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UNIVERSAL EQUATIONS FOR PYTHAGOREAN
AND SAUTER-TYPE FORMULAS

OF MEAN VALUE CALCULATION AND CLASSIFICATION
OF THE EXTENDED PYTHAGOREAN MEANS

Jan DRZYMAŁA*
Wroclaw University of Science and Technology, Laboratory of Mineral Processing, Wybrzeze Wyspian-
skiego 27, 50-370 Wroclaw

Abstract: A general equation, combining the Pythagorean and Sauter-type formulas, which can be used
for calculation of a mean of a set of values is given and discussed in the paper. A classification of means,
forming the Extended Pythagorean Means family, including power (arithmetic, geometric, quadratic,
cubic, etc.), inverted power (harmonic, inverted quadratic, inverted cubic, etc.), and Sauter-type (volume-
surface, volume-length, etc.) is presented. The calculated means, depending on their type, are different.
Formulas for calculating mean values for a set of values treated individually, in groups and as a fraction
(weighted mean) are also given.
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1. INTRODUCTION

In very often there is a need for calculation of the mean value, especially when one
deals with poly-dispersed in property particles, air bubbles and droplets. In such
a situation, there is a question which formula should be chosen for the mean value
calculation. The possible number of formulas of mean size is great (theoretically infi-
nite) (Bullen 1990; 2003). However, it can be significantly narrowed to the so-called
Pythagorean and Sauter-type means, which are simple, universal, meaningful and used
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in practice. The main Pythagorean means are geometric, arithmetic and harmonic
(Bullen 2003) while the Sauter-type means (Sauter 1926; Pacek et al. 1998) form an-
other broad family of means. In this paper the Pythagorean and Sauter-type means
were combined into one mathematical formula called the Extended Pythagorean
Means and the generated means were classified. The created general formula can be
used for generating specific equations for determination of mean values of different
properties of particles, bubbles and droplets including size and for instance mean spe-
cific rate of a separation process.

2. PYTHAGOREAN FAMILY OF MEANS

The generalized mean, also known as the power or Hölder mean (Stolarsky 1996), is
an abstraction of the Pythagorean quadratic, arithmetic, geometric and harmonic
means. It can be used for a set of n positive values di. The general mathematical for-
mula for the Pythagorean means is (Wikipedia 2017):
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where dx is the mean value. The values are numbered i = 1, 2, 3, ..., n., and x is a char-
acteristic number for a specific type of mean. Equation 1 can be used for generating
different means, including geometric, harmonic and arithmetic. To do that, an appro-
priate value of x, taken from Table 1, should be used.

Table 1. Values of x needed for calculation
of specific Pythagorean means based on Eq. (1)

Mean x
Maximum of di → ∞
Quadratic 2
Arithmetic 1
Geometric → 0
Harmonic –1
Minimum of di → –∞

There is another general formula for the Pythagorean means called quasi-arithme-
tic, Kolmogorov, or generalized f-mean (Kolmogorov 1930; 1991). Its mathematical
form is (Anonimus 2017; Aczel and Dhombres 1989):
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To use Eq. (2) one needs to know the f (d) and f –1 terms. The f(d) term is specific
for a given mean and can be taken from Table 2, while f –1 is much more complex be-
cause f must be injective in order for the inverse function f –1 to exist and is defined
over an interval, ( f (d1) + f (d2))/2, which lies within the domain of f –1. Function f is
a strictly monotonic, thus the f-mean is neither larger than the largest number of the
tuple nor smaller than the smallest number in d (Wikipedia 2017).

Table 2. Values of f (d ) needed for calculation
of specific Pythagorean means based on Eq. (2)

Mean f (d )
Arithmetic d
Harmonic 1/d
Power dx

Geometric ln d

3. SAUTER-TYPE FAMILY OF MEANS

Sauter mean, also called volumetric-surface mean, in commonly used in chemical
engineering and mineral processing, especially for calculation the mean diameter for
poly-dispersed spherical objects (Sauter 1928). The Sauter means calculations turn
a poly-dispersed spherical objects system into equivalent with different number of
objects but with identical, as original system, objects volume and surface (Kowalczuk
and Drzymala 2017). There are many Sauter-based means for which the general for-
mula (Pacek et al. 1998) is:
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This formula, which is in fact consists of mean of two Pythagorean means,
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needs adjusting the power term to 1/(x – y), to have the unit of the final value the same

as the original two means. For either x or y equal to 0 the term ∑
=

n

i 1

in Eq. (3) is equal
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to n. Equation (3) is a general formula for calculation of the Sauter-type means dxy
(Pacek et al. 1998), while x and y are constants which are characteristic for a given
type of mean. Similarly to Eq. (1), di stands for a given value. The number of values
is n and they are numbered i = 1, 2, 3, ..., n. Equation (3) is valid for as a set of num-
bers treated in calculations individually (no grouping of numbers or no weighted aver-
aging).

The original Sauter mean is obtained when x in Eq. (3) is replaced with 3 and y
with 2:
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and is called d32.

4. EXTENDED PYTHAGOREAN FAMILY OF MEANS

It appears that the Sauter-type equation (Eq. (3)) also covers the Pythagorean means,
because by changing the x and y values, both Pythagorean and Sauter-type means be
generated. Only geometric means is slightly different, because either it requires re-
placement of di with ln di, and consequently dxy with ln dxy or for strictly geometric
mean x → 0 while in practice x = 0.01 provides adequate accuracy of geometric mean
determination. In the case of calculating geometric mean using logarithm, the mean is
also expressed in a logarithmic form. It should be noticed that in this case not only
decimal or natural, but any other logarithms can be used.

The formula given in Eq. (3), which can be called Extended Pythagorean Means
(EPM) equation, provides variety of means which type depends on the chosen pair
of x and y values. The x and y values provide a base for classification of means. To
keep the classification logical, the names of some well-known means were changed, so
they are slightly different from those used in literature. For instance arithmetic mean
in our system is a member of the power means family with power of one, while with
the higher power means are called quadratic, cubic, quartic, and so on. The harmonic
mean usually has the power equal to minus one, while in our system there are different
harmonic means. Therefore, in analogy to the power family means, the whole har-
monic family will be called the inverse power mean. For power of one (–1), it will be
called harmonic, while for higher powers, inverse quadratic, inverse volumetric, and
so on. The specific means, resulting from the general formula given in Eq. (3) for the
Extended Pythagorean Means, are presented in Table 3.
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Table 3. Classification of Extended Pythagorean Means based on x and y values
used for generation of specific means from the universal formulas given in this Table and Eq. (3)

Extended Pythagorean Means
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Mean dxy
name

di x y Mean
symbol
(dxy)*

Mean
value

(example)
Power
– arithmetic

– quadratic
– cubic
– ------
– geometric

or
– other

di

log di, log dxy

1
0
2
3
x

x → 0
1

0
1
0
0
0
0
0

d10
d01

d20 (or d02)
d30 (or d03)
dx0 (or d0y)

dx → 0,0
dlog, 10

5.00
5.00
5.12
5.22

4.88**
4.88

Inverted power
– harmonic

– inverted quadratic
– inverted cubic
– other

di
–1
0
–2
–3
–x

0
–1
0
0
0

d-10
d0–1

d–20 (or d0–2)
d–30 (or d0–3)
d–x0 (or d0–y)

4.75
4.75
4.62
4.48

Sauter-type
– Sauter (volume-surface)

– surface-length
– Sokolowski (1995, 1996)
– other

di
3
2
2
0

2
3
1

–0.5

d32
d23
d21

d0–0.5(or d–0.50)

dxy

5.45
5.45
5.23
4.82

* for strictly geometric mean x → 0, in practice x = 0.01 provides adequate accuracy,
** dxy matrix is symmetric. Each mean dxy has its equivalent: for instance d10 = d01.

5. GROUPED AND WEIGHTED MEANS

Very often, the same or very similar values of a measured parameter is obtained many
times. Then, instead of calculating the mean by adding the values one by one, starting
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with i = 1 and ending with n, and calculating the mean using equation:
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(for the geometric mean di can be replaced with ln di and obtained dxy is in the log dxy
form) the same or similar values can be grouped and the mean calculated with the
equation:
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Thus, the mean is not calculated for individual values i = 1, 2, 3, ..., n but for
groups j = 1, 2, 3, ... Now the number of groups j is smaller than the number of values n.
The group can be also called fraction or class.

There is a third way of calculating the mean called weighted mean. Having groups
of values we can make use of information how heavily each group contribute to the
mean (contribution to the whole considered system). Thus, instead using i = 1, 2, 3, ..., n
as in Eq. (3), now the weight (contribution) of each fraction gi, based on mass, vol-
ume, surface, number, etc., is utilized, keeping in mind that the total weight of all
fractions is equal to 1 (Σgi =1). The number of fraction is j and i = 1, 2, 3, ..., j. For this
case
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Calculation of a mean by taking into account individual objects (Eqs. (3)
or (6)), objects groups into fraction (Eq. (7)), or weighing approach, requires dif-
ferent mathematical forms of the mean formula while the results of calculations are
identical.

6. TYPICAL CALCULATIONS

To make calculation of the means using different formulas familiar, a set of values
is consider as an example. Let us assume that there were measurements of size of
12 particles (n = 12) (Table 4).
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Table 4. Data for calculation of the mean size of a set of particles
using Eq. (6) valid for individual particles

i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9 i = 10 i = 11 i = 12
4 mm 5 mm 6 mm 5 mm 7 mm 4 mm 3 mm 5 mm 6 mm 5 mm 6 mm 4 mm

As shown in Fig. 1, the distribution of particles size was normal (Gaussian). The

mean size, calculated using formula 
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, for y = 0 and x = 1, that

is by means of the arithmetic mean, d10 was equal to 5. The values of the other means
are given in Table 3.
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Fig. 1. Distribution of measured sizes and calculated means
based on the Extended Pythagorean Means formula (Eqs. (6)–(8))

Since the particle size of 5 mm occurs 4 times, particles of size 4 and 6 mm 3 times
each, the particles can be grouped into 5 classes (fractions) ( j = 5) (Table 5) and the

formula 
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 (Eq. (7)) can be used for calculations.

Table 5. Data for calculation of the mean size of the considered set of sized
using Eq. (7) for grouped particles

i = 1 i = 2 i = 3 i = 4 i = 5
3 mm, N = 1 4 mm, N = 3 5 mm, N = 4 6 mm, N = 3 7 mm, N = 1
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The arithmetic mean d10 for the grouped particles for the considered here example
is the same as the arithmetic mean calculated for individual particles (Eq. (7)) and
is equal to 5 mm.

The same arithmetic mean d10 = 5 mm is obtained by using formula
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 (Eq. (8), Table 6). The weights of each size fraction

was calculated  with the formula gi = N/n, which for example for the 1st size fraction
is equal to g1 = 1/12 = 0.083(3).

Table 6. Data for calculation of the mean size of the considered set of sizes
using Eq. (8) valid for the weighted mean

i = 1 i = 2 i = 3 i = 4 i = 5
3 mm, g = 0.083(3) 4 mm, g = 0.250 5 mm, g = 0.33(3) 6 mm, g = 0.250 7 mm, g = 0.083(3)

Other means for the considered set of data are given in Table 3 and in a graphical
form in Fig. 1.

7. CONCLUSIONS

A general equation for the Pythagorean means can be combined with the Sauter-type
mean formula providing more general and universal one which can be used for gen-
eration and classification of many useful means, inclusion geometric, harmonic,
arithmetic, Sauter, etc. The calculated means, depending on their type, are different.
The same means are obtained for a given type of formula and a set of values when
treated individually, or in groups as well as fractions with appropriate weight for
weighted mean calculations.

ACKNOWLEDGEMENT

The work was financed by project 0401/0124/16 of the Wroclaw University of Science and Tech-
nology.

LITERATURE

ACZEL J., DHOMBRES J.G., 1989, Functional equations in several variables with applications to
mathematics, information theory and to the natural and social sciences, Encyclopedia of Mathematics
and its Applications, 31, Cambridge Univ. Press, Cambridge.



Universal equations for Pythagorean and Sauter-type formulas... 235

ANONIMUS, 2017, Generalized f-mean, Project Gutenberg Self-Publishing eBooks, World Heritage,
self.gutenberg.org/articles/generalized_f-mean

BULLEN P.S., 1990, Averages still on the move, Mathematics Magazine, 63 (4), 250–255.
BULLEN S., 2003, Handbook of means and their inequalities, Second Edition, Kluwer Academic Pub-

lishers, Dordrecht, Mathematics and its Applications, Vol. 560.
KOLMOGOROV A., 1930, On the notion of mean. In: Mathematics and Mechanics, Kluwer, 1991, 144–146.
KOWALCZUK P.B., DRZYMALA J., 2016, Physical meaning of the Sauter mean diameter of spherical

particulate matter, Part. Sci. Technol., 34(6), 645–647.
NEUMANN E., PALES A.S., 2003, On comparison of Stolarsky and Gini means, J. Math. Anal. Appl.

278, 274–284.
PACEK A.W., MAN C.C., NIENOW A.W., 1998, On the Sauter mean diameter and size distribution in

turbulent liquid/liquid dispersion in a stirred vessel, Chemical Eng. Sci., 53, 2005–2011.
SAUTER J., 1926, Die Grössenbestimmung der im Gemischnebel von Verbrennungskraft-maschinen

Vorhandenen Brennstoffteilchen, Forschungsarbeiten auf dem Gebiete des Ingenieurwesens, Hefte
279, 1–34, VDI-Verlag, GMBH, Berlin SW19.

SOKOLOWSKI M., 1995, Energia rozdrabniania, IMBiGS, Warszawa.
SOKOLOWSKI M., 1996, Energy consumed in comminution. A new of a general law of comminution.

New test stands and testing results, Réc. progrés en génie des procédés, 10, Ed. Tec & Doc, Lavoisier,
Paris.

STOLARSKY K.B., 1996, Hölder means, Lehmer means, and x-1 log cosh x, J. Math. Anal. Appl., 202,
810–818.

WIKIPEDIA, 2017, Mean, https://en.wikipedia.org/wiki/Mean



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


