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Abstract. This work concerns the oscillation and asymptotic properties of solutions to
the non-linear difference equation with advanced arguments

m
Tn4+l — Tn = Z fi,n (l‘n+hi,n)-
i=1
We establish sufficient conditions for the existence of positive, and negative solutions. Then
we obtain conditions for solutions to be bounded, convergent to positive infinity and to
negative infinity and to zero. Also we obtain conditions for all solutions to be oscillatory.
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1. INTRODUCTION

In recent years there has been a lot of research concerning the oscillation of solutions
to difference and differential equations with advanced arguments. These equations
appear in mathematical models in which the present state depends on future states
[1,4,7,19]. The strong interest in these equations arises from having applications such
as population dynamics where a difference equation with constant advanced arguments
can serve as a mathematical model that includes a k-th generation [3]. Nowadays there
exists an extensive literature on the oscillation theory of advanced type differential and
difference equations. See, for example, the references in this article, and the references
therein.

In this article we study the oscillation and asymptotic properties of solutions to
the advanced difference equation

m
Tpn+1 — Tn = Z fim(xn«khi,")a (11)
=1

where {f;»}52, are sequences of real-valued functions and {h;,}52; are sequences of
positive integers.
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In Section 2, we present some conditions for the existence of positive, and of
negative solutions to a linear version of (1.1). In Section 3, by extending a result
in [5], we obtain conditions for all oscillations to be bounded, and to tend to zero. In
Section 4, we obtain conditions for every solution to be oscillatory. Also we compare
our conditions with those obtained in [13] for constant advances. Also we illustrate our
results with examples.

To study the oscillation of solutions, we assume that solutions exist and are defined
for all n large enough. Quite frequently solutions are obtained as fixed points of
contraction mappings, which is the case in Theorem 3.4 below. In general it is not
clear how to formulate initial-value problems for advanced difference and differential
equations. However, in special cases we can obtain a unique of solution. Consider the
difference equation

Tn+l — Tp = fn(xnaxn-l-la--wxn—i-m)) (12)
with m > 1. For each fixed set of values n,aq,...,a,,, we assume that the function
fnlai,a2,. .., am,") is one-to-one and onto from R to R. Then using the initial data
X1,%2, ..., Ty we solve for x,4+1 in the equation xzo — x1 = fi(x1,22,. .., Tmi1)-
Then using the data zs,...,2,41 we solve for x,,42 in the equation x3 — 22 =
fi(za,x3, ..., Tmya). Then solve for z,, 43 in x4 —x3 = f1(3,24,...,Tm+3), etc. This

way we construct the solution by defining one entry at the time. This is known as the
method of steps.

2. EXISTENCE OF NON-OSCILLATORY SOLUTIONS

By a solution {x,} we mean a sequence of real numbers that satisfies (1.1) for all n
large enough.

A solution is said to be oscillatory if for every positive integer ng there exist
ni1,n2 > ng such that z,,x,, < 0. A non-oscillatory solution is either eventually
positive or eventually negative.

In this section we restrict our attention to the particular case of (1.1), when
fin(z) = a; no; thus we have the linear difference equation

m

Tn4+1 — Tn = Zai,n'xn-i-him- (21)
=1

When p < n, we use the conventions [[?_ z; =1and >0 z; =0.

Theorem 2.1. Assume that a;, > 0 and that there exists a sequence {un} of
non-negative terms satisfying

m hi,n
Upy1 > 1+ Zaiv" H Untj, N> No. (2.2)
i=1 j=1

Then (2.1) has positive solutions, and negative solutions.
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Proof. Let {u, } be a solution of (2.2), and let vq 4, := u,. Then for n > ny and ¢ > 0,
we define a double indexed sequence {vy,} recursively by

m hin
Vppinte1 = 1+ E Qin H Ve, n+tj
i=1 j=1

Then, by (2.2),

m hi,n
0<vypt1 =1+ E Qi n H Vintj < Vlngl, 7= Ng.
i=1 j=1
By induction, we can show that 0 < --- < vp41 41 < Vg1 < -+ < U1 1. Then,

for each fixed n + 1, the limit limy_, { o V¢ 1 =: V41 exists. This limit satisfies

hin

m
Un+1 = 1+ Zai,n H Un+j-
=1

j=1

Then for any z,,, the sequence

n
Ty = Tn, || V;

’i:n[)
is a solution of (2.1). When z,, > 0 this is a positive solution and when z,, < 0

this is a negative solution. O

Now we consider the difference equation whose coefficients and advanced arguments
are smaller than those of (2.1),

Yn+1 — Yn = Z bi,n,yn+gi‘n~ (23)

i=1
Theorem 2.2. Assume the conditions of Theorem 2.1 hold, and that 1 < g; , < hyp,

0 <bin <a;n forn>1. Then (2.3) has positive solutions and negative solutions.
Proof. Let {u,} be a non-negative solution of (2.2). Then u, > 1 and

m Gi,n

m Rin m hin
Unpy1 > 1+ Z Ain H Unyj > 1+ Zbi,n H Upyj > 1+ me H Unyj
=1 =1 =1 =1 =1 =1

Using this inequality in Theorem 2.1, we have the existence of positive solutions and
negative solutions. O

Corollary 2.3. Assume that the sequences {a; »}n and {h; ,}n are bounded as follows:
0<ajn,<a andl < h;,, <h; for1 <i < m and n > ng. Also assume that
the inequality
m
A>T+ At (2.4)
i=1
has a non-negative solution A. Then (2.1) has positive solutions and negative solutions.
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Proof. We consider the equation with constant coefficients and constant advances
m
Ynd1 = Yn = D Qilynih,- (2.5)
i=1

Note that using (2.4), we can show that the constant sequence u,, = \ satisfies (2.2)
with a; ,, = a;. Then by Theorem 2.1, we have positive solutions and negative solutions
o (2.5). Since a;,, < a; and h;,, < h;, by applying Theorem 2.2, we have positive
solutions and negative solutions to (2.1). O

Now we consider an equation with positive and negative coefficients,

m

Tp4+1 — Tn = E (ai,nxnﬂzi,n - bi,nanrgi,n)' (2.6)
=1

Theorem 2.4. Suppose that 0 < b;, < a;pn, and 1 < g < hyy for 1 <i<m and

n > ng. If inequality (2.2) has a nonnegative solution, then (2.6) has positive solutions
and negative solutions.

Proof. Let {u,} be a nonnegative solution of (2.2) and let vy ,, = u,,. We define the
double indexed sequence {vp .} recursively by

m hz,n 9i,n
Vgl = 1+ E (ai,n H Ventj — i H vz,n+j), for n > ng, £ > 1.
i=1 j=1 j=1

By (2.2), we have

m hin
Vit > 1+ E Qin H V1,45
i—1 j=1
9i,n

m hin
>1+ E (ai,n H Vintj — bin H Ul,n+j> = V2 pt1-
i—1 j=1

Jj=1

Since 0 < b;,, < a;p and 1 < g;,, < hyp and 1 < vy, it follows that 1 < vy .
Next, we use induction: Assuming that 1 < v,_1 p, from 0 < b; , < a; , it follows
that 1 < vy ,. Now assuming that ve,, < ve_1,,, we wish to show that vei1,, < ven

which by definition has the form - -

Gi,n

hin
(ai,n H Ven4j — bi,n H ’Ul,nJrj)
j=1 j=1

hin Gi,n
J

m
< 1+ Z (ai,n H Ve—1,n+5 — bi,n H ’Uﬂfl,nJrj) .
i=1 =1 7=1

1+

NE

i=1
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The above inequality is equivalent to

Gi,n Ri,n

m

§ [H Ve,ntj (am H Ventj — bm)]

=1 j=1 J=9gin+1
m _Gin hin

< E {vafl,nJrj(ai,n H Ve—1,n+j _bi,n)}
=1 j=1 Jj=gin+1

This inequality follows from the assumptions 1 < v, < wve_1, and 0 < b; , < @4 -
Therefore, 1 < vp41,, < vg,n. Consequently, for each fixed n the limit limy_, o V¢, := vy
exists and is non-negative. The sequence defined with these limits satisfies

hi,n Gin

m
0< v =1+ Z (ai,n H Vjtn — bin H Uj+n>7 n > ng.
i=1 j=1 j=1

Then for any z,,, the sequence

n
Tp = Tn, |I Vi

’i:ng

is a solution of (2.1). When z,, > 0 this is a positive solution and when z,, < 0
this is a negative solution. O

3. ASYMPTOTIC BEHAVIOR

In this section we study the behavior of solutions to (1.1), as n — oco. Some of our
results are analog to those in [15] for continuous variables. Our first result uses the
assumption

(H1) There exists constants a;, > 0 such that for i =1,...,m and n > 1:

>a;nr ifxz>0
fz,n(x) o . ’
<ajpx ifxz <O0.

An example of function satisfying the above condition is f; ,,(x) = (2 + sin(zx)), with
Qin = 1.
Theorem 3.1. Let {z,} be a solution of (1.1). Assume (H1) and

+oo m

> aji = 4o (3.1)

i=ng j=1

If {x,,} is eventually positive then lim,_, o T, = +00. If {x,} is eventually negative
then lim,, oo x, = —00.
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Proof. Let x,, > 0 for n > ng, then by (1.1) and (H1), {z,} is non-decreasing and

Tn+l — Tn Z § ai,nanrhi,” Z Tng § Qi n-
=1 i=1

Summing both sides of this inequality from ngy to n, we obtain
n m
Tptl = Tng (1 + Z Z%,j)
i=ng j=1

When n — oo, by (3.1), we obtain lim,_, { oo #, = +00. The negative case has a similar
proof. O

For the next result we use the assumption

(H2) There exists constants a;, < 0 such that fori=1,...,m and n > 1:

<ajnr ifz>0,
i n (T
fin(2) {2 a;nx ifz <O0.

Theorem 3.2. Let {z,} be a solution of (1.1). Assume (H2) and

400 m

Z Zaj,i = —OQ. (32)

i=ng j=1
If {x,} is non-oscillatory then lim,_, . x, = 0.

Proof. Assume that {x,} is a positive solution of (1.1). Then by (1.1) and (H2), {x,}
is non-increasing. So, {x,} has a nonnegative limit, o = lim,,_, 4 oo . If & > 0, then

by (H2),
m m
Tpyl — Tp < Z UinTnth;, < Q Z i
i=1 i=1

Summing both sides of this inequality from ng to n and using (3.2), we get lim,, o0 =,
= —oo0. This contradicts {z, } begin eventually positive; therefore o = 0. The eventually
negative case has a similar proof. O

We use the forward difference operator Ax,, = z,+1 — x,, in the following lemma.
In the proof of the lemma we essentially follow the lines of a method for solving
a difference equation, an area of considerable recent interest (see, for example [16-18]
and the references therein, where closely related methods were used).

Lemma 3.3. Assume that .

Ap = ain # —1.
i=1

Then a sequence {x,} is a solution of (2.1) if and only if it is a solution of

m L+h; =1 n—1

Xy = Ty H 1+ A, —1—2 (Zalg Z ij) H (1+ A;). (3.3)

i=ng l=ng =1 1=0+1
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Proof. Using the telescoping property z, — z,, = f:_i Az;, and (2.1), we have that
{z,} is a solution of (2.1) if and only if

n+hi’n71

m m
= E i nTnih;, = E ai,n($n+ E ij)-
i=1 i=1 j=n

Hence,
m n+thin—

Az, — v, A, Zazn Z Am]

Multiplying by []i (L + A;)~! both sides of the last equality, we obtain

A( ﬁ(lJrA )(Zamwg ij)ﬁHAi)*l

Changing the variable n by ¢ and summing both sides form ¢ = ng to { = n — 1,
we have

n—1 L4+hie—1
T, H (1+A4)" = Z (Zaze Z Al'j) H 14+ A4)™!
i=ng l=ng =1 i=ng

Multiplying it by HZ n, (14A;), we obtain (3.3). Now starting from (3.3) and retracing
the steps above we obtain equation (2.1). This completes the proof. O

Theorem 3.4. Assume the conditions of Lemma 3.3 are satisfied and that there are
constants « and ng such that

L+hie—=1 m n—1

Z(me Z kad) [[ h+4l<a<l forn>ng.  (34)
b=ng 1=1 i=0+1
Also assume that
n—1
H |1+ A;| remains bounded as n — 0. (3.5)
’i:n[)

Then for each initial value x,,, there is a unique solution to (2.1); furthermore, this
solution is bounded.

Proof. Let B be the collection of bounded sequences that have a common value at
n = ng. Then B is closed subset of a complete metric space under the supremum norm.
Based on Lemma 3.3, we define the operator T': B — B by

n—1 L+h; e—1 n—1

Txy = T, H(1+A Z (Zazg Z ij) H 1+ 4;). (3.6)

i=no l=ng =1 i=0+1



894 Sandra Pinelas and Julio G. Dix

Note that when n = ng, there are no terms in the product and no terms in the
summation; therefore Tz, = z,,. To estimate Tz,,, we note that by (2.1),

m m
Az < Jan | 1254 n, | < sup 2] D lak ;1. (3.7)
k=1 A

Then by (3.6), we have

n—1 n—1 m l+h; =1 m n—1
(Tn] < long| TT 10+ il + sup foyl 32 (lanel 30 Y lawgl) T 1+ adl
i=no LS I j=t i=k i=0+1

(3.8)
Since {z,} is bounded, by (3.4) and (3.5), the sequence {T'z,} is also bounded. Now
we show that T is a contraction. Let {x,} and {y,} be sequences in B. The same
process as for (3.8) yields

n—1 m L+hie—1 m n—1
T = Tyal < sup oy =yl 3o (Y lasel 3o D lawgl) TT 11+ Al
pZno f=no =1 J=t =k =41

Using the norm |[[z|| = sup,,>,,, |2»| and condition (3.4), we have
[Tz =Tyl < oz = yl|

Therefore T is a contraction on B and has a unique fixed point, which by Lemma 3.3
is the unique solution of (2.1) with the given initial value zy,,. O

Note that under the assumptions of Theorem 3.4, all solutions must be bounded.
For any solution we use its value z,, as the initial value in Theorem 3.4.
Now we provide an example where the assumptions of Theorem 3.4 are satisfied.

Example 3.5. Let m =5, fi ,(z) = a; ,& with a;,, = (=1)"""/(i + n)?. Note that

5 5
5
Al =il <X leinl < G (3.9)

which satisfies the assumption in Lemma 3.3. Then

ﬁ|1+Ai|§Tﬁ <1+(i+51)2> —p.

i=ng i=ng

To estimate p we use that In(1 + z) < z for x > —1.

n—1 5 n—1 5
)= m (14 ) < X G

</5dx<5(1—1><5.
—J 22~ \ng n) " ng
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Therefore,
n—1

T 11+ Al <exp <5> (3.10)
no

i:n()
which indicates that (3.5) is satisfied. Using (3.9) and that h; ,, < 4, we have

L+hie—1 m

Zm > Ylawl< g >)

By (3.10),

8 ien(0) < on (2) £ i< T o ()5

In the above inequality we used integration from ng to n, as for (3.10). Finally for
ng = 5 the above expression is less than 1, and (3.4) is satisfied. Then by Theorem 3.4,
for each initial value ,,,, there is a unique solution.

4. OSCILLATION OF ALL SOLUTIONS TO (1.1)

Li [13] used elaborate estimates to obtain the oscillation of solutions to

m
Ty — Tp—1 = E Qi nTn+h;-
=1

Here, we use simple estimates to obtain conditions for the oscillation of all solutions
o (1.1). Then we compare our conditions with those in [13].

First we extend a result in [5] from an equation with single and constant advance
to multiple and variable advances.

Theorem 4.1. Assume (H1) and

2 < min inf h;, =: ho, (4.1)
1<i<m 1<n
- 1 1 \ho-t1
hnrr_l){gf;ai’n o (1 — h—o) . (4.2)

Then every solution of (1.1) is oscillatory.

Proof. We assume that there is an eventually positive solution {z,} of (1.1) and
obtain a contradiction. The proof for eventually negative solutions is similar and is
omitted. Let x,, > 0 for all n > ng. From (H1) we have

m

Tptl — Tn = Z Qi nTn+h; - (43)
=1
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By (H1), {#y,} is a non-decreasing sequence; thus @, 44, < Tpin,,,. Let 7 = T /Tpy1.
Then 0 < r,, <1 for all n > ng. From (4.3) we have

- 1
1—r,> g Qin , for n > ng.
=1 Tn4+1Tn4+2 ***Tn—1+hg

Let ¢ be the average between the two sides of inequality (4.2). Then
1

1—r,>c .
Tn+1Tn+2 " rn71+h0

Let v = sup,,>,,, 7n- Then 0 <y <1, and taking the infimum over n, in both sides,

we have 1 — v > ¢/7" =1 which implies

(L=t >c

The left-hand side attains its maximum when v = (hg — 1)/hg. Therefore

1 (1 1 )ho—l >0 ) ho-1s oo 1 (1 1 )h()fl
—(1—— — c>—(1—— .
ho ho =T rre o =em s ho

this contradiction competes the proof. O

Theorem 4.2. Assume (H1), (4.1), and

lim SupZai,n > 1. (4.4)

n—oo 4
=1

Then every solution of (1.1) is oscillatory.

Proof. We assume that there is an eventually positive solution {z,, } of (1.1) and obtain
a contradiction. The proof for eventually negative solutions is similar and is omitted.
As in the proof of Theorem 4.1, we divide (4.1) by z,41 and let r, = /@, 11. Since
0<r, <1 we have

1

Tn4+1Tn+2 " Tn—1+4hg

m
> Zai’" for n > nyg.

m
1>1—17r, ZZai,n
i=1 i=1

This contradicts (4.4) and completes the proof. O

We remark that condition (7) in [13] and condition (4.4) here are independent of
each other. Our values a;,, and h;,, correspond to p;(n) and k; respectively in [13].
Let fin(x) =a;nz, m =1, h;, =2 and

pi(n) = Qjn =

3/2 if n is a multiple of 3,
0 otherwise.
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When p;(n) = 0, the summand in (7) is zero. When p;(n) # 0, the terms q1, qa, . . .
are zero in (7); thus the summands in (7) are zero. In both cases (7) is not satisfied
while (4.4) is satisfied.
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