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1. Introduction

In the available literature, it is possible to find a number of papers,

OUTLINE OF A METHOD FOR ESTIMATING THE DURABILITY

REQUIRED RELIABILITY LEVEL

ZARYS METODY SZACOWANIA TRWALOSCI ELEMENTOW
LUB ZESPOLOW URZADZEN Z ZACHOWANIEM
WYMAGANEGO POZIOMU NIEZAWODNOSCI*

The paper includes a probabilistic method for evaluating the durability of components and device assemblies which
operate under the impact of destructive processes. As a result of these processes, wear that causes deterioration of their
cooperation conditions occurs. It is assumed that a component operates reliably when the wear does not exceed the ac-
ceptable (limit) values. In mathematical terms, this method is based on a differential equation, after the transformation
of which, it is possible to obtain the Fokker-Planck type partial differential equation. The specific solution of this equa-
tion allows for obtaining the density function of the probability wear in the normal distribution form. The paper presents
two methods for determining the durability. The first one involves the application of the wear density function, and the
second one consists in determining the probability density function of the time of reaching the acceptable state, and its
use in order to determine the component or assembly durability. The paper presents a numerical example on the aircraft
technology operation process.

Keywords: reliability, durability, density function acceptable state, ageing, wear.

Praca zawiera probabilistyczng metodg oceny trwalosci elementow lub zespotow urzqdzen pracujgcych w warunkach
oddziatywania procesow destrukcyjnych. W wyniku dziatania tychze procesow nastepuje zuzywanie powodujgce pogor-
szenie warunkow ich wspolpracy. Przyjmuje sie, zZe element pracuje niezawodnie, gdy zuzycie nie przekracza wartosci
dopuszczalnych (granicznych). Metoda od strony matematycznej bazuje na rownaniu réznicowym z ktorego po prze-
ksztatceniu otrzymuje si¢ rownanie rozniczkowe czgstkowe typu Fokkera-Plancka. Z rozwigzania szczegolnego tego
rownania otrzymuje sig¢ funkcje gestosci prawdopodobienstwa zuzywania w postaci rozktadu normalnego. W pracy
przedstawione sq dwa sposoby wyznaczania trwatosci. Pierwszy polega na wykorzystaniu funkcji gestosci zuzywania a
drugi na wyznaczeniu funkcji gestosci prawdopodobienstwa czasu osiggania stanu dopuszczalnego i zastosowanie jej do
wyznaczenia trwatosci elementu lub zespotu. W pracy przedstawiono przyktad liczbowy dotyczqcy procesu eksploatacji
techniki lotniczej.

Stowa kluczowe: niezawodnos¢, trwatosc, funkcja gestosci stan dopuszczalny, starzenie, zuzywanie

state of usability.

which it is considered that the device or assembly is in the

which demonstrate the problem of the impact of the external environ-
ment, ageing and wear processes on the technical system functioning
[4,9,13,16, 17, 21]. Due to technical advancement and a high degree
of integration of the devices used on the board of military aircraft,
the development of optimal operation models is a complex task. The
methods for evaluating the reliability and durability of aviation equip-
ment based on a change in diagnostic parameters are extremely useful
within this area [6, 7, 8, 12, 15, 20].

This paper includes a probabilistic method for evaluating the du-
rability of components and the assemblies of the device that operates
under the impact of ageing processes (corrosive, wear and other) in
the aircraft devices [15, 18, 19]. The technical condition of some avia-
tion equipment can be assessed with the use of diagnostic parameters.
This assessment requires knowledge of limit (acceptable) values, for

In the offered durability assessment model, the follow-
ing assumptions are adopted:

— the device’s technical condition is defined by one di-

agnostic parameter “z” in the form of the parameter

deviation from the nominal value:

Z:‘X_X,Wm

; (M

where:
X - current value of the diagnostic parameter,
X" — nominal value of the diagnostic
parameter;

(*) Tekst artykutu w polskiej wersji jezykowej dostepny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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— change in the deviation value of the diagnostic parameter takes
place in the entire operation period (operation and standstill);

— “z” parameter is non-decreasing, because it is determined by
the absolute value of the difference of the present and nominal
values;

— increase speed of the diagnostic parameter deviation in case of
random changes can be described by the following relation-

ship:
dz
—=c, 2
” 2
where:
¢ —random variable which characterises the

component’s susceptibility to ageing changes
depending on its features and operating conditions,
t — calendar time.

2. Method for estimating the durability of the device
component with the use of the density function of
the diagnostic parameter deviation

2.1. Determination of the deviation density function taking
into account the relationship (1)

@,

The dynamics of changes in “z” deviation value in random terms
will be characterised by the following differential equation:

Uz,t+Al = (1 - P)Uz,t + PUz—Az,t > 3)

where:

U — probability of the fact that in the moment of #, the
diagnostic parameter value adopts z value;
P — probability of the event that the random wear oc-
curs and that in the time interval of A¢, the deviation
value will be increased by Az value;

Az — deviation increase.

z,t

In case, when P=1 equation (3) in the function notation will adopt
the following form:

u(z,t+At)=u(z—-Azz). 4)

The equation (4) has the following form: probability of the fact
that in the moment of 7 +At, the deviation value will be z is equal to the
probability of the fact that in the # moment, the deviation value was
equal to z-Az. It means that along with the probability equal to unity,
in the time interval of A¢, the deviation will be increased by Az value.

The equation (4) is transformed into the partial differential equa-
tion. Therefore, the following approximations are adopted [1,2]:

u(z,t+Az)=u(z,r)+a”(aj’t)m, 5)

2
u(z— Az t)=u(z,t) - (=) 5, +%6 ”(j’t)(Az)2 . (6)

0z 0z

By using (5) and (6), the equation (4) adopts the following form:

2
au(z,t):_bau(z,t)_,_la@ u(j,t)’ ™
ot oz 2 o0z

where:
b=E[c]— average increase in the diagnostic parameter’s de-
viation value per time unit;
a=E[c’] — average increase square of the diagnostic param-
eter’s deviation per time unit.

We are searching for the solution of a particular equation (7), the
one, which at /—0 is coergent to the so-called Dirac function, i.e.
u(z,t)—) 0 for z#0 and u (0,[)—) +00 , but in a way that the integral
of u function is equal to “1” for all #>0.

The equation solution (7) adopts the following form for the above
specified condition [3, 11, 14]:

EBO)Y

24(t)

TEN) —_— , (8)
\2mA(1)

where:

t
B(t)=[pdt = bt =ct,
0

¢
A(t)z Jadt =at=c’t.
0

The value of 0 in lower limits of the integrals means the adopted
initial moment of time, according to which the dynamics of changes
in the diagnostic parameter’s value is considered — it can be, e.g. the
moment of putting a given device into operation.

The density function (8) of the diagnostic parameter’s deviation
increase can be used for assessing the reliability of the considered
device component.

2.2. Determination of reliability and durability of the com-
ponent or device assembly

By having a specific density function, it is possible to record the
relationship on reliability and durability due to the time of the param-
eter’s deviation increase to the limit value. The formula adopts the
following form:

4
R(t)= [ u(z,t)dz, O)

where:

u(z,t) — density function specified by the relationship (8);

zy acceptable value of the diagnostic parameter’s de-
viation due to safety;
t — calendar time of the device operation.

Figure 1 presents a diagram of the density function course and a
way of determining the reliability and durability.

The relationship (9) taking into account (8), adopts the following
form:

zg 1 7(Zibt)2
R(t)= | e 2at gz (10)

By assuming the minimum, required value of R* reliability, it is
possible to determine #'time, after which the reliability will decrease
below the required level. The time ¢ can be treated as the durability of
a given component for the required, acceptable reliability value.

In this case, it is possible to obtain:
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value

v

Fig. 1. Diagram of changes in the density function form

2at" dz . (11)

3. Method for estimating the durability with the use
of the density function of the time exceeding the
acceptable (limit) state

3.1. Determination of the time distribution of exceeding the
acceptable (limit) state

The probability of exceeding the acceptable (limit) value by the
diagnostic parameter with the use of the density function of changes
in the diagnostic parameter’s deviation (8) can be presented in the
following form:

(z-bry
e 2 gz, (12)

1

o)

The density function of the time distribution of the first tran-
sition beyond the acceptable value z; adopts the following form:

2 o g
f(t)=5Q(t;zd)—gj 20 dz(13)
Thus,
. by
2a 7 .
o fid e e e

Zd

By assuming (8) definition, it is possible to obtain:

f(t)::f{;u(z,t)}dz . (15)

Furthermore, a derivative after the function time (8), adopts

Acceptable risk of exceeding zg the fOHOWiIlg form:

d 22 -bp -t
&[M(Z,t)]:u(z,t)(zatzaJ. (16)

The relationship (16) was substituted to (14):

70)= | [u(z t)(t_atﬂdz . (17)

The primary function for the integrand in the relationship
(17) is searched for. It is expected that the function in the form
of:

W(z,t) = u(z,t)@(z,t) ’

is a primary function for the integrand of the relationship (17), where
0(z,¢) is a sought unknown function.

That is:
a0 )] =ute z)(’”‘“’].

After transformations, the following equation is obtained:

0 (z,t) z-bt b~ at
= e( )_7. (18)

Homogeneous equation:

09 (Z t) z—bt
—0 0.
p (z1)=

Solution of the homogeneous equation:

22 -2btz
8¢ (z,1)=Ce 2@

where: C — arbitrary constant
The expected specific solution of the homogeneous equation has

the following form:

z+bt

05 (z:1)=-—

It was checked that the equation (18) fulfils the above solution. The
general solution of the homogeneous equation:

22 -2btz
0 (z,t)=Ce 24

_Z+bt
2t

That is the sought primary function of the integral (17) has the fol-
lowing form:
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22 -2btz
w(z,t)=u(z,t) Ce 24

_z+bt
2t

Thus, by calculating the integral (17) in the specified limits, it is
possible to obtain:

zz—2btz bt ~ zz—thz * bt 0
f(t)=u(z,t) Ce 24 _zr =Cu(z,t)e 2 —u(z,t)z+ =

2t 2t z

Zd zq
b2t * ©
1 - z+bt z, +bt
= 2a — —0— d
Cme u(z,t) % 3 0 0+u(zd,t) 2
Zd
+ bt

f(t):zdzt u(zd,t), (19)

The relationship (19) determines the density function of the time
of the first transition of the acceptable (limit) state by the diagnostic
parameter’s deviation. It should be checked, whether the function (19)
is a density function of time of reaching the acceptable (limit) state.
The function has the following form:

(Zd *bt)z
zg+bt 1 ST
t)= e at (20)
f( ) 2t \2mat
The function (20) should meet the condition:
[F@)di=1. 1)
0

In order to demonstrate the validity (21), the following justification
is presented:

(za-bt)
2at gr=1. 22)

0

zy + bt 1

e
(I) 2t 2mat

In order to calculate the integral that occurs in the formula (22), the
following substitution is used:

poZd b g 20ar (23)

=
\/E zy + bt

Transformation of the limits of integration:

t=0=>w=w

=0 > e lim 42 _ iy 220Vt _

t—>o Jat t— a

—— (24)

After substituting to the output integral, it is possible to obtain:

_ (za —bt)2 . w? . w?

g +bt 1 - R s
dt:—j—e 2dw:j—e 2 dw
v _

e
(J; 2t 2mat o N2m o V2T

00

(25)

The above integral is an integral of N(0,1) normal distribution in the
limits from -co to +o0 and is equal to unity. On this basis, it can be
concluded that:

© (Zd 7bt)2 © w?
e dt = e 2dw. 26
'([ 2t \2mat 7'[0 N2 (26)

3.2. Evaluation of the durability of selected components of
the aircraft construction with the use of the time distri-
bution of obtaining the acceptable state

The formula for the aircraft’s structural component reliability
adopts the following form:

R(r):l—jf(r)dr, (27)

where the density function f{?) is determined by the following formula

(19).

However, the unreliability of the aircraft’s structural component
can be determined on the basis of the following relationship:

(zatt)
2w g (28)

t
_ Zg +b't 1
¢ (t)_£ % onat

The integral occurring in the relationships (27) and (28) must be
transformed to the more convenient form:

Zy —bt zq-bt
2 bt w= T=00w=00 2
jzd | ei( d2‘” : dt = Ja =- \? Lei%dw
n ma nia 2yt NS
0 dt=- =tow="1 @
zy+bt Jat
After changing the limits of integration, it is possible to obtain:
zg—bt w2
jﬂ#ei( 2at ) at = T eijdw (29)
0 2 N2nat 2y bt N 2T
N

The reliability of a given component will adopt the following
form:

2

0 W
1 _
R(t)=1- e 2dw, (30)
O=1- 1 7=
Jat
or
Zd*bl )
O-
R(1)= e 2dw. 31)

The integral occurring in the formula (31) is a value of N(0,1)
normal distribution function for the argument occurring in the upper
limit of integration. Again, by assuming the required minimum value
of R” reliability, it is possible to determine " durability.
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(32)

The use of (11) or (32) formula in the calculation requires estima-
tion of the values of a and b coefticients. This estimation is carried out
on the basis of the data obtained from the aircraft operation process.

4. Numerical example

In order to determine the durability of the considered component,
it is important to determine (estimate) the values of ¢ and b constants.
Therefore, it is assumed that the observation of the tested de-

vice in the operation process results in the provision of data on 985

n—1
a =l >

1 k=0

[(an —2)=b (e 1y )T .

(tk+l _tk)

(37

The component, which was chosen for a numerical example is 12-
SAM-28 aircraft battery. Figure 2 shows a change in the time of the
averaged battery capacity for held data.

In accordance with the relationship (1), the absolute value of the
capacity difference and its nominal value were adopted as “z” diag-
nostic parameter. The change in time of “z” parameter was presented

in Figure 3.

the increase of the diagnostic parameter’s deviation value in the
form of:

capacity [Ah]

(33)

[(zO,tO),(zl,tl),(zz,tz),...,(zn,tn)] .

27,5

The best method for determining “b»” and “a” values for the

I

held data is a method that uses a likelihood function. Its form in 27
the general case can be presented as the relationship: \\
26,5
n-1 \
L:Hg(tk,zk,Hl,Gz,...,Gm), (34)
26
k=0
t [months]
where: 255 T T T T 1
0 5 10 15 20 25

g(t-2,01,6,,...,0,,) — density function of the total

probability of z variable;
(61,0,....,6,,) . — density function parameters;

— measured wear values of z parameter respectively
in the moments of time (¢,,t,...,t;).

Zk
Finding (61*,0;,...,9:;) estimates of unknown parameters

0,,0,,...,8,, with the use of a maximum likelihood method consists

in solving the equations in the form of:

olnL

00,

0, 35)

where:
i=1,2,...,m;
m — number of parameters characterising the wear proc-
ess of a given technical object.

In this case, »” and a” estimates of unknown b and a parameters
with the use of the maximum likelihood method consists in solving
the system of equations:

o=
. (29)

olnL -0

Oa

By solving the system of equations (29), " and a" are found.

(36)

Fig. 2. The course of changes in the averaged capacity of 12-SAM-28 battery

Thus, holding the data describing the values of the diagnostic pa-

rameter in the form of [(Zo,to ),(Zpﬁ )9(229t2 ),~ . ~,(Zn,tn )] , based on
(36) and (37) formulas, the values of the density function coefficients
were determined:
b=0,09, a"=0,015. (38)
The parameter z, was determined with the use of technical docu-
mentation used for the implementation of maintenance works, in
which the information on the acceptable value of the capacity of bat-
teries was provided.

Therefore, by holding the values of parameters b: R a: , g, they
were substituted to (11) or (32) equations by determining the relation-
ship of " time on R probability — Figure 4. In both cases (relationship
(11) or (32)) the same course was obtained.

By assuming the minimum value of R*=0.99 reliability, the time,
to which the diagnostic parameter deviation will not exceed the limit
state, in accordance with the assumed probability, was determined:

T=63 [months]. (39)

The obtained value (39) can be used in the technical maintenance
depending on the adopted strategy of maintenance. On the basis of
the above methodology, it is possible to determine further periods, in

which the control of the device diagnostic parameter should be carried
out [5, 10].
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25 dz
2 [Ah] P
2 where ¢ was a random variable determining the possibility of the
parameter’s deviation increase.

15 It is possible to generalise this method, when the speed of
the deviation increase will be described by the following rela-
tionships:

1 -
dz
E =Cz
0,5 ’ (40)
t [months] & !
0 : : : : dt . (41)
0 5 10 15 20 25
In the first case, the increase speed of changes will be of
Fig. 3. Change in time of “z” parameter for 12-SAM-28 battery random nature similar to the exponential one. In the second
case, the increase nature of changes will be similar to the inten-

140 sity of damage in the Weibull distribution.

t* [months] In summary, it can be concluded that the presented method

120 seems to be correct and right, and allows to analyse the device
technical condition due to the nature of changes in the values

100 \ of diagnostic parameters. The presented calculation example al-
lowed to carry out the verification of the developed model, and

\ emphasised the developed method’s application advantages.

80 This method may be useful in further works on the improve-

\ ment of both the operational process and the method of using the
60 aircraft with the use of its on-board systems, allowing for deter-
I mining the time of the device’s staying in the state of usability.

40 Furthermore, the presented method, owing to its universal
nature, can be successfully used in order to specify the residual

20 life of any technical object, the technical condition of which is

R*[ determined on the basis of the analysis of the diagnostic param-
0 : : ; : : eters’ values.
0 0,2 0,4 0,6 0,8 1 In this paper, the presented method can be further improved
and extended to other cases of increase in random changes of
Fig. 4. Relationship of projected t" durability on R” reliability the exponential type. It seems that it can be used for assessing
the reliability of mechanical components, in case of considering
5. Final remarks the propagation of fatigue cracks in the components subjected

In this paper, an overview of the method for estimating the dura-
bility of components or assemblies, when the increase speed of chang-

to the random load, and in case of using the Paris formula in order to
specify the crack velocity.

es was of random nature, was presented. However, the method of this
change was described by the following simple relationship:
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