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Abstract

The paper is concerned with the determination efNtean Time To Failure (MTTF) in configurations wée
the failure rate is periodical. After solving twordigurations exactly, we show that when the pexbdhe

failure rate oscillations is small with respectth@ average failure rate, the MTTF is essentiailgig by the

inverse of the average failure rate, give or tatrections that can be expressed analytically. Thidd be

helpful in the description of systems the environtra which is subject to changes.

1. Introduction performance computing systems such as grids [5],

. . : 11]. To quote reference [5],
The occurrence of failures in systems is often[ ] g 5]

described by using well-known distributions (see fo Accurate failure prediction in Grids is
instance [6], [8],[10]) such as exponential, Welpul critical for reasoning about QoS guarantees
etc. However, most of these distributions have  such as job completion time and availability.

associated fqlllhqre rates W?'C.h ﬁ‘red con_;tant Ofanother recent practical paper [1] considers a
monotonous. This cannot realistically describeé manyy, ,piam that could (somehow) ring a bell to allisf

real-life situations. To quite but a few examplé® 1 is the life expectancy of our mobile phones? |

these electronic devices, the temperature of dpecif
Vities. duri he d h is al " Ipart of the circuits may substantially increaserayr
activities during the day (there is also a wee yoperations such as finding the next antenna, wgrkin
dependence because of week-ends). The efficiency, -qngitions of huge traffic. It has been recogiz

of cooling .unl_ts for “electronic equipments N for many decades that some processes ultimately
telecommunication networks depends on the amb'enFesponsibIe for hardware failures in electronic

temperature;”prok;]lems m?‘gl?‘”sef'”hsummeg_ _ components have a temperature dependence which
Quite naturally, the possibility of the periodicibf beys the Arhenius law [2], used in many

. . ; 0
the failure rate has been raised. Castillo andy.cojeration life test procedures. While —the
Sieworek [3] have considered the reliability of \,iversality of this law is to be considered very
computing systems, and presented several datq, efly, there is no doubt that even a smallgase

;:I(lelarly hShOW'rll(? tga:trhhay dﬂ disk falflurr:_es seilm (;Oin temperature may lead to surges in the failute.ra
oflow the workload. The influence of this workload gpq14 we consider the worst-case (meaning:

can be taken into account quite satisfactorily gy t temperature) scenario, or the most-of-the-time

addition of a (periodical) failure rate. A feW g aii0n knowing that these two hypotheses lead t

fundamental, rr_lathematica_l SFUdieS have a]so beePnean times to failure (MTTF) differing by orders of
devoted to the issue of periodic random envwonmen}nagnitude? A review of the potential problems

[4], [9], the emphasis being laid on time i, eq to temperature can be found in [7].
distributions, nonstationary Poisson processes ang . inic reason. we have fried o answer the

other probability properties such as the ““almaskl|  ¢5\ing question: is there some way to perform a

gf arir:fmggy”;,vmzrseseﬂa%iCalre(égrrﬁid\?vﬁtlionorfmtﬁzirghe-quiCk and not so dirty evaluation of the MTTF of a
gain, y 9N"system subject to periodic failure? What are the
important parameters?
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Our paper is organized as follows: in section 2, we 1 1 1 al

recall the well-known general expressions for the MTTF —»/]—+ 7 e . ;
reliability and the MTTF, and compute the latter in - + (@A +Q-a)A)
two exactly solvable cases: in the first one, the B 1

failure rate takes two possible (constant) values; o A +1-a) A

the second one, we add an sinusoidal contribution t
an otherwise constant failure rate. We show that = ) )
when the oscillation period of the added failure Which is nothing but the inverse of the averagehef
process is small compared with the otherwisef@ilure rate in the time period [0,

expected lifetime, what really matters is merelg th

averaged failure rated over one periodT (see O
equation (3) below). We confirm in section 3 this
assertion in the general case, and provide the
corrections to this asymptotic result in equatidh (
We conclude by a brief discussion of possible
extensions of this work.

2. Two exactly solvable cases

2.1. Reliability of largetwo-state series
Systems 0 1 2 3

tT

Figure 1 Simple variation of the failure rate.

The reliability may be written quite generally as

—I;A(r)dr

R(t)=e )(1 2.3 Sinusoidal failurerate

and the MTTF is given by We now assume that th.e failure rate is given by
A(t)=A, + A, cosat (seeFigure 2, so that
MTTF= j t(-R(t))dt= j R(t)dt . 2) 1
0 0 R(t):exr{—/}ot——lsinwtj
w

Let us now turn to two cases where the MTTF may

be exactly computed. 27
Y P (T=—— is the period of the failure rate
w

2.2. Bimodal failurerate

We assume that the failure ratgakes two values:
A+ifO<t<a T,andA.if a T <t <T (sedigure
1).

After considering the successive intervals [n T,
(n+a) T] and [(n4a) T, (n+l) T], and summing the
easy to integrate exponentials, we eventually get

oscillations). The gist of the MTTF calculationts

A . .
expand the factoexp{——lsmth in the integral
w

as a power series ih. Each contribution is then
(somewhat tediously) assessed. After some work, it
is possible to show that even powersipfcontribute

to an hypergeometric functiorf-, defined by

1 1 1 1-g AT

MTTF=—+| — - — . ]
p) (m /1_j1—e-<“++<1-”“>T R (@ By)=Y Frn+a)r(B)riy) 2"
=r@rn+pB)r(n+y) n

This relatively cumbersome expression Af, A_,

andT is actually very simple when considered in the
T -0 limit, that is when the period of the conclusion is reached for the odd powerd,of

where I'(2) is the Euler gamma function. A similar

oscillation is small compared witid, and A_. We
obtain
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When the period of the oscillations is large, we
would expect the MTTF to be the inverse of the
“initial" failure rate, i.e., T This is indeed
0 1
C observed irFigure 3whena - 0.
10r
0.9; 1009
0 1 2 3 MTTE 08
tT .
Figure 2 Sinusoidal variations of the failure rate: .
A=A, (red) andA, =A, /3(orange). o8t
05
Finally, we obtaini(is such thai2 = -1) 0 2 4 6 8 10
Lo
1 i A iA, AP Figure 3 MTTF as a function ofa)—277 for the
MTTF:T[lF{”' 20" 20 207 J g T
0 w w aw configuration ofFigure2(A, + A, =2).

A A 1:3_i)lo 3_|_i/10 )lf o _
2, 2 127, "5 a2 Similar curves could be drawn for higher moments of
Aot @ 2 w2 20 4w the failure time distribution. It should be noted,
o . however, that the variation of the averagetdfis
The prefactoﬂ.//]o |nd|CateS that the MTTF W|” be not necessarily monotonous anymore_
linked to the inverse of the ““average" failureerat

is indeed the exact result whér=0, as expected. 3. General case when the oscillation period is

However, whenl, >0, there are corrections to the small

simple resultl/ A, . If we assume that the two failure |t may be satisfying to obtain an analytical salnti
p 1 _ to a few configurations, but this, unfortunateby niot
rates A, and A, are small compared with respect t0 e in general. The question is now to establish

@ , keeping the first two orders of the expansion, wewhether the MTTF may be evaluated by averaging a

find, expanding the hypergeometric functigrts, few quantities, and if so, the result is not too
inaccurate. Recall that in many real situationg th
5 period of the oscillations may be one day or one
MTTin 1+A—1+,,,—&_ week — one year or more in the context of
A A+4’ A+ o climatologic studies — and therefore much shorter
than expected failure times.
or Let us now consider the general case when the
oscillation period isT. We can define an average
2 failure rate
MTTE~ (1T f A
/10 CUZ 46()2 j_ 1 TA
== J, A0t (3)

We have displayed irFigure 3 the value of the

MTTF as a function ot , for two different values of  Going back to the expression of the MTTF, we see
(A, A,), using A, as a scaling parameter. We seethat

that both curves are monotonous and that the

asymptotic limits are quickly reached after initial
steep increases.
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t Y t t ~1 1,1 ~
jo/](T)dT—/]T L?Jﬂ;HA(r)dr MTTF 7(1+?J'O tA () dt
1 T /¢t~ 2
_/n+j (A(r) A)dr =3 UOA(r)drj dt (4)
AT~ T
where|x] is the integer part of. Turning now to the _EJ.O A(D) (t_Ej dt"'"'}

MTTF expression (see (1) and (2)), we have

MTTF:i [ exp{—ﬁnT -[ 20 dr) dt

Depending on the actual form oi~(t), the first-

T ~
order correction L tA(t)dtmay cancel (this is

—ZeXF( nAT J‘ exp( IA(T)dedt actually the case in Example 2.3, where the
AZ A A
corrections to 1 are 0—, and -—2%,
jexp( I/](r)dr)dt N 4w &
- respectively) or be finite (in Example 2.2., it is
1-exp-AT D -
d ) —M(/]+ ~A)T, in agreement with the

2
When the oscillation period is small (~ O, or the  expansion of the exact result).
failure rate is assumed to be too small to matter
during T), the expressions of the numeratdrand 4. What about temper ature effects?
denominatorD may be expanded. Up to second

We mentioned in the Introduction that temperatare i
order, we get

an important issue in the reliability of electronic
) components. Some data on the failure rates may be
N:J'T(l—jt/l(r)dré(r/l(r)drj _mjdt found in hardware catalogs, in operating condition
0 0 2\ (at a given temperature, mainly 20 or 25 °C). Imso
17 ot cases, estimates of the failure rate lagher
=T(1——I IA(r)drdt temperatures are also given. It might therefore be
T2 more suitable to express the instantaneous failure
5 . . )
"‘if U;/i(r)dr) dt+---j rate asA(T(t)). Assuming that the Arrhenius law is

valid for a given physical procesge would have

Ea

while -5
AT) O e

D=AT (1‘5/”_ + 6(/1 T) ) where E, is the activation energy of the proceks,

the Boltzmann constant and T the temperature. The

calculations of the preceding sections would have t

take this further cause of variation into accowse

for the MTTF's expansion giveMTTin. would expect the MTTF to be weighted by the times
A spent in the higher temperature regimes.

From the expressions of andD, the leading order

Using integrations by parts andi(t)=A(t)—A, we

can easily obtain the corrections to fhe- O limit.

After simplification, they give the main resulttis ~ We have provided simple analytical results for the

paper MTTF with a periodical failure rate, which may
prove helpful when evaluating the lifetime of varso
kinds of components operating in environments for
which the workload may induce failures to occuain
periodic manner.
Generalizations of the present results would of
course include the assessment of the variatioheof t

5. Conclusion and outlook
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MTTF, when the initial distribution is not
exponential, but a more realistic one.
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