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Abstract. In this paper we study the Dirichlet problem for the system of equations
describing non-simple thermoelasticity. Using the general theory of the elliptic problem
we show that this problem is elliptic one.
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1. Introduction

The theory of non-simple elastic and thermoelastic materials was stud-
ied in various papers. R.A. Toupin [6] derived for the first time the equa-
tions of motions, constitutive equations and boundary conditions of the
strain-gradient theory in general nonlinear form. On the basis of the con-
servation principle, R.D. Mindlin and N.N. Eshel [5] obtained the linear
theory of elasticity in which the potential energy density depends not only
on strain but also on the gradient of strain. G. Ahmadi and K. Firoozba-
khsh [2] derived the strain-gradient theory of thermoelasticity based on
Clausius-Duhem inequality. In paper [3] we derived the Cauchy problem
for the non-stationary system of partial differential equations describing
non-simple thermoelasticity (see also [4]).
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In what follows, 2 is a bounded domain in 3-dimensional Euclidean
space R3 with the smooth boundary 0. In this paper we consider the
following boundary value problem:

Al N*u+ (317 — c3l3)VdivAu
1
+2ve - caAu — (2 — c3)Vdivu = f, (1)
p

—ﬁAG =g on £,
c
u=u’, 0 =0y, — =u on 01, (2)
or briefly
P(D,)V=F on Q  B(D,)V=G on 00

where z € R3, D, = (Dgyy Dyyy Do), Dy, = a(z.’u : Q) — RS, % is the

normal derivative, 0 : Q@ — R,

u denotes the displacement, § — the temperature disturbance, f is a given
vector-valued function on €2, @ is a given function on 9Q and u°,u', 8
are given functions on 0N. ¢, o, l1,l2, m, k, ¢, p are some constant physical
parameters.

Theorem. The boundary value problem (1-2) is elliptic.
Proof. Let P be the principal part of the operator P.

al3E1* +~IEPEE SRS VP& €3 0
VEP&E  BIBIENT +1EPE RS 0
Py(§) = v[E2€1€s RS al3lElt 416?68 0 |,
0 0 0 KIgf?

where v = 212 — 313, K = %

It is well known that the boundary problem (1-2) is elliptic if the
pair (Py(D,),B) fulfils an algebraic complementing boundary condition
(see [1]). In ours case the operator P is elliptic in the sense of Agmon,
Douglis, and Nirenberg. The boundary problem Py(D.)V = F on ,

B(D.)Vipq = G splits into two independent problems:

A(Dyu=f on €,
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ujpq = u’ gu =u' on 0, orbrifly B(D,)usq =g,
n
and the Dirichlet problem for the Laplace operator.

The symbol of the operator A(D,) is

A(¢) = SBIEMT +vIEPE &,

where I = id,& ® £ = {&€;}. Of course this second problem is elliptic. Let
¢ = s+ An, where s # 0 is any tangent and n (|n| = 1) the normal to 92,
at z. We have

rl1 0 07

0 1 0

0 0 1
B(é‘) = {th} ~ |\ 0 0/’

0 X O

L0 0 Al

det A(€) = Bl¢["? = B(A—dls|)®(A+i]s))°, 0% B = const.

Denote by M+ the expression (A—i|s|)%. Note that A%(¢) = A(€) = {AI*}.
Let us regard M ™ and the elements of the matrix BA as polynomials in
the indeterminate A.

According to the complementing boundary condition, the rows of latter
matrix are required to be linearly independent modulo M, i.e

6 3
ZchZBhﬁA O(mod M),

h=1 j=1

only if the constants cj, are all zero. ‘
Reduce the polynomials (in \) Z?Zl Bp; A%% modulo M*. We have

ZB;WAJ’“ quﬁ/\ﬁ (mod M™).
B=0

Then, construct the matrix QQ = {q,’iﬁ} having 6 rows: h = 1,2,...,6, and
18 columns: 8 = 0,...,5,k = 1,2,3. Under the complementing boundary
condition, the rank of @) will be 6.
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Since

al€]* + ]€2€2 = a(s? + A2)2 + y(s% + A2) (s + Mng)? = (a +yn2) A4+
+2ysEmEA3 + (2as? + 8202 + vs7)A% + 2ysZspnp + ast + ysis?,

where o = c313,
and
+y(s*ning + s;55)A% + 82 (sinj + nis;) N + ys;s;8%.

The matrix @ has the following form: Q = [A4,...

=1,...,6) are the matrices as follows:

(8% + A2)(s; + Ani)(s; + Ang) = yning At + y(sinj + nis;) A3 +

, Ag], where A; (1 =

T 0 o+ yn? 2ys1nq
0 Yning Y(s1n2 4 n152)
A = 0 yning v(s1m3 + n1s3)
a+yn? 2vs1Mn1 2082 + ys52n? +ys? |
yning  y(sing +n1se)  y(s*ning + s159)
L ynins  y(sinz +mni1s3)  y(s?ninz + s183) |
r2as? + 7527@ + 75% 2752511 ast + 78%52 7
v(s*ning + s1s2)  vs%(s1n2 + nisa) V515952
Ay — y(s2ning + s1s3)  ys2(s1n3 + nys3) 518382
2vs%si1nq ast + ys2s? 0 ’
52 (s1ne + n1s9) 515252 0
L vs%(s1n3 + n1s3) 515352 0 i
T 0 yning v(s1m2 + n1s2)
0 o+ yn3 2v59n5
A 0 nans 7(82713 + n283)
3 = 2 )
ynang  y(sin2 +nis2)  y(s*ning + s1s2)
a +yn3 27vs9m9 2052 + ys52n3 + vs3
L ynang  y(sang 4+ ngs3)  y(s*nong + sas3)
T y(s?ning + 5152)  ys2(sine + nyisa) 7515952
2082 + 752n§ + 75% 2v5259M59 ast + 78%52
A, — v(s*ngns + sas3)  vs%(san3 + n2s3) V895352
82 (s1ng + n1s2) 515952 0 ’
2v5%s9m9 ast + ys3s? 0
L vs%(sans + nass) V525352 0 J
0 yning Y(s1n3 + ny1s3)
0 ynans v(s2m3 + nas3)
A — 0 o+ yn3 2v53n3
> yning  y(sing +nis3)  Y(sPning +sis3) |
ynans  Y(sans +noss) (s nang + sas3)
Lo+ yn3 2v53n3 20082 + vs%n2 + 53 |
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T y(s?ning +s183)  ys2(sinz + nys3) 75183582
v(s%ngns + sas3)  vs%(san3 + n2s3) V595352
Ag = 2asz + ys*nd + vs3 2732337;3 ast + ys3s?

vs(s1n3 + ny13) V81838 0
752 (san3 + nos3) V825352 0
L 2vs2s3n3 ast 4 vs3s? 0 i

The rank of the matrix () is equal to six. Indeed. Let us consider the

matrix

r 0 0 0 7
0 0 0
0 0 0
Ml - 2 )
a+yny  Yning yning
yning o+ ’yn% YNomns
L ynins YNaons a+ ’yn% i
a+ni  yning Ynins3
det | yminy  a+ny  nang | =a*(a+7),
Yning Ynong a4 ynj

is different from zero, therefore the column-vectors of the matrix M; are
linearly independent. Similarly the column-vectors of the matrix

st + vys2s? V515952 515352
515252 ast 4+ ys2s? V595352
My — 518382 828382 ast 4 ysis?
0 0 0
0 0 0
L 0 0 0
are linearly independent.
as* + vs2s? 515952 515352
det 515952 ast + vss? 825352 = s2a%(a+7) #0.
51535> V595352 ast + ys3s?

Corollary. Let H*(G) be the Sobolev space with the norm || - |
5> 3% ,t > 1%. The operator

s,G)

(P,B) : H*(Q) x HY(Q)
— HHQ) x H'72(Q) x H¥ 77 (89Q) x H*™3(09) x H'™ 2 (99),

(’U,, 9) — (f?gauouulveo)

is a Fredholm operator.
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If f,g,u% ut, 09 are C* and (u, ) satisfy (1-2), then (u,6) € C.
For every solution of (1-2)

lulls.o + 110l < CIflls—a.0 + llglls—2.0
+ ||U0||s—%,aﬂ + ||U1||s—g,aﬂ +[10oll:— 1 00 + lJulls—1,0 + [10]|t-1,0),

where C' = C(s,t)=const.
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O pewnym zagadnieniu brzegowym dla uktadu réwnan rézniczkowych
czastkowych opisujacych termosprezystosé¢ materiatéw zlozonych

Streszczenie. W pracy rozwazamy zagadnienie Dirichleta dla rownan teorii termo-
sprezystosci materialow zlozonych. Pokazalidémy, ze zagadnienie to generuje opera-
tor fredholmowski dzialajacy pomiedzy odpowiednimi przestrzeniami Sobolewa.
Stowa kluczowe: zagadnienie Dirichleta, termosprezystosé, przestrzenie Sobolewa,
materiaty ztozone



