it is clearly noticed that the maximum 
stress is at the level of the elbow on a very wide zone where the 
radius is minimal. Therefore, going outward from the bend, a 
significant concentration of stresses due to the simultaneous 
application of pressure and bending. Each layer of the FGM pipe 
has a different distribution depending on the % of each material. 
maximum stress is in the ceramic-rich part 791 MPa.. Towards the 
metal-rich part, there is more stress concentration zone but with 
lower stress values. For this load case, the stress in the metal part 
almost reaches the zone elastoplastic onset point of 454.2 MPa. 
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Fig. 10. Maximum stress analysis of bent pipe case exponent n = 2  

and moment around axis UR11 (XX) 

6.4. Crack initiation case n = 2 (rich ceramic) and moment 
around the axis (XX) 

 

 
Fig. 11. Initiation of the crack case exponent n = 2 (rich ceramic)  

and moment around the axis UR11 (XX) 

Fig 11 shows the path of the crack. We notice at this part a 
force zone of stress concentration causing the initiation of the 
crack. For this value of gradation coefficient with a moment 
around the (XX) axis, it is better to optimise the distribution of the 
two materials according to a new design. 

6.5. Deformation of the structure with the case n =2 (rich 
ceramic inside elbow) and moment around the axis (XX) 

Fig. 12 shows the distorted circular shapes for elbows (D/t = 
7.9 and R/D = 1.34) under in-plane bending around the XX axis of 
closing and opening.  

It is clearly noted that for this rotation along the xx axis, the 
structure presents more deformation on the upper part of the 
elbow at the level of the metal face and slight concentration of 
stress at the level of the ceramic face, while the rest of the struc-
ture has good resistance. 

  

 

 
Fig. 12. Distorted circular shapes for elbows (D/t = 7.9 and R/D = 1.34) 

under in-plane bending around the XX axis of closing  
and opening 
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6.6. Moment effect around the axes 

The determination of the variation of the bending moment as a 
function of the angle of rotation of the structure is essential to 
have an idea of the resistance of the elbow. 

It is clearly noticed from Fig. 13 that regardless of the direction 
of rotation of the structure (according to XX or YY or ZZ) the value 
of the bending moment varies practically in the same way with the 
angle of rotation. 
 

 

 

 
Fig. 13. Moment–rotation diagram of elbows under bending  

in the presence of external pressure, effect around the axes:  
(a) FGM-UR11, (b) FGM-UR22, (c) FGM-UR33 

For the rotation along XX (Fig. 13a), the maximum value of 
the moment is reached for a rotation angle value equal to 0.06 rad 
and for the case where the structure is rich in ceramics. On the 

other hand, if the rotation takes place along the YY axis (Fig. 13b), 
the maximum value of the moment is reached for an angle equal 
to 0.075 for the case where the gradation coefficient is equal to 1. 
Consequently, for the case where the rotation is the ZZ axis  
(Fig. 13c), the maximum value of the moment is reached quickly 
for an angle equal to 0.045 and for the case where the structure is 
rich in ceramics. If the structure is rich in metal, the value of the 
bending moment is low, and this applies for all cases of rotation 
along different axes. 

7. CONCLUSION 

Once a crack is initiated, the structure becomes weak in terms 
of strength, giving rise to a significant deformation of the structure 
at the most stressed area (i.e. elbow). The spatial and progressive 
variations of the properties of FGM make it possible to propose 
gradation concepts for innovative structures that can be exploited 
in many fields of application. The UMM technique gives us the 
advantage of varying more than two materials in the FGM. The 
present work has demonstrated the effectiveness of the numerical 
results with the proposed UMM technique with respect to the 
damage of a bent FGM pipe structure.  

 The optimisation of the gradation coefficient provides better 
resistance to the structure. 

 According to the direction of bending (rotation of the struc-
ture), the exponent of gradation presents an important factor 
in the structure in terms of force displacement. 

 According to the rotation XX, for a gradation coefficient n = 2, 
the structure presents a better resistance. On the other hand, 
if the stress is along the YY axis, the gradation coefficient n = 
1 presents a better resistance of the structure in terms of force 
and elongation. 
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