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EXISTENCE AND DECAY
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IN TIME-DEPENDENT DOMAINS
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Abstract. We consider the initial-boundary value problem for semilinear dissipative wave
equations in noncylindrical domain | J,_,_ . Q(t) x {t} C RY x R. We are interested in finite

energy solution. We derive an exponential decay of the energy in the case () is bounded
in RY and the estimate

/ E(t)dt < C(E(O), [4(0)]) < oo

0
in the case Q(t) is unbounded. Existence and uniqueness of finite energy solution are also
proved.
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1. INTRODUCTION
We consider the semilinear wave equation with a dissipative term
upp — Au+ug + f(u) =0, x€Qt),t>0, (1.1)
with the initial-boundary conditions
u(z,0) = uo(z), ue(r,0) =wui(r) and wulpoe =0, (1.2)

where Q(t), t > 0, is a domain in RY for each ¢ > 0 with the boundary 9Q(¢). We set

Q0,00) = |J Q@) x{t} and T(0,00)= (] o) x {t}.

0<t<o0o 0<t<oc0
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We assume that I'(0, 00) is smooth, say, C2 class in RY x R,
Concerning the function f(u) we assume

Hyp. A: f(u) is a C! function on R, satisfying the conditions
f(0)=0, 0<koF(u)< f(u)u <k F(u)

u

with some constants ko,ky > 0, where we set F(u) = [ f(s)ds.
Further,

[f(@)] < ks (lul + [u]**h) and [ f'(w)] < ks(1+[ul®)
with an exponent o, 0 < a < 2/(N —2) (0 < a < 00 if N = 1,2) and
a constant kg > 0.

Concerning the movement of Q(t) we assume that Q(t) is time-like, that is, letting
n = (ng,n:) be the outward unit normal at (z,t) € I'(0, 00) we assume

Hyp. B:
|nt| < |ng| at each (z,t) € T'(0, 00).

When Q(t) = Q, independent of ¢, the existence and uniqueness of the solu-
tion u(t) € C([0,00); HE(2)) x C*([0,00); L*(2)) of the problem (1.1)—(1.2) with
(u(0),u1(0)) € HE(Q) x L3(f) is easy and we can prove the decay estimates:

E(t) <CE(0)e™™, t>0, (1.3)

with some A > 0 for the case 2 is bounded, and
lu(®)]* + /E(t)dt < C(E(0) + [luo]|?) < o0 (1.4)
0

for the case €) is an exterior domain, where we set

B = 5 (Ol + [Va(l?) + [ Fu(t)da,

Q

The latter estimate (1.4) easily implies
B(t) < C(E(0) + [luo*) (1 + 1)~

by use of the inequality digt) <0.
The object of this paper is to derive such estimates (1.3) and (1.4) when Q(¢) is
time-dependent. In fact, we shall make a further assumption on n requiring that the

boundary 9€2(t) does not move so rapidly, where we set

B = 5 (lu)l + IVuO)lgy) + [ Fute)da,

T2
()

(Il - laqey denotes L*(2(t)) norm.)
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When Q(t) is time-dependent the existence and uniqueness of finite energy solution
u(t) such that

u(t) € C([0,00); HY () and w(t) € C*([0,00); L*(2(t)))

is never trivial (see the next section for the definitions of such function spaces).
Inoue [3] considered the case N = 3 and f(u) = u? (without the dissipation u;) and
proved the existence and uniqueness of C*(Q(0,00)) solution for each (ug,u;) €
C>(Q(0)) x C*°(£2(0)) which has compact support and satisfies the compatibility
condition of infinite order at the boundary 0€2(0). (There, I'(0, 00) is assumed to be
C® class.) His method is based on the linear theory for hyperbolic mixed problem due
to Tkawa [2] and finite propagation property of the local solutions. Carefully checking
the proof we see that the problem (1.1)—(1.2) admits a unique strong solution

u(t) € C([0, 00); H*(Q(t)) N C ([0, 00); Hy (1)) N C([0, 00); L*(2(t)))

for each (ug,u1) € Ha(2(0)) x H1(£2(0)) satisfying the “0” order compatibility condition
on 09(0) and having compact support. The compatibility condition is satisfied if
(ug,u1) € C2(22(0)) x CL(2(0)). We first derive the estimates (1.3) and (1.4) for such
strong solutions. Then by density argument we can show the existence of a finite
energy solution for (ug,u1) € H(2(0)) x L*(Q(0)), satisfying the estimates (1.3) and
(1.4). Further, combining these estimates with the uniqueness result for the linear
equations due to Cooper [1] we see that our finite energy solution is unique for each
(uo,u1) € H§(22(0)) x L*(2(0)). The estimate includes the boundedness of [|u(t)|aw
and this is useful to treat a general nonlinear term f(u) in Hyp. A for the case of
exterior domain. To derive the estimates (1.3) and (1.4) we use an energy method
as in our previous paper [6], where the linear equation in bounded domains in R?
is considered. The main idea using the multiplier u; + 8 - Vu is taken from Lee [5],
where the existence results of mixed problem for second order hyperbolic equations
in time-dependent domains are proved by the method due to Ladyzhenskaya [4] and
energy estimate for the solutions in Ho(Q(0,T)), T > 0, which is completely different
from the methods in [2,3].

Recently, linear and nonlinear wave equations with various dissipative terms have
been investigated in details by many authors. However there seem to be very few
papers which treat the equations in noncylindrical domains.

2. PRELIMINARIES AND STATEMENT OF THE RESULT

For the time-dependent domain (¢),0 < ¢t < oo, and a,b with 0 < a < b < co we set

Q(a,b) = |J Q) x{t} and T(a,b)= |J 09(t) x {t}.

a<t<b a<t<b

For a function u(z,t) defined on Q(a,b) we say that u(t) € C([a,b]; Hi(2(t))) if
u(t) € HE(2(t)) for each t,a <t < b, and u(x,t) has an extension (z,t) such that
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a(t) € C([a,b); HY(RN)) and 1z, t) = u(x,t
is applied to other spaces C([a, b]; L2(Q(t))),
etc. We denote by ||v[|q) and (u,v)qq) t
respectively.

The following existence and uniqueness result of strong solution is essentially
included in [3].

Proposition 2.1. Let (ug,u;) € C3(Q(0)) x C3(2(0)). Then, under Hyp. A and
Hyp. B, the problem (1.1)—(1.2) admits a unique solution u(t) such that

u(t) € C([0,00); H*(Q(t)) N Hy (1)), ue € C([0,00); H'(Q(t)))

)if (z,t) € Q(a,b). Such a way of definition
C(la, b); H2(Q(1))) and C* ([a, b]; H5 (1))
he L? norm and L? inner product on (),

and
un(t) € C([0,00); L*(Q(1)))-
Let
n(z,t) = (ng,ne)
be the outward unit normal of I'(0, 00) at (z,t) € 9Q(t) x {t} and set

8= —7”Ltnm/|n:,c|2 e RV,

Since I'(0, 00) is of C? class we can extend 3 to be a C'! function on Q(0, c0) which
we denote by the same notation. We set

rt = sup  (|8] + V8| + 18] +15]), (2.1)
(x,t)€Q(0,00)

where 8’ denote the Jacobian of the mapping 3 : x — [(x,t).

Definition 2.2. A function u = u(z,t) on Q(0,00) is called a finite energy solution
of the problem (1.1)—(1.2) if

u(t) € C([0,00); Hy (1), w(t) € C([0,00); L*((1)))
with u(0) = wug, u¢(0) = u; and the equation (1.1) is satisfied in the sense of distribution

Q°(0,00)= | Q) x {t}.

0<t<oo
Our results are read as follows:

Theorem 2.3. Assume that Q(t) is bounded for each t and

sup diam€Q(t) < dp < oo
0<t<o0o

with a constant dy. Then there exists &g > 0 such that if r™ < o, the problem (1.1)—(1.2)
admits a unique finite energy solution u(t) for each (ug,u;) € HE(2(0)) x L?(2(0)),
satisfying the decay estimate

E(t) <CE(0)e ™™, 0<t< oo, (2.2)

where C and \ are positive constants independent of (ug,uy).
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Theorem 2.4. Let Q(t) be an exterior domain of a bounded obstacle V(t). Then
there exists 6o > 0 such that if r™ < &g, the problem (1.1)~(1.2) admits a unique finite
energy solution u(t) for each (ug,u1) € HE(Q(0)) x L*(Q(0)), satisfying the estimate

E(t) + lu(t)ll3 + /E(S)ds < C(E(0) + [luollfye) <00, 0<t<oo.  (23)
0

Remark 2.5. The existence and uniqueness part is valid under Hyp. A and Hyp. B

only and this is applied also to the equation (1.1) without the dissipative term 2% (see

ot
the last part of Section 4).

Remark 2.6. We do not know at this time whether the estimate (2.3) implies
E(t) < C(E(0), [luollaq)) (1 +t)~" or not.

3. ENERGY ESTIMATES FOR STRONG SOLUTIONS

Let u(t) be a strong solution in the sense of Proposition 2.1. We derive energy estimates
including (2.1) and (2.2) for this solution by multiplier method.
First we see by integration by parts that

1 0
uttuth = 5 / §|ut|2dV
Q(t1,t2) Q(t1,t2)

1 1
= 5 (lult2) [,y — et Ee,) + 5 nelug|*dS.
2 2

Similarly,

(— A+ f(a))uedV =
Q(t1,t2)

(IVu(t2)ll ) = V)l

N =

v / Flu(ts))dz — / Plu(ty))dz
Q(t2) Q(t1)
1
+ / (§|Vu\2nt — Ny - Vuut)dS.

F(tl,tg)
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Next, multiplying 5 - Vu we have

1
/ ufS - VudV = / {(Utﬁ -Vu)y — ueBe - Vuy — 55 : VU?}dV
Q(t1,t2) Q(t1,t2)
= (ue(t2), B(t2) - Vultz))a,) — (ue(t2), B(t2) - Vu(tz))a,)
1
+ / {*BfVuut+§VB|ut|2}dV
Q(t1,t2)
1
+ / {ntutﬂ~Vu— §Bonz|ut|2}ds.
NGRS

Similarly,

— / Aup - VudV = / VuV (3 - Vu) — / Vu - ngf - VudS
Q(t1,t2) Q(t1,t2) T(t1,t2)
Ou 0%u
—_— . / R ¢ ——
- / {V“ FVut), 9" o, }dv (3.1)
Q(t1,t2) ©J
— / Vu-ng.p - VudS.
F(tl,tz)
Here, integrating by parts,
0%u

av
89@-8:@-

ou
1= [ Xg
Q(t1,t2) b
—A- / |Vul|?>V - BdV + / |Vul|?B - n,dS,

Q(t1,t2) [(t1,t2)

and hence
A= —% / |Vu|*V - BdV + % / |Vul|?B - n,dS.
Q(t1,t2) T'(t1,t2)
Thus we have from (3.1)

1
- / Auf - VudV = / {Vu-B'Vu — §|Vu|2v - BV
Q(t1,t2) Q(t1,t2)

1 ou |2
Y s

F(tl,tz)

where we have used the fact that Vu = g—;‘LngE and u; = % = %nt on I'(0, c0) which

follows from the boundary condition u|p(g ) = 0.
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Further, we have

/ F()B - VudV = / B V(F(u)dV

Q(t1,t2) Q(t1,t2)
= - / V- BF(u)dV + / B - ngF(u)dS
Q(t1,t2) T(t1,t2)
- / V. BF(u)dV.
Q(t1,t2)

Thus multiplying the equation (1.1) by u; + 5 - Vu and using the fact ny + 8- n, =0
on I'(0, 00) we obtain

B(ts) — E(t) + / g () PV
Q(t1,t2)
_ / {~Vu-gVu+ %(\w? )V B+ - Blug?
Q(t1,t2) (3.2)
F V- BF(u) — w3 - vu}dv

(2
< CT+/E(8)d8,
ty

where we set

Et) = E(t) + (w(t), 8- Vu)ag)-

We note that E(t) is equivalent to E(t) if |3| = |n|/|n.| < v < 1 with some
constant v.
Finally, multiplying the equation by u and integrating it we have

1
5 (letta) By — el + [ (190 + Flapwyav
Q(t1,t2)

= (ue(t2), u(ta))a(r,) — (ue(ts), u(t1))ae,) + / DARA%
Q(t1,t2)

(3.3)

We take to =t + h,t; =t,h > 0 and divide both sides of (3.2) and (3.3) by h. Taking
the limits as h — 0 we have
d

aﬁ(t) + ()8 < CrrE() (3-4)
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and

% (1Ol — 2600, uaw) +2 | Va0 + [ fuuds

dt
o (3.5)

< 2w (1) [y -

Combining (3.4) and (3.5) we obtain

%{33(?5) + e () [Eye) + lu® I — 20ue(t), u(t))ow } + (20 — 3CTT)E(t) <0

with eg = min{1, ko }.

Case (1). Q(t) is bounded.

In this case we assume further diam€Q(¢) < dy with a constant dy independent of ¢.
Then, by Poincare’s inequality we know |u(t)||qu) < C||Vu(t)|loe) with a constant C
independent of ¢. Therefore we see that there exists o > 0 such that if ™ < &g,

%{313(15) + e @)l + lu®) ) — 2ue(t), u®))ow} + e E(t) <0 (3.6)

and further 5
BE(t) + [lue(t) 80y + [ul®)l[fye) — 2(ue(t), u(t))aw
is equivalent to F(t). Thus we conclude that

E(t) <CE0)e ™, 0<t<oo (3.7)

with some A > 0.

Case (2). Q(t) is unbounded.
In this case we see that there exists dy > 0 such that if 7+ < dy, (3.6) holds and

BE(t) + [[ur(t)[Eyey + [u(®) 1) — 2(ue(t), u(®))a

is equivalent to E(t) + Hu(t)Hé(ﬂ. Thus integrating (3.6) we have

B(t) + [u(®) e +/E(8)d8 < C(B(0) + [[uollfyo))- (3.8)
0

The decay estimations for strong solutions are finished.

For later use we consider the linear equation, instead of (1.1),
Uy — Au+ug = g(z,t)  in Q(0, 00),

where g € L2 ([0,00); L2(2(t))). Then, by the above arguments we easily see that

t
E(t) <CE0)e M +C / A0 g(s)|[ 8y ds (3.9)
0
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and

E(t) + [[ut) B + / E(s)ds
0

. (3.10)

< C(B(0) + [luollfy0) + 0/(||9(8)||?z(s) + llg()llas lluls)laes )ds
0

for the cases (1) and (2), respectively, where

E(t) = %(Ilw(t)llé(@ + V() §))

in this situation.

4. PROOFS OF THEOREMS
We begin with the existence of finite energy solution. Let
(10, u1) € H((0)) x L2(S(0)).
Then we can take a sequence
(0,0, u1,n) € C(2(0)) x C5(2(0))

such that
(wo,msU1,m) = (Ug,u1) In Hj(2(0)) x L*(£2(0)).

Then, by Proposition 2.1, the problem admits a unique strong solution w, (t) of the
problem (1.1)—(1.2) with (45, (0),un(0)) = (uon,u1,n) for each n. These solutions
satisfy the estimate (3.7) for the case (1) and (3.8) for the case (2), respectively, where
we replace (ug, u1) by (uo,n, u1,,). We denote E(t) by E,(t) if u(t) is replaced by w,,(t).
Since both cases (1) and (2) can be treated similarly based on the estimates (3.7),
(3.8), (3.9) and (3.10) we consider the case (2) only. Setting

(wm,n)(t) = U (t) — un(t)

it satisfies
Wiyt = AW + Winnt = Gmon = fun) — f(tm).
We set 1
Enn(®) = 5 (0mn e Old) + 1V0mn @6

and

Ig,m,n = Em,n(o) + ||wm7n(0>||?2(0) and IOQ,n = E,(0) + ||un(0)|‘?2(0)-
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Then, applying (3.10) to W, »(t), we have in particular

Em,n(t) + ||wm77l(t)||?l(t) S 0102,7n,n

t
e / { / (L + Jn]?® + ftn ) 2 + ||wm,n<s>||é<s)}ds
0 “Q(s) (4.1)

t

< OB+ € (14 15+ 132) [{Bnn) + [t (9 s,
0

where we have used the assumption o < 2/(N — 2)". Applying Gronwall’s lemma to
(4.1) we obatain

Epnn(t) + ||wm,n(t)||522(t) < Clg,m,ne/\ota 0<t<oo

with a constant Ao > 0 independent of sufficiently large m,n. This inequality means
that there exists a function u(t) such that

u € C([0,00); Hy (1)) and w(t) € C([0,00); L2(Q(t))

and (un(t), un () converges to (u(t),u.(t)) in HE(Q(t)) x L*(Q(t)) uniformly on any
interval [0,T], T > 0. It is clear that u(t) is a desired finite energy solution of the
problem (1.1)-

1
setting u(z,t) =
estimate (3.10).

It is left to show the uniqueness. We again consider the case (2) only. Let u(t), v(t)
be possible two finite energy solutions of the problem (1.1)—(1.2) with the same initial
data. We set w(t) = u(t) — v(t). Then w(t) satisfies

(1.2). (We extend u(t) and u:(t) as functions on RY for each ¢ > 0 by
=0 and u¢(z,t) =0 for x ¢ Q(t).) This solution, of course, satisfies the

wy — Aw +wy = g = f(v) — fu).

We consider the equation

with
W(0) =w(0) =0, Wy(0)=w(0)=0.

Since g € C([0,00); L*(Q(t)) (see (4.1)) and (4.2) is a linear equation, this problem
admits a unique finite energy solution W with W € C([0,00); H} (2(t))), W: €
C([0,00); L2(Q(t)) (cf. [1]), and we see W (t) = w(t). We know that this solution is given
by a limit of strong solutions. Indeed, for the existence we take (Wy ,,, W1 ) = (0,0)
and g, € C}((0,00); L2(Q(t))) such that g, — g € Cioe([0,00); L*(Q(t))) and consider
the equation

Wy — AW + W, = gp.

This problem has a strong solution W,, (cf. Proposition 2.1), and using the estimate
(4.1) we see that W,, converges to a finite energy solution W (t).
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Therefore we conclude that W (t) = w(t) and the following estimate holds (see (4.1))

By (t) + lw(t) &

<CI5, + Coiugt{l + Bu(s) + u(s)liéy) + Eols) + [0(s)l[E b

: / (Bu(s) + [0(s) |3 s (4.3)
0

t
< CI2, +C(T) / (Bu(s) + |w(s) |3 s, 0<t<T,
0

for any T' > 0 with some constant C(T') depending on u,v and T, where we set
1
Eu(t) = 5(lu®lde + IVu®lite) and Tou = B(0) + [[u(0) )
Applying Gronwall’s Lemma to (4.3) we have
Eu(t) + w®) |3 < CI5,,eSD", 0<t<T.

Since T > 0 is arbitrary and Iy, = 0, we conclude that w(t) = 0, that is, u(t) = v(t)
for any t > 0.

Finally, we mention the existence and uniqueness of finite energy solution for the

equation (1.1) without the term du/dt under Hyp. A and Hyp. B. By Hyp. B, we can
extend B(z,t) = —nyn,/|n,|? as C! function on RY x R¥, satisfying

1B <uv(T)<1, 0<t<T,

for any T > 0. Therefore E(t) is equivalent to FE(t) on each interval [0,T].
We may assume further that

r(t) = sup(|Bi] + [V +[8]) <C(T) <00, 0<t<T,

for any T > 0. We have, instead of (3.4),

Bty < Crt (0 E®),
dt
which implies
E(t) < C(T)E0)M™', 0<t<T, (4.4)

with some A(T) > 0 for any T' > 0. Further, we see from the relation

O O
Q(0,%)
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that

lu(®) 6y < 201u(0)lIo) +C(T)/E(S)d8- (4.5)
0

These estimates (4.4) and (4.5) are sufficient for the arguments giving the proofs of
existence and uniqueness of finite energy solution given in the above.
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