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Abstract. In this paper, dynamic response of non-prismatic elastic beam resting on elastic
foundation and subjected to moving distributed masses is investigated. To obtain the solu-
tion of the fourth order partial differential equations with singular and variable coefficients
governing the motion of the structural member, an elegant mathematical procedure involv-
ing the Mindlin and Goodman's technique, the generalized Galerkin method and the asymp-
totic Struble's technique with the series representation of the Heaviside function. Various
results obtained from the analysis of the closed form solutions are presented in plotted
curves and fully discussed.
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1. Introduction

The problem of assessing the dynamic response of a structural elements (beam
or plate) which supports moving loads is fundamental in the analysis and design of
high way and railway bridges and as such this problem continues to attract the
attention of research engineers in the field of civil, mechanical, aerospace, transport
engineering and related fields [1-16].

In most of the existing literatures on dynamics of structures under moving
loads, the vibration, analysis of elastic beam with uniform cross-section under the
passage of moving loads are commonly investigated. In particular, both moments
of inertia / and mass per unit length x of the beam are most often assumed not



78 B. Omolofe, A. Adedowole

varying with spartial coordinate x along the span of the beam. In recent years, such
important engineering problems as the vibration of turbines, hulls of ships and
bridge girders and so on, involving the theory of vibration of structures of variable
cross-section have intensified the need for the study of the response of non-uniform
elastic systems under the action of moving loads.

In most of the studies available in literature, see for example [17-30], the scope
of the problem of assessing the dynamic response of a structural member under the
passage of moving load has been limited to that of the beams with uniform cross
section. Studies on the behaviour of non-prismatic elastic beam under the passage
of moving load are not so common in literature. In few studies where non-uniform
beam problems have been considered, the moving loads have been idealized as
point-like. The problem of flexural vibration of non-uniform beam under moving
loads was treated by Kolousek et al. [30]. They used normal-mode analysis to treat
structure-load interaction problem. Much later, Oni and Omolofe, [31] investigated
the dynamic behaviour of non-uniform Bernoulli-Euler beams subjected to concen-
trated loads travelling at varying velocities. In their study, they obtained analytical
solution of the equation describing the motion and general behaviour of the vibrat-
ing system. Their result shows that for all variants of classical boundary conditions,
the displacement of non-uniform Bernoulli-Euler beams subjected to concentrated
loads travelling at varying velocities and transverse by moving masses decreases,
as the values of both the foundation moduli and rotatory inertia correction factor
increase. These works though impressive, the moving load involved in the govern-
ing equation of motions were model as concentrated load.

However, in engineering practice moving loads are most often in the form of
distributed mass over a small segment of the entire length of the structural member
as the traverse the structure rather than that of moving lumped mass [32, 33]. When
the moving load is distributed, the problem of investigating the load-structure
interactions becomes much more complicated. Thus, to study the dynamic charac-
teristics of such dynamical systems to the degree of acceptable accuracy required
and also for practical purposes, it is useful to consider elastic structural members
subjected to moving distributed loads.

Thus, this work therefore concerns the problem of the dynamic response of non-
uniform elastic having time dependent boundary conditions and under the action of
moving distributed. Analytical procedures to obtain the solution of the governing
equation will be developed and the effects of some vital structural parameters will
be investigated.

2. Mathematical model formulation

Consider an elastic beam with a variable cross-section resting on elastic subgra-
de and carrying a mass M as shown in Figure 1. The beam properties such as the
moment of inertia /, and the mass per unit length of the beam u vary along the

span L. The mass M is assumed to strike the non-uniform beam at # = 0 and travels
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along it with a constant velocity type of motion. The flexural motion of
this vibrating system, is governed by the fourth order partial differential equation
given as

Ea—[l( )az(“ } u(x) 220 Z(“ 0 {y(x)RoM}+KZ(x,t)

ox’ Cox oxor®

2 2 2
- MgH(x—ct)—MH(x—ct){a Z(f’t) +20a Z(x.1) +c? 0 Z(f’t)}
ot oxot ox

M

where: x - the spatial is coordinate, ¢ is the time, Z (x,t) is the transverse dis-

placement, EI (x) is the variable flexural rigidity of the structure, Ro is the rota-
tory inertia correction factor, K is the foundation stiffness and g is the accelera-
tion due to gravity, ¢ is the constant velocity of the motion. [/ (x) and ,u(x) are
variable moment of inertia and beam mass per unit lenght respectively.

A

—> travelling mass M

—>X

> foundation reaction K

L

Fig. 1. Schematic diagram of non-uniform beam carrying uniformly distributed loads

Adopting the example in [6], / (x) and ,u(x) take the forms,

I(x)=1, (1+sin%} , ,u(x)z,uo(1+sin%j 2)

where /, and y, are constants.

The boundary conditions of the above equation (1) are taken to be the time de-
pendent, thus at each of the boundary points, there are two boundary conditions
written as

N[z(0.0)]=a(r) i=12 N,[Z(Lt)]=q,(r) i=34 3)

where N, are linear homogeneous differential operators of order less than or equal

to three.
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For instance, if the elastic beam is considered to be simply supported at both
ends x = 0 and x = L then,

o’ 0’
zg,]\/}:l and N4=— (4)

2
X

N, =1, N,

The initial conditions of the motion at # =0 are specified by two arbitrary func-
tions. Thus,

8Z(x,0)

Z(x,t)=Z,(x) and >

= 7,(x) ©)

Substituting equation (2) into equation (1), after some simplifications and rear-
rangements, leads to

‘7
E4]0[2(10—6«;052’;‘+15sin’f‘—sm3’”‘]a (x”)}r

L oxt

24zx . 27x zx . 27x 6r  27xx\OZ(x.t)
+ sin ——+ 30— sin —— ——cos —— S
L L L L Ox’
247 2zx 15zx . mx 9x'x . 3zx )\ O°Z(x.1) . mx )0 Z(x,2)
S COS—— ————sin S—sin— -+ 44y | 1+sin— S
L L L L L L Ox L ot
0'Z (x,t 87 (x,t 0*Z (x,t 0°Z (x,t 0*Z (x,t
(l+sinﬂj 2()67)—£cosE (x, ) +MH (x—ct) (x )+20 (x )+c2 (ic )
L) oxorr L L oxor

or axor o’
+KZ (x,1) = MgH (x—ct)

(6)

2.1. Operational simplification

The initial boundary value problem (6) consisting of a non-homogeneous partial
differential equation with a non-homogeneous boundary conditions is transformed
to a non-homogeneous partial differential equation with a homogeneous boundary
conditions, using the Mindlin and Goodman [34]. In other to solve above initial

boundary value problem, we introduce the auxiliary variable U (x,t) in the form

z(x,t)zu(x,t)+ila,(t)g,.(x) %

Substituting equation (7) into the boundary value problem (6), transforms the
latter into a boundary value problem in terms of U (x,t). The displacement influ-

ence functions g, (x) s are chosen so as to render the boundary value problem in

terms of U (x,t) homogeneous. Equation (6) in view of equation (7) after some
simplifications yields
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El, 2(10—6cosh—x+155inﬂ—sin3ﬂ—x) u” (x,t)+6—ﬂ(4sin2ﬂ—x+SCOSE—COSMJ)U”’(JCJ)
4 L L L L L L L

37° 2xx X 3rx X -
+——| 8cos—— —5cos— —cos—— |U"(x,t) + 1+sin— |U (x,t
e Beos T2 scos T —cos T2 () 1500 |0 ()

& . ax 9 mx __ax 8 | o o o
—ILI()R0|:axz+SlnLaxz‘l’LCOSLaxj|U(.X,t)+MH(.X—Cl)|:at2+2C‘axat+c2axzj|U(.x,l‘)+KU(X,f)

4
=MgH (x—ct)-) ﬂf(t) 10~ 605225 1 155in % — sin ST g’ (x) |+
o4 L L L
2
97 4sin 27X 1 S c0s T~ cos SEX g,”’(x)Jr3LZ 8cos 2 5c0s T — cos ZX g/(x)
L L L L L L L L

+u,f, () (1 +sin %j g (%)= w1, (1) (gl”(x) + gl”(x)sin% +g (x)%cos%j

+ MH (x - et)[ /(1) g, () + 26/, (1) &/ (x) +¢2 (1) £/ (x) ]+ K7, () &, (%) ]) (8)

where over-dot represents the derivative with respect to time and the prime repre-
sents the derivative with respect to spacial coordinate. The expression in equation
(7) must satisfy the boundary conditions in equation (3); consequently, we have

N, [U(O,z‘)+mZ:a, (1)U, (2 (0))}:@. (1) i=1.2
N, {U(L,t) + mz;a (U, (g (L))} =a(r) i=34 )

Substituting equation (7) into the initial conditions (5), one obtains

2(x.0)=U (x.0)- Y a (0)g, (x) @=§U(x,0)—gd, (0)g,(x) (10)

i=1

By Mindlin-Goodman method in [34], the boundary condition (9) and (10) in
terms of U(x,) can be made homogeneous if the functions g, (x)s are chosen

such that sixteen conditions given by

N,[g(0)]=5, i=1.2 j=1234and N,[ g (L)]|=6, i=3.4 j=1234 (1)

where 5, :{f 1% (12)
‘ 5 =7

is the Kronecker delta j, are satisfied.
Using equations (11) in the non-homogeneous boundary conditions (9) and (10)
one obtains the homogeneous boundary conditions.

N [U(0.t)]=a,(f) i=1.2  N,[U(Lt)]=a,(t) i=34 (13)
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This dynamical system problem now reduces to that of solving the non-
homogeneous partial differential equation (8) subject to the homogeneous bounda-
ry conditions in (13) with the non-homogeneous initial conditions (10).

3. Solution procedure

This section seeks to obtain the solution of the transformed fourth order partial
differential equation having some coefficients which are not only variable but are
also singular. A general approach is developed in order to solve the initial value
problem. The approach involves the use of the technique called generalized
Galerkin method and the expression of the Heaviside function as a Fourier sine se-
ries to transformed the governing equation of motion. The transformed equation is
further simplified using a method called Struble’s asymptotic method.

The generalized Galerkin method requires that the solution of equation (8) be of
the form

U, (x.1)= iym ()X, (x) (14)

where X, (x) is chosen such that the pertinent boundary conditions are satisfied.

Thus, substituting equation (14) into equation (8) after simplifications and rear-
rangements, leads to

El 27 37x v

40[2(10 6COST+ISSIHT_SI )]ZY ()X, (x)+
or 2T 3zx ”

+T{4smT+5cosT—cos—} ZY ()X (x)

2

3; (SCOS%—SCOST—cos—jZY (f)X”(x)Jf#n(HsmszY ()X, (x)

+

_zﬂn O[X (x)+X”(x)smT+X'7cos7]Y (£)+ MH (x- ct)Z{YX (x)+2cg—y X,
+czaa7ym (t)Xr’ﬂ’}+KZ=:Ym (1) X, (x)
= MgH (x—ct) - Z[ °f(z){[1o 6cos27+15sm7_sm3ﬂj ()}

cos zﬂ— 5cos X - cos3ﬂ "(x)
L L L &

") (t)[l+sm7jg, (x)= sy (t)[g!’(X)+gz (sin "+ g (")7“’8%)

+MH (x—ct)[fl (1)g (x)+ 2¢f, (1) g/ (x)+*f (1) g (x)]+Kf, (1) g, (x)) =

67 2z X "
+—| 4s 1n—+5005——cos— g/(x
L L L

(15)
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In order to determine Y, (¢), it is required that the expression on the left hand
side of equation (15) be orthogonal to function X, (x). Thus, multiplying equation
(15) by X, (x) and integrating from x = 0 to x = L with respect to x, one obtains

m=1

Zn:|:El (m.k)+E,(m.k)-R, EE3 (m.k)+E, (m.k) +%E5 (m,k))}};m (2)
+{f/‘1:)(|:10E6 (m,k) +15E, (m,k) —6L; (m,k) -k, (m’k)] +6T”|:6E10 (m’k) +5E, (m,k) — L (m,k)]
) (8,085,000 | £ )1, 0)

+#M0[E15 (), (1) + 2¢E, (m k)T, (1) + 2y (mk) Y, (1)] -#ﬂoxk (ct)
+[B,(1)- B, (1) + B, (1) +B,(1)+B,(1)- B, (t)+ B, (t)— B,(t)+ B, (1)
+B,(1)+ B, (1)~ B, (1)~ B, (1)~ B,(1)+ B, (1)~ B,(1)+ B, (1)+ B, (1) | =

(16)
where E, (m,k),i=12....... 16 are listed as follows:

B(t)—IOE[°Zf(t)Ig ()X, (%) de(t)—6E]”Zf(t)Jcos g (¥}, (x)dx

Hy = Hy =1

B.(1)= 15Ej”;f(t)_[51n— (), (e, B, (1) = f;“Zf(tISIn—g (X)X, (x)x

0 i=l

B()—2E] ”Zf t)_[sm—g”(x)Xk (x)dx, B, (t)= 30E] ”Zf )_[005* TG0, (x)x

B 6EI V4

g 4,Uo LZﬁ(’J.COSigI(x)Xk( )

i=1

> 0 sin ™ 10, (ekis

0= zjfj (2] 3 A0 cos 2 o b
B(1)= 15EI( jz 4
B,(t)=

2L 23 10 2 b o

i=]

Zfl(t)_[gl(x)Xk x)dkx, By )=§J;1(t)_[5in%g1(x))(k(x)dx’
RS 7 0] 2, (), (e

i=1
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4

B.0)= 1,3 (05 52 (5)8, (5)a 8,00 R 730 os = 0 (o

i=1 0 =1

B,(0)= ﬂM f(t)fo ur)g, (<)Y, (x)dv, B, t)_zjf ;H(x ut)g! ()Y, (x )
B,(1)= CAlelf(t J x—ut)g/(x)X, (x)dx, B,(1) =50 > ,(z)jg,(x)x,,(x)dx (17)

Since our beam has simple support at both ends x = 0 and x = L, we therefore
choose the function;

X, (x)=

. AX
L(x) = sm% and X, (ct) =
and the frequency equations as
sin 4,,x = sin 4, x, hence, 4,x = A4x (19)
Expressing the Heaviside function in Fourier sine series thus gives,

) 1 2 1 _
H(x—ct):i+%z_;sm( n+l)z(x—ct)

2n+1

(20)

4. Solutions of the transformed governing equations

This section seeks the solution to the transformed equation (16).
Substituting equations (18), (19) and (20) into equation (16) and after some
simplifications and rearrangements yields.

n

ZHDI +R°(’"Lﬂ) D ]y (0)+ 5 m RV, )+ (N O, )+ Ny 0, () + N0, )]

m=1

= ;A;[iL( coszzk+cosij [,(t)- B,())+ B.(c)+ B.(t)+ B, (1)~ B,())+ B,(c) - B,(1)+ B, (¢)

+B,(t)+B,()- B, (t)- B,(t)- B,(t)+ B,(t)- B,(t)+ B,(t)+ B,(¢) ]= 0
(21
where:

1 Ik 2UL[1+m” — K ]

PR 2 | b-ine 2 | @)
2 ﬂ[l—(m—k) }[1—(m+k)] o L[D ﬂ[l—(m+k) J[l—(m—k)]
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o EL (mzY |, 60mkL L 3mL 12mkL
ﬁ"{mh){” (k) -Gk L ﬁ[l_(m_ky][l_(my]]

3(”)* 60KL[ 1+m” — k| 12kL[ 6+ m® = k* |
+m’ | — | | —6kL —
L ﬁ[l—(m—k) J[ (m+k)} [1—(m—k)211—(m+k)2}

o (ZT AL 60kL . 108mkL LK L}
L w[1=m-k) 1=(me k) | z[o-(m-k)J[90-(m+h) ]| # 2
(23)
N, (1) = {£+ i [(Zn +1) 0 [(—l)ml cos(2n+1)xrL -1 ~ (—l)m_l cos(2n+1)zL - lﬂ cos(2n+1)zct
1 8 (

27 | (@nenaL) ~(ne k) (@ueaL) (moky )| 2001

m=1

_Z":{(2n+l)L2 sin(2n+1)ﬂL[( (-0 B (-0 ﬂsin(2n+l)7rct

27° @n+)zL) —(k-m) ((2n+1)7L) ~(k+m) 2n+1

m=1

(24)
_2emzx L | L (k+m)(—l)k+msin(2n+1)7rL+(k—m)(—l)k_"'sin(2n+l)7rL
N. (1) I {27[( k) ZLZ[ (@n+1)L) ~(m+k)y (2n+1)L) —(m—k) ”

cos(nerer ¢ {L[(k—m){(—l)km cos(2n+1)nL—1}_(k+m){(—1)"*”’ cos(2n+1)ﬂL—l}ﬂ
| 277

il (2n+1)L) - (k-my (@n+1)L) = (k+m)

m=1

(25)

sin(2n +1)zct
(ST )
2n+1

(2n+1)L
27

n=l

ol s

(=)™ cos(2n+1)wL-1 (=1)"" cos(2n+1) ﬂL—l]] cos(2n+1) et
(2n+)L) —(m+k)  (2n+1)L) ~(m—k)’ n+1

(2n+1) P sin(2n+1) 7L
27

1)1. —m
> —

(- (=)™ J]sm(ZnH)ﬂct
(2n+)L) ~(k=m) ((2n+1)L) ~(k+m)’ 2+l

(26)

At this juncture, it is pertinent to obtain the particular g, (x) that ensure zeros

of the right hand sides of the boundary conditions for simply supported beam. In

view of equations (11), the g, (x) are obtained for simply supported elastic beam
with time dependent boundary conditions as,

L | L
g (x)=1-7. g (x) =T+ T g (x) =T and g, (x) =" @7)

it is only necessary to compute those g, (x) for which the corresponding a,(7) do
not vanish. Thus, we need only g, (x) and g,(x) for our boundary displacement

functions a, (¢) and a, (¢). In view of equations (27) above
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B,(t)=B/(t)=B,(t)=B,(t)=B,(1)=B.(t)=0 (28)
while,
.. . . 1
B, (t)=ad, (1) J, +(d (t) - &, (t))z J,
.. .. .. 1
B, (t)=a (1) J, +(d (1) - G, (t))zJ4
1 .. ..
B,(t)=R’ —7s (d (1) - d (1)) (29)
sin(2n + l)ﬂct = cos(2n + 1)7zct .. ..
B (t)="= i el el _
Bl e LV CORLD)
Jy _Lz cos(2n + 1)zt J +l & sm(Zn +1)z t (30)
4 7l 2n+1 s T 2n+1 ’
B0~ 24 [coskr -0 Jar()-0) B0=2 b+ 2 lasl)-a) G
Mok L Ho Lyt
where
. km f kmx ook
g1 =Isin—dx> Jy =Ixsin—dx’ J3 =Isin—sin—dx
L 0 L 0 L L
r m . kmx t o km r kmx
Jy= Ixsin—sin —dx>Js = jcos—sin —dx>Jg = Isin(2n+ 1)7x sin ——dx
0 L L 0 L L 0 L

L L
Jg = Isin(2n+ l)ﬂxsin kdex > Jq = cos(2n + l)ﬂxsin kdex > Jg = Ixsin(2n +1)mxsin kdex >
0

0

Jg =

O'—.F< O ey I~

X cos(2n + 1)7zx sin dex > (32)

Substituting equation (28) to (31) into equation (21) after some rearrangements
and simplifications, one obtains,

3[40 (rak) ()4 4 (mk) ()23 ), 3, (), ()0,

_ Mgl
Lok

(33)

(—cos;zk+cos—j [F () +FE(0)+F ( t)+]+£[F F(t)+F7(t)]
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where:

7, (m.k) - D+R0(LJD F(1)= dl(t)L{ﬂ+%} G4)

krm
. . L(-1)" 4KL Ro2k
Fz(t)—(a3(t)—al(t))L{ or ﬂ_z(l_k)z + 7 (1-k) }

Fy()=q, (t)L/[i—oi{H(—l)k”} (35)
F(0)=(a () -a, (r))%ﬁ% (36)

o L kel = kL —l)k cos(2n+1 7L — 1 sin(2n+1 77C

FS(t)_f‘(t){M( { 1) } ;_2{( ((2n+1)L)2 _)Lz } 2n+1) t

= kL {(— 1) sin(2n + 1)7L - 1}cos(2n + 1)t

+Z;? (n+1)Ly -1 2n+1 } 7

21 L {(—1)"sin(2n+1)7zL}+{(—1)"cos(2n+1);rL}
2r | [Cne)L-k]x ([(2n+1)L-k]x)
i {(=1)"sin(2n+1) 7L} ) {(-=1)" cos(2n+1) 7L} | cos(2n + 1) et
[((2n+1)L—k]x ([(2n+1)L_k],,)2 2n+1
e 1 | {1-(-1) cos(2n+1)7Lf . {(-)'sin(@n+ )7L} {1-(-1)" cos(2n+1)7L|
[((2n+1)L—k]x ([(2n+1)L_k],,)2 [2n+1)L+k]x
_{(‘l)kSin(zn“‘1)”L}]cos(2n+l)7rct}

([(en+1)L+k]x) 2n+1

F (1) =(£(1)- fl(r)){

(38)

n=l 272-

F(t)= (]’3 ()- A (t))i—c(—coskﬁ +cos kzd) (39)

T

Equation (33) represents the transformed equation of the non-uniform elastic
beam simply-supported at both ends and having boundary and initial conditions
which is time dependent. In what follows, we shall discuss two special cases of the
equation (33) namely; the moving force and the moving mass problems.
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4.1. The moving force load-beam interaction problem

By setting £ =0 in equation (33), an approximate model of the governing dif-
ferential equation describing the response of a non-uniform, elastic beam traversed
by a moving force would be obtained.

Thus, setting £ =0 in equation (33), yields

¥+ 72, (mA)Y, (1) = AOL(—coskﬂos"iij—ﬁiJ[f; ()4 F, (1)+ F, (1) + £, ()] (40)

where,

2 _ ﬂl* (m’k) _ Mg
A e B R g

Now, one considers a beam whose end x =0, (say) is subjected to a sine-wave
(undamped) transient displacement, starting from rest and the other end x=1L, is
subjected to a damped sine wave transient displacement starting from rest. Thus,

£, (t)=BsinQs and f, ()= A" Bsin Q« (42)

(41)

where A, B are amplitudes, Q is the frequency and [ is a parameter. Substituting

a,(t), a,(¢t) g (x) and g, (x)in the initial conditions (5), one obtains

0Z(x,0) _

Z(x,0)=0 and Py

o) (43)

When equations (42) and (43) are substituted into (40) after simplifications and
rearrangements, one obtains

. krx

Y ()+y2, (m k)Y (t)=AL| —coskr+cos—— |+
W () + 70 (mK)Y, (1) = 4, ( cos k7T + cos ; ) (44)
+JF, sin Qt + JE, 0" sin Qt + JF, (™" cos Qt

where,

SR B ey L ) R S G A A
plmb[ k2 ROk 7 (-8 | ws)

+£é{(—l)k+ll—l—(—l)k“}}

Hy

1 L(-1)"" 4k 2kRo
JF, =——2Q - 46
e { kr 2(1-k) 7 (1%)} o
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By (m.k k. 2(1-k) # (1-k) kx

=) )[(ﬂ2_g){L( DT A 2kRo } K () )k”J @

Using the integral transformation technique to treat (47) in conjunction with the
initial conditions (5) gives,

Y, (1)= 1

1

AL Jj . Q .
2 k){coskt cosymf} (,,;—ngcz){smgt_]/_wsmymft}

(48)

t——({Sfoot + S By stt+[Jf10q3 +Jf9q4ﬂ+ q0{1+( )k+l}]sin7/m/t

Vo

_ COS T
+{Jf0@.B— Jfsqy } 08y, t +{Jfoq, — Joq, B} U7 cos Qt + A ——

m

{cos Vgt = 1}
which when substituted into equation (14) gives

U(x,t)= Z{( ) (coskt—cosy, 1)+ (}/ZJ—{gkz)[sin Qr- %sin er"]

mf

+

{(waql +Jfyq,B) U sinQt + (meq +J5,q.8 + {1 +(- )k+l }j sin }/mft} (49)
mf 10

+{Jf00,8 — I, cos .t +{Jfoq, — Jfsq, B} " cos Qi

coskrmr . Ax
+A ———cosy .t—1;|-| sin—=2—
s {cos7,, }M Lj

m

where

k, =%, 0 =(Q, + Q"+ f) -4 Q. q,=(Q, -+ ).
q, 2_27me’ q; :I:ﬁz_ymf"'g]a q4 z(ymf"'gz"'ﬁz) (50)

But from equation (7) we have
Z(x,0)=U(x,1)+ Za 1)g, (x) (51)
Consequently,
Z(x,0)=U (x.t) +sin Qe + (07" — 1)%sin Q (52)

Equation (52) represents the dynamic response to moving distributed forces of
non-uniform elastic beam whose two simply-supported edges undergo displace-
ments which vary with time.
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4.2. The moving mass load-beam interaction problem

If the mass of the moving load is commensurable with that of the structure the
inertia effect of the moving mass is considered not negligible. In this case, & # 0
and the solution to the entire equation (33) is required. Thus, we resort to the
asymptotic Struble method of extensively discussed in [5, 7]. To this effect, equa-
tion (33) is rearranged to take the form,

PN 1) B (ALY R )
z{m) (k) + 20,0 (ﬂJ(m’k)”Nn(f))Ym}

: [gl(-cosmcos"fj—a”(r)-F;a)-F;(z)-F:(z)+a(r)m(z)m(t}

m=1

3 (m, k) + &N, (o)) ke
- (53)
E"(f)=iﬁ(f)£%{#+%}a
FO=(50)-7 <f>>L%{L(;? - TS }
B O£ 018 e ) LR 0-(n 0o e C s

and F;(t),F,(r),F,(r) are as defined in equations (37), (38) and (39).
By Struble technique, the LHS of equation (53) is simplified to take the form

Y, (t) + 7o (m.K) Y, (1) =0 (55)
where

(cm;r)2 + (L;/mf )2
16Ly,, 3, (m.k)

is called the modified natural frequency representing the frequency of the free sys-
tem due to the presence of the moving mass, thus, in view of equation (55), equa-
tion (53) becomes,

T

R0+ 7m0 ol -costrveast 700 01010+ 10+ 0 0]
(57)
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Solving equation (57) above again using integral transformation technique in
conjunction with initial conditions (5), the expression for Y, (t) is obtained and
substituted into (14) and consequently, one obtains

Z(x.0) =U (x.0) +sin Qe + (07 - 1)%sith (58)

Equation (58) represents the dynamic response to moving distributed masses of
the non-uniform beam whose two simply-supported edges undergo displacements
which vary with time.

5. Discussion of the analytical solutions

Occurrence of a resonance phenomenon is investigated in this section. Equation
(52) clearly shows that the simply supported elastic beams transverse by a moving
force will be in state of resonance whenever

mirc
Y =77 (59)

While equation (58) shows that the same beam under the action of moving mass
experiences resonance effect when

Vom == (60)

From equation (56)

(cm;r)2 + (L)/mf )2

Ve Vor =4 ; (61)
4 16Ly,, B, (m.k)
This implies
Vg = L (62)
f 1-A (emm )2 + Ly
16Ly,, /3, (m.k)

Evidently, from (59) and (61), for the same natural frequency, the critical speed
for the system consisting of a simply supported elastic beam on a Winkler founda-
tion and traverse by moving distributed force with uniform speed is greater than
that of moving distributed mass problem. Thus, resonance is reached earlier in the
moving mass system than in the moving force system.



92 B. Omolofe, A. Adedowole

6. Numerical calculations and discussion of results

In order to illustrate the foregoing analysis and results obtained for the dynam-
ical system in discussion, a simply supported non-uniform beam of length
L =12.192 m is considered. It is assumed that the mass travels at the constant
velocity ¢ = 8.123 m/s. Furthermore, the value for £ is chosen to be
2.109x10° kg/m’. For various values of the foundation moduli K, and the rotatory
inertia correction factor Ro , the deflections of the simply supported beam are cal-
culated and plotted against time ¢.

Figures 2 and 5 display the effect of rotatory inertia correction factor Ro on the
transverse deflection of the simply supported beam in both cases of moving force
and moving mass respectively. The graphs show that the response amplitude de-
creases as the values of the rotatory inertia increases for fixed values of the founda-
tion moduli K = 4 000 000 N/m”.

Also, Figures 3 and 6 show the deflection profile of the simply supported beam
for moving force and moving mass respectively for various values foundation
modulus K and for fixed value of Ro =5. It is shown from the figures that as the
values of K increases the deflection of the beam decreases. Figure 4 displays the
transverse displacement response of a simply supported non-uniform beam with
time dependent boundary conditions under the action of distributed forces for vari-
ous values of position coordinates x and for fixed values of foundation modulus
K =4000 000 and rotatory inertia correction factor Ro = 5. The figure shows that
as position coordinates X increases, the dynamic deflection of the non-uniform
beam increases.

Beam Displacement (m)
o
o)

-6.00E-02

Fig. 2. Deflection profile of a non-uniform simply supported elastic beam to moving
force for different values of rotatory inertia Ro fixed values of foundation modulus
K=4000 000
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Fig. 3. Transverse displacement response of simply supported non-uniform elastic beam
under a moving force for various values of foundation moduli K and fixed value rotatory

inertia Ro = 4
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Fig. 4. Deflection profile of a non-uniform simply supported elastic beam under moving
force for various values of load position x
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-4.00E-03 |

-6.00E-03

Fig. 5. Transverse displacement response of simply supported non-uniform elastic beam
under a moving mass for various values of rotary inertia Ro and fixed value
of foundation moduli K =4 000 000
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-1.00E-02 -

-1.50E-02

Fig. 6. Transverse displacement response of simply supported non-uniform elastic beam
under a moving mass for various values of foundation moduli K and fixed value rotatory
inertia Ro = 4
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Fig. 7. Deflection profile of a non-uniform simply supported elastic beam under moving
mass for various values of load position x
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Fig. 8. Deflection profile of a non-uniform simply supported elastic beam under moving
mass for various values of the mass ratio
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Fig. 9. Comparison of the deflection profiles of the moving force and moving mass
models for fixed values of foundation moduli K =4 000 000 and rotatory inertia Ro = 4

Similarly, Figure 7 displays the transverse displacement response of a simply
supported non-uniform elastic beam with time dependent boundary conditions un-
der the action of distributed masses for various values of position coordinates and
for fixed values of foundation modulus K = 4 000 000 and rotatory inertia correc-
tion factor Ro = 5. The result shows that as position coordinates x increases, the
dynamic deflection of the non-uniform beam increases. For various traveling time
t, the deflection profile of the beam for various values of mass ratio and for fixed
values of foundation modulus K =4 000 000 and rotatory inertia correction factor
Ro =5 are shown in Figure 8. It is observed that as the mass ratio increases the
deflection of the vibrating beam increases. Figure 9 compares the displacement
curves of the moving force and moving mass for a simply supported beam with
foundation modulus K = 4000000 N/m’ and rotatory inertia correction
factor Ro = 5.

7. Concluding remarks

The problem of transverse motion of a non-uniform beam with time-dependent
boundary conditions when under the actions of travelling distributed masses has
been scrutinized. The Mindlin and Goodman’s technique is first applied to trans-
form the governing non-homogeneous fourth order partial differential equations
with non-homogeneous boundary conditions into non-homogeneous fourth order
partial differential equations with homogeneous boundary conditions. The resultant
transformed equation is further treated using the versatile the generalised Galerkin
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method with the series representation of the Heaviside function and a modification
of asymptotic Struble method. Analytical solutions of the governing fourth order
partial differential equations with variable and singular coefficients of the struc-
ture-mass interaction problem are presented. Illustrative example involving a vari-
able cross-section slender member with simple supports at both ends is presented.
The solutions hitherto obtained are analyzed and resonance conditions for this dy-
namical beam-mass system are established. It is found that as the values of founda-
tion subgrade K increases the deflection of the beam decreases. This is also true for
all other beam parameters used in this work. The higher the value of the mass ratio,
the larger the deflection of the beam. This is also true of the load position. Various
results obtained in this study are in perfect agreement with existing results in litera-
tures are quite useful in design engineering and other related fields.

Nomenclature

E [N/m?]  Modulus of elasticity
U (x) [kg/m] Beam Variable Mass per unit length

Ro [m] Rotatory inertia correction factor
M [kg] Mass of the moving load

g, Displacement influence function
® Differential operator

Y, (1) [m] Unknown function of time

L [m] Length of the beam

[ Modified natural frequency

1 (x) [m*] Variable moment of inertia

Z(x,t) [m] Beam displacement

K [N/m’]  Foundation stiffeness

C [m/s] Speed of the moving load

S, Kronecker delta

¥, Beam modes

g [m/s’]  Acceleration due to gravity

7;,» [Hz] Natural frequency

X, (t) Normalized deflection curves for the i" mode of the vibrating beam
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