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Abstract

In this paper, we introduce our newly created DEAR (an abbreviation of Differential Equation Associated
Regression) theory, which merges differential equation theory, regression theory and random fuzzy variable
theory into a new rigorous small sample based inferential theoretical foundation. We first explain the underlying
idea of DEAR modelling, its classification, and then the M-estimation of DEAR model. Furthermore, we explore
the applicability of DEAR theory in the analysis in system dynamics, for example, repairable system analysis,
quality dynamics analysis, stock market analysis, and ecosystem analysis, etc.

1. Introduction

In real world, many phenomena can be abstracted into
mathematical dynamic systems. Differential equation
theory provides many effective models for system
dynamics. The focus of a system dynamics should be
the characteristics intrinsic to the system and its
evolving or developing patterns. To achieve this goal,
the investigation on the system ought to base on the
data extracted from the system itself. In other words, it
is critical to utilize the sample data to test and validate
hypothesized system model.

However, it is a well known fact that sampling from a
system is usually a difficult task and an expensive
exercise. Therefore, inference on the system dynamics
based on small sample becomes an urgent and
elementary task. Small sample inference has already
obtained attention to many researchers, for example, in
probability theory, the small sample asymptotics see
[4], [5], the Bayesian inference, in fuzzy set theory
proposed by Zahed [18], [19], the plausible inference,
and particularly, in the grey system theory proposed by
Deng [2], small sample inference is its flashing feature.
In this paper, to address the dilemma of using
differential equation for describing continuous system
dynamics, while only a small discrete data sequence
sampled from the system is available, we propose
Differential ~ Equation ~ Associated  Regression,
abbreviated as DEAR, model. DEAR theory couples
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differential equation and regression together Guo et al
[12] with delicate approximation schemes. However,
these approximations introduce additional errors,
which are identified as fuzzy error terms in nature.
Thus, the coupled regression in DEAR theory is a
random fuzzy regression.

2. Nonlinear thinking of DEAR

Without loss of generality, a simple linear differential
equation:

)

will be used in this paper for illustrative purpose. Let
fcfl) denote an approximation to the primitive function

x(¢) at #,, and let Ax,/At, be an approximation to the
derivative function dx/dt at ¢,, withA¢, =¢ —¢,_,,and

Ax, =x(t,)—x(t,_,) .

Definition 2.1: If a dynamic system governed by (1) is
sampled at its derivative level, denoted by

x© :{ ©) g°>,...,x§°>} , the coupled equation system
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@=a+bx
dt

O =a+bxP e, i=12,Ln

)

is called Type | DEAR model.

Definition 2.2: If a dynamic system governed by (1) is

sampled at its primitive level, denoted by
X® ={x(t,),x(t,),~+x(t,)}, the coupled equation
system

%=a+bx

Dx. (©)

—=a+bx(t;)+e;, i=12L,n

i

is called Type Il DEAR model.

Note that the second equation in the paired equation
system like (2) and (3) is called coupled regression,
while the first one, i.e., the differential equation is
called the associated differential equation.

Now, Let us examine Type | DEAR model first. The
system dynamics is governed by the linear differential
equation dx/dt =a+3x, or equivalently, nonlinear
functional x(r)= f(t;a, ). If the sample could be very
large, it is possible to perform a non-linear statistical
modelling in term of standard maximum likelihood
procedure to estimate system parameter@=(c, /).
However, if only small sample observations are
available, the “best” modelling exercise is to fit a
simple regression model x(7)=7,+7¢ , called
primitive regression, for approximating the system
dynamicsx(s)= f(t;cv,3). Figure 1 shows that the

blue-dot  straight linex(¢)=7, + 7.t poorly
approximate nonlinear curve x(¢)= f(fa,3) in the

will

(t,x) space (or (¢,x)-coordinate system).

From the fitting of the coupled regression,
x9=a+p8:" +¢, the estimator of parameter
8=(a,p), denoted by é:(d,é) is obtained. Now, in

the (x,x') space, we fit straight line '=a+3z to
approximate the straight linex'= o+ 8x. It is obvious

this model goodness-of-fit could be very good even
with small sample.
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- Sc(f) = ﬁu * ﬁf
- :

T x= e

Figure 1. Two approximations to nonlinear curve
x(t)= f(;, B) in (z,x) space

Let us consider the case where sampling observations,
X = {5, ¥}, are collected at derivative

level. By a linear transformation, approximations to
primitive function level observations are obtained,

denoted by{x(tl),i(tz),---,i(tn )} , say, by partial sum.

In terms of Type | DEAR model thinking, we first fit
the coupled regression, i.e., the second equation in

DEAR equation system in (2) in the (x,x') space (or
(x,x")-coordinate system), where x'denotes the
derivative of x with respectto ¢, i.e., x'=dx/dt .

(%), 20)) ¢
= X't = &+ BR(e)
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Figure 2. Type | approximation in (x,x') space

Once the parameter @ =(c«, ) is obtained, by solving
the approximated linear differential equation
dx/dt =&+ Bx, we will obtain an approximated
nonlinear curve x':cp(t;xél),d,ﬁ), (yellow-colored

curve in Figure 1), which is expected to approximate
the primitive curve in relatively high accuracy.
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Figure 3. Type |l approximation in (x,x') space

Let us consider the case in which the sampling
observations are collected at primitive function level,

denoted as X" ={x(t),x(t,),x(t,)}. Then in

terms of DEAR Type Il model thinking, the derivatives
could be approximated, for example, by the divided

difference, i.e., Ax,/Ars, or other approaches
available. Just as shown in Figure 3, fitting
'=Ax/At=a+ fx for approximating

linex'=a+ Bx. Similarly, the estimated parameter

éz(&,ﬁ) will lead the nonlinear approximation
x':gp(t;xél),&,ﬁ’\)
x(¢t)= f(;, B) in (z,x) space (shown in Figure I).

It is necessary to emphasize here that DEAR model is
often starting with hypothesized differential equation
model for a system dynamics and then obtaining the
corresponding coupled regression. The converse
direction is also possible. In other words, after a
regression model is established based on the small
sample data extracted from an unknown system
dynamics, an appropriate differential equation is

selected according to the Coupling Principle stated in
Guo et al [12] and then the DEAR model is built up.

For example, a set of system data {x(ti),izl,z,---,n}

to the primitive function

is collected and a fitted regression model takes the
form

(6,)+8x" (1)

(t)=—"r=ax

At

1

(4)

Then, the associated differential equation is a Bernoulli
equation of the form:

dx

I Q)

+ p(t)x* =q(1)x"

Then a Type Il DEAR model is established
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% =a+bx"

Dx. (6)
——=ax(t;)+bx" (t;) +e

Dt,

1

It should be fully aware that the solution to the
estimated Bernoulli equation

dx . A
T + m 7
7 ax+ Ox (7
which results in a solution
@(I,d,é) — 1</?(eﬁ(lm)(ll1) _1) +C([1), (}’}’Z = 0]1) (8)
«

for facilitating the nonlinear approximation to the true
system dynamics x = f(t;c, 3,7).

2. Random fuzzy variable foundation for
DEAR

In order to achieve the target of nonlinear modeling
with  small sample, DEAR utilizes various
approximations. Type | DEAR model utilizes the
approximation of an integral (i.e., primitive function)

by partial sum, )Ac(ti)zzl:x'(ti)(ti—tj_l) and Type Il
=2

DEAR model relies bn the approximation of a
derivative, x'(z,), by divided difference,

(x(t,) = x(t)) (8, 1)
The approximation brings error, which is fuzzy in

nature according to nonclassical mathematical analysis.
The total error term, &, =¢, +e¢,, in coupled regression

will come from two error sources: random sampling
error, denoted by e, and the approximation-caused
fuzzy error, denoted by ¢ . Therefore, the coupled

regression is a random fuzzy variable regression.
Therefore, we need to have some knowledge of
random fuzzy variable theory.

Random fuzzy variable is a special case of hybrid
variable defined in a chance space proposed by Liu
[15], which is a Cartesian product of a probability
space and a credibility space for describing hybrid
events in which randomness and fuzziness coexist.

Definition 3.1: (Liu, [16]) Let (©,2°,Cr) be a
credibility measure space and (Q,%,Pr) a probability

space. The product (©,2°,Cr)x(£,2,Pr) is called a
chance space.
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Typically, the product (@,ZG,Cr)x(Q,Ql,Pr) may be

written as (@xQ,Zerl,CrxPr). The Cartesian

product space ©xQ is
OxQ={(0,0):00,0eQ}

product o -algebra 2°xA={AxB:42° Be},

which is a special o -algebra constituted by events
with product form 4x B, 4<2°,B <2 . Note here that

2° is the power set of space ®, which is the largest
o -algebra of set ®, while 2 is just a o -algebra of

set Q. Therefore, 2°x is a o -algebra of set
O xQ, but a very special one. As to CrxPr whichisa
product measure of the two essential uncertain
measures: credibility measure and probability measure.
Nevertheless, the product measure may take different
forms. One of them, which satisfies the requirements
of uncertainty measure proposed by Liu [15], is called

the chance measure, denoted asCh{ }, which is

composed of the two essential measures: credibility
measure and probability measure.

typically defined by
and the Cartesian

Definition 3.2: (Liu, [16]) Let (©,2°,Cr)x(€,2,Pr)
be a chance space and an (measurable) event of form

Z=XxY such that
Z={¢9:9€Xc®}x{a):a)eYcQ}62®><Ql,
then a chance measure is defined as:
sup(Cr{0} APr{z(0)})  if sup(Cr{6} APr{z(0)})<05
Ch {Z - LEC) ) LEC) (9)
1—5;:5(0{9} APr{ze(0)}) if sgug(Cr{H} APr{Z(0)})205

If the product measure CrxPr is defined by the
chance measure defined in Definition 2.9, i.e.,

CrxPr{}=Ch{.}, then the chance measure space
(©,2°,Cr)x (22, Pr) be
(©x9,2°x2,Ch).

may written  as

Definition 3.3: (Liu, [16]) Let (©x©,2°x2(,Ch) be a
chance space. A hybrid variable
£:(0xQ,2°x2,Ch) >R is a measurable function
from the chance space into a set of real numbers. In

other words, for any Borel set of real numbers,
BeB(R), event

{(6,0)e®xQ:£(0,0)e B} €2° x 2.

The typical examples of hybrid variables are fuzzy
random variable and random fuzzy variable. Liu, see
[15], [16], defines a random fuzzy variable as a
measurable mapping from the credibility space
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(©.2°,Cr) to a set of random variables. Again, we

should be aware that a random fuzzy variable here
takes real numbers as its values, which behaves very
similar to a random variable.

Definition 3.4: Let (©x,2°x2,Ch) be a chance
space and £be a hybrid variable. Then the chance
distribution Y:(©xQ,2°x2,Ch)—[0,1] for &if and
only if:

Y(x) =Ch{(0.0) e ©xQ:£(0,0) < x| (10)
Theorem 3.5: (Liu, [16]) Let (©x€,2° x2,Ch) be a

chance space. A function Y:R —[0,1] is a chance
distribution for a hybrid variable & if and only if:

lim Y(x)SO.SS lim Y(x)

X—>—0 X—>+0

I‘HJJ Y(y) =Y(x) if I‘|[rx1 Y(y)>050rY(x)=05 (11)
Definition 3.6: (Liu, [16]) Let (©x©,2°x2(,Ch) be a
chance space and Y(-)be the chance distribution for a

hybrid variable £, a function ¢:R — [0,+oo) is called
as a chance density if and only if:

(12)

[o(y)dy=1
Definition 3.7: Let (©x,2°x2,Ch) be a chance
space and Y(-)be the chance distribution for a hybrid
variable &. The chance distribution Y(-)is absolutely

continuous if and only if the chance density ¢(-)is

continuous.
The discussions of the chance distribution Y (-)will be

limited in the class of absolutely continuous chance
distributions.

Theorem 3.8: Let (@xQ,ZQXQl,Ch) be a chance

space and Y(-)be the chance distribution for a hybrid
variable &, which is absolutely continuous. Then:
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Y(—oo):O, Y(+oo)=l 13

Y(x)<Y(y) ifx<y, Vx,yeR (13)
Furthermore, the inverse function of Y{-} exists and is
denoted as Y™ (+).

Definition 3.9: (Liu, [15]) Let (©x©,2°x2(,Ch) be a
chance space and &be a hybrid variable. Then the
expected value of & is defined by:

0

§2r}dr—jCh{§Sr}dr

+00

EY[§]:ICh{

0

(14)

Let e=E [&], then the variance is defined as
Vo[E]=El[(E-e) .

Finally, let us discuss the average hance measure
concept given by Liu [16].

Definition 3.10: Let (@,ZG,Cr)x(Q,Ql,Pr) be a
chance space and &£ be a random fuzzy variable, then
the average chance distribution is

1

¥(x)=ch{&<x}=[Cr{OPr{¢(w0)<x|>pldp

0

(15)

and the average chance density
functiony : R — R such that

is a positive

(16)

If the product measure CrxPr is defined by the
average chance measure defined in (10), i.e,

CrxPr{-}=ch{-}, then the average chance measure
space (©,2°,Cr)x(,2,Pr) may be written as
(©x9,2° x2,ch).

The error structure in the dear modelling theory is
assumed to be random fuzzy

g=e+71 (17)
whicheis the fuzzy approximation error to the
derivative and « is the random error term.

For inference purposes, similar to statistical linear
model theory, it is typically assumed that the random
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error is normal variable with zero-mean and constant
variance, i.e., 7 ~ N(O,o-z).

However, the fuzzy error eis intrinsically dependent
upon pointx, the difference on xwhen using divided
difference to approximate derivative at pointx. Let
e be assumed to be a triangular fuzzy variable with a

membership  having  parameter  (x—a,x,x+b),
a>0,b>0,
u—-—x-+a
— x—-a<usx
a
y,(u): m x<u<x+b (18)
¢ b
0 otherwise

Accordingly, the credibility distribution function of
fuzzy error eat pointx is

0 ife<x—a
# ifx—a<e<x
A(e): e+bcix (19)
ifx<e<x+b
1 ife>x+b

Then the average chance distribution of normal
random fuzzy error term ¢ at point x takes a form

- =) of )
({55l

o 7
ug(u)du — Z@ugﬁ(u)du

o

—(x+b)

e+b—x
2b
e

o 3
,Zi

E—X

)

o

(20)

a)

and the average chance density is

w@)i@[”i‘”}q{ j]
()

E—X
o

+g—(x—a) £—(x-a)

2a0
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(22)

where ¢(-) and ®(-)are the probability density function
and cumulative distribution function of standard

normal random variable respectively.
4. M-Estimator for DEAR parameters

Assuming that the system is sampled at system
primitive function level,x(r), the n observation is

denoted by x® =(x¥(4),x"(s,), -+, x"(s,)), then a
Type Il model of dear subfamily takes a form

B b= gyt + gt
d doT4q:t T4,

_ Dx® (%)
Yk Dr,

=qotqify + Q211§ + (_b)x(l) )

(23)

According to Liu’s Maximum Uncertainty Principle
[16], for independent random fuzzy variables, the
object function can be formed in the following way,

J(qov‘hvl]zvﬂ;a,b,o)

= Z(\Ph (yk _(qo +q.t; +qzt/§ +(_ﬁ)xk ))_0‘5)2 (24)
Denote E =W _(qo +q1tk +(]sz2 _ﬂxi)
0J(6,.6,.6,,6;a,b,0)
26
" 0
=2 (‘P(gk)—O.S)%‘P(gk) (25)
k=

2 i

1

2 (\P(gk)—os)y/(gk)%:o

k

N

i

Then M-functional equation system is then

%z—zé(w(m—osw(w =0

=R 0y (a)i =0
—722 (&)x =0
26
%72(\1}(5‘) { [ [ ]@ ]+— j u¢(u)du} 0 (26)
opers| 52 AR -
where

e e R |
S e L e AR Ce |
Sirie)-0symrtl(aztid) (27)

Then, the solution to the M-equation (non-linear)
equation system, denoted as (c}o,c}l,éz,,é’,&,é,&), is
called an M-estimator of Subfamily A of dear model.
Particularly, I” =((}0,q”l,c}2,,é) is the M-estimator for

the coefficients defining the motivated differential
equation.

(28)

a(n-a) G5
g(gk)=% j ugﬁ(u)du+2%-7 J. ud(u)du

Sy g (x+b)
[ o

+xk2;a[q)[ak(;ka)j_Q(gA;xij 29

it o(52) o 2t

& —(x, +b)j

+0.5—CD[
o

then
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¥(g)-05=cy(e)-g(e) (30)
Further define
Ve =G0t Gt + qutlf - px, (31)
Denote
Vs 1t £ -x v(s) 0 0 g(s,)
y= )ﬁ,){— 1 s 1?2 R owa W(.gg) 0 8= g(fgg) (32)
} ! t ,z fr o o '//(-5,,) g(%)
(28) can be written as an adjusted weighted normal

equation form

X'WEXL=X"W'y+X'g (33)
Finally, the coefficient M-estimator [ satisfies the
adjusted weighted normal equation (33), which is
expected to play critical roles in the variance-

covariance estimation for the M-estimator [ by
noticing that
D=(X"w2X) X' Wiy +(X'W2X) X'g  (34)

Remark 4.1: The M-estimator for coupled differential
equation coefficients actually specify the dynamics

fully. However, we need to be aware that [ itself is a
random fuzzy vector because the random fuzzy nature
of the “observations” {y,} .

5. Applicability of DEAR model

DEAR model in nature revealing the intrinsic changing
dynamics of a continuous system. The final
mathematical structure is an estimated differential
equation for approximating the true dynamics.
Therefore DEAR model may apply to any system
governed by differential equation(s).

5.1. Repair effect estimation

Repairable system analysis and maintenance
optimization are a problem to reveal the law of the
system functioning dynamics and the evaluation of
repair effects in terms of system performance data in
statistical sense. It is noticeable that another class of
system maintenance optimization papers appeared in
journals and conferences, however, most of them are
seeking “system optimum” under mathematical
assumptions without justifications in terms of actual
system performances. It is obvious the later models are
in mathematical sense.

The repairable system dynamics in DEAR platform
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assumes that a system is governed by differential
equation (either single one or a set of equations), say

T=f(1;0). Due to various internal and external

causes, system demonstrates a repeated pattern of
functioning, stop, repairing, and resuming function
again, Guo [9], [10], [11]. As an illustration, let us
assume the system dynamics is governed by

dar

E:aT +pBT +y (35)

Then from system functioning time records, denotes as
{T(1,).7(t,),-T(z,)} . Then the DEAR system is

%=a+ﬂT
AT (36)
A—t":aTz(ti)+ﬂT(t,)+y+gi

i

Let w= diag{ﬁ[ﬂ—
At

(ar? (ti)+ﬁT(ti)+;/)J2] and

AT, /At T?(4) T(4) 1
AT, [ At “ T?(t,) T(1,) 1
Y= 2: ’ = ﬂ’ = ’ : ’ (37)
AT, /At, 4 T?(t,) T() 1
Then the M-estimator for IT is
= (x"wx) x'wiy (38)

Hence the approximate Riccati equation takes the form

dT

=aT?*+ BT +7
7 BT +y

(39)
Denote the solution to Eq. (33) byf:w(t,rj), which
will be used to approximate the true system
functioning dynamics7 = f(#,11). Also denote the
“weighted” residual by ¢* resulting from Eq. (36).
Define the residual

=T (1)= (a7 (4)+ BT (1)+7) (40)

The actual function time can be partitioned into three
terms:

T(1)

It is obvious that the fitted dynamics 7(z;) and
weighted residual ¢* are DEAR-explained. Notice that

Fo)ér+i

(41)
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W

The term 7 =¢ -¢
Therefore the logical interpretation of 7 is repair
effect (accumulated at time 7). In general, {#,7,,---,7,}

are random fuzzy quantities so that the parameters for
the average chance distribution of {7,7,---,7,} can be

obtained.

is DEAR-unexplained quantity.

7

'n

%

n

5.2. DEAR predictive quality control charts

Carvalho and Machado [1] (2006) pointed, “In a global
market, companies must deal with a high rate of
changes in business environment. ... The parameters,
variables and restrictions of the production system are
inherently vagueness.” In other words, the shortening
product life cycle and diversification have brought the
vagueness and randomness together, which is a form of
hybrid uncertainty, into manufacturing systems.
Therefore, the traditionally continuous production and
large sample based quality control schemes may not be
suitable. Therefore establishing small sample oriented
approximate quality index differential equation in
terms of DEAR theory, which enjoys highly predictive
power will help quality assurance in today’s industries
greatly.

Guo [8], Guo and Dunne [14] have explored the
predictive quality control schemes in terms of grey
differential equation model. The DEAR-predictive
control schemes will avoid the weakness in earlier
work and offer a more rigorous development.

5.3. Ecosystem modelling

Climate changes have posed high risk on earth
ecosystems [17]. Environmental research communities
now successfully convince governmental leaders
worldwide and let the climate change become a hot
topic. Biodiversity evolution is also a system dynamics
governed by complicated differential equation systems.
The critical issue is the parameter estimation for the
differential equation systems. Biodiversity researchers
have managed initial success in terms of multivariate
version of DEAR model — PDEAR, for example, Guo,
D. et al [6], [7], and Guo, R. et al [13]. Predictably,
DEAR modeling in ecosystem will get more and more
attention in the future.

6 Concluding remarks and open question

In this paper we introduce a new small sample based
continuous differential equation modeling theory. We
use a simple linear equation in (1) for illustrative
purposes, however, as we pointed out that DEAR
contains a collection of rich families. Table 1 offers a
collection of partial families in Type 1| DEAR model.

Table 1. The richness of DEAR families

Family Type Il DEAR
dx
_ ==y +oyx
Family 1 dt
ﬂ:a +ax(t,)+¢
A R
dx st
] — =04 toyx
Family 2 a
e o)
dx .
_ — =qysin(et+a)+ax
Family 3 dt
ﬂ:aosin(wtk+w)+a1x(tk)+gk
A,
dx St oi
_ = =, sin(wt + @)+ a,x
Family 4 ar oo e
Tk _ aoe‘)\/k sin(wtk +w)+a1x([k)+£k
At,
dx
_ B g 1)+
Family 5 a
M, p, () +ax(t)+¢
IV
dx 5t
] — =, p, (t)+ax
Family 6 de
Ax, £
B e (1) )+
AL,
dx ;
) —=ayp, \t)sSIn(wt+@ )+ a,x
Family 7 ar = (! o
5 gop, (1 )sn (o1, +) v ax(s ) 2
k

156

However, there are many open questions and many
challenges in future DEAR developments. The first
one is model specification (or identification) problem.
It is true that DEAR model starts with a hypothesized
differential equation model. Given real-world dynamic
system, it is often there is no priori knowledge on the
system and thus many possible candidate differential
equation models may be suitable for the hypothesized
model. Which one would be the best? We can not
guarantee anything, particularly under the small
sample availability. The second question is the model
validation problem, which can be considered from the
two aspects: the filtering the existing data (or backward
prediction) and the extrapolation (or forward
prediction). In either case, model accuracy criteria are
required to be investigated, particularly, we have to
admit that the average chance of quadratic forms and
ratio of them are undeveloped yet. The third open
guestion is given a set of data, the DEAR model may
just start with a set of subset regression models and
then couple with corresponding differential equation
models. For example, Table 2 lists a set of data from a
system.
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Table 2. A system state recording data

referee’s invaluable comments on open question

No | Time | Obs x"(;) | Approx. Der. Der. aspects.
2(0) (0)
i () ) References
1 0.50 7.1788 N/A
2 0.55 7.1236 -1.104573 -1.0198 | [1] Carvalho, H. & Machado, V. C. (2006). Fuzzy set
3 0.60 7.0768 -0.935078 -0.8504 theory to establish resilient production systems, IIE
4 0.65 7.0385 -0.765817 -0.6813 Annual Conference, Maio 2006, Orlando, USA.
5 0.70 7.0087 -0.596785 -05123 | [2] Deng, J. L. (1985). Grey Systems (Social
6 0.75 6.9873 -0.427976 -0.3436 Economical). Beijing, the Publishing House of
7 0.80 6.9743 -0.259385 -0.1752 Defense Industry (in Chinese).
. ] . [3] Dubois, D. & Prade, H. (1980). Theory and
For this data set, Table 3 lists 10 sub-regression models Applications, Fuzzy Sets and Systems. Academic
with excellent R-square value and significant Press, New York.
regression coefficients. [4] Field, C. A. & Ronchetti, E. (1990). Small Sample
Asymptotics. Institute of Mathematical Statistics,
Table 3: 10 fitted sub-regression models Lecture Notes-Monographs Series 13, USA.
[5] Field, C. A. & Ronchetti, E. (1991). An Overview
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