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1. INTRODUCTION

The nonlinear problems driven by variable exponent operators appear in numerous
physical models such as, for example, the model of image restoration [3] or the model
of motion of electrorheological fluids [16]. This is a very active field recently (see for
example [1,4,8,10,13,15,17]). In the monograph [14], Radulescu and Repovs provided
a thorough introduction to the theory of nonlinear partial differential equations
with a variable exponent.

In this paper, we discuss the existence of a sequence of solutions for two types of
problems: a local one driven by p(-)-Laplace type operator with a variable exponent,
and a nonlocal one, driven by fractional p(-, -)-Laplace type operator with a variable
exponent. These problems were considered in [9] and [12] respectively, but the authors
incorrectly applied the Dual Fountain Theorem in their proofs. The aim of this note is
to give correct arguments.

In paper [9], the authors discussed the existence and multiplicity of weak solutions
for a general class of local quasilinear problems involving p(-)-Laplace type operators,
with Dirichlet boundary conditions involving variable exponents

{—div(a (\Vu|p($)) IVuP™ 2 Vu) = Af(z,u) in Q, P1)

u =0 on 012,

© 2022 Authors. Creative Commons CC-BY 4.0 751



752 Robert Stegliniski

where A > 0 is a real parameter, {2 C RV, N>3 Qisa bounded domain with smooth
boundary 92, p € C(Q), and 1 < p(z) < N, for all € Q. The function a : Ry — R
satisfies the following hypotheses:

(A) (i) the function a : R+ — R is continuous and the mapping Y : RY — R, given
by Y(n) := (|n|p )Y is strictly convex for all z € 2, where A is the primitive
of a, that is A(t fo

(ii) there are constants a, B > O 0 < a < f such that a < a(s) < g for all s >0,
(iii) there exists w > 1 such that (0, 00) Dt —> ﬁA(t) — Za(t)t is nondecreasing
for all z € Q.

An important case is given by a(t) = 1. In this case, we have the p(x)-Laplacian
operator

Aoy (u) =V - (|w”('>*2 Vu)

and w = p*, where p™ = max_q p(z).
In paper [12], the authors discussed the existence results of solutions to the nonlocal
elliptic problem involving the fractional p(-, -)-Laplacian

_ p(x)—2 _ .
{ Lyu+ |u u=Af(z,u) in Q, (P2)

u=0 in RV \ Q,

where A > 0 is a real parameter, € is a bounded domain in RY with Lipschitz boundary
09, L is a nonlocal operator defined pointwise as

Lru(z) =2 / |u(zx |p(I )2 (u(z) — u(y)) K(x,y)dy for all z € RY,

where K : RV x RY — (0, 00) is a kernel function with the following properties:

(K) (i) mK € L' (RN x RY), where m(z,y) = min{1, |z — y|"“¥};
(ii) there exist §p > 0 and 0 < s < 1 such that K(z,y) |z — |N+Sp 29) > 9,
for almost all (z,y) € RN x RN and x # y;
(ili) K(z,y) = K(y,x) for all (z,y) € RY x RV,

where p € C (RN X RN) satisfies p(x,y) = p(y, x) for all z,y € RV,

1< inf p(x,y) < sup plx,y) < —
(z,y) ERN xRN ( ) (z,y) ERN xRN ( )

and p(x) is the abbreviation for p(z,z) for all € RY. An important case is given
by K(z,y) = |z — y|” N TP@¥) Iy this case, we have the fractional p(-, -)-Laplacian
operator

u(z) — uly |’”“” ? (u(z) — uly)) N
(—A)p . ule PV/ mn o dy forall z € RV,
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For both problems we introduce the hypotheses on the nonlinearity f:

(f1) f is a Carathéodory function and there exists ¢ > 0 such that

Fanl <e(1+10)

for all (z,t) € @ x R, where v € C(Q2), 1 < p* < v~ <w(z) <vt < p*(z) for

x € Q, and p*(z) denotes the critical variable exponent related to p(z), which is
Np(z)

N—sp(a)’ where s = 1 for

defined for all 2 € Q by the pointwise relation p*(z) =
problem (P1), p~ = min, g p(x), p* = max, g p(z).

(f2) limy— oo Tt(;f) = 400 uniformly for almost all € €2, where the function F is the

primitive of f with respect to the second variable, that is, F(x,t) := fot f(z, s)ds,
x €.
(f3) There exists n > 0 such that

F(x,t) < Flx,s)+n

forany x € Q and all 0 <t < s or s <t <0, where F(z,t) = f(x,t)t — wF(x,t)
and w = p* for problem (P1), and w = w for problem (P5), where w occurs in
(A)(iii).

(f1) flz,—t) = —f(z,t) for all x € Q and all t € R.

(f5) hlIl‘l i%f % = +o00 uniformly for almost all x € Q.
t|—

We can now formulate our main results.

Theorem 1.1. Assume that (A), (f1)—(f5) hold. Then, for each X\ > 0, the problem
(P1) possesses infinitely many small negative energy solutions.

Theorem 1.2. Assume that (K), (f1)—(f5) hold. Then, for each X\ > 0, the problem
(P2) possesses infinitely many small negative energy solutions.

As is shown in [18, p. 18], the papers [9] and [12], which discuss prob-
lems (Py) and (P3), respectively, contain incorrect reasonings, which use the
Dual Fountain Theorem (see Theorem 2.4 below). The authors assume only
(f1)—(f4) of the nonlinearity f and try to find some unbounded sequences {4y }, {yx} for
which (Bj)—(By) are satisfied. But showing (By), (Bz) is inconsistent and showing (Bs)
is non conclusive. In our approach to this problems we find null sequences {d}, {~x} for
which (B;)—(By) are satisfied. To do this, we additionally impose a further constraint
on the nonlinearity f, i.e. (f5), that controls its behaviour for small ¢. Let us note that
we also widen the range of A to any positive number. Since we used the same list of
assumptions for nonlinearity f in both (P1) and (P2) problems, we are able to prove
both theorems simultaneously.
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2. MATHEMATICAL BACKGROUND

In this section we define solution spaces for problems (P;) and (P2). Let
Q c RV, N > 3, be a bounded domain with smooth boundary 9 and p € C(Q)
with 1 < p(z) < N. The variable exponent Lebesgue space, denoted by LP()(€),
is the set of all measurable functions v : £ — R such that the modular
0p( () := [, lu(z)|P™) da is finite, that is,

LPO(Q) :={ u: Q — R : u is measurable and /|u(m)|p<x) dr < 00
Q

If we endow this space with the so-called Luxemburg norm

p(z)

u(x) de <1

el = inf { o> 0 :/
Q

it becomes a separable Banach space (see [5, Theorems 3.2.7 and 3.4.4]).
If 1 < p(x) for x € Q, then LPO)(Q) is reflexive (see [5, Theorem 3.4.7]). Note that, if
p is a constant function, the Luxemburg norm ||| , ) and the space LP0)(Q) coincide
with the standard norm ||-|, and the standard Lebesgue space LP(Q2), respectively.
We will need the following relation between the modular g, and the norm ||-[[ .,
(see [9, Proposition 2.2]).

Lemma 2.1. Let u € LP1)(Q), then, we have

. + -
(@) if [lull,., <1, then HUIlﬁQ < op(y(u) < ||UH§(+.);
(b) if llull,.y > 1, then [Jullj ) < opey(u) < Jlully-

Next, the variable exponent Sobolev space WP()(Q) is defined by

WP (Q) = {u e LPO(Q) : [Vu| € Lp<-)(9)}
and it is equipped with the norm
el iy = IVl + el

for all u € WP()(Q). The space Wol’p(')(Q) is defined by the closure of C§°(£2) in
Whrl)(Q). Since ull,(y < ClIVull,y for all u € Wol’p(')(Q) and some constant

C >0, |lully .y and [[[Vul[|,,., are equivalent norms on Wol’p(‘)(Q). For a solution
space for problem (P7) we use

By =Wy P(Q)

equipped with the norm [[ul|g, = [[|Vull|,., for all u € Ey. E is a reflexive and
separable Banach space (see [9, Proposition 2.4]).
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Under the assumption (A), the functional A; : E; — R defined by

/L (IVulP“)dz  for all u € E
J p(2)

is of class C'(Ey,R) with the derivative given by

(Al (u),v) = /a(|Vu|p(z)) Va2 vy Vo for all u,v € Ey
O

(see [9, Lemma 2.5]). Moreover, under the assumption (f1), the functional B; : F; — R
defined by

Bi(u) := /F(x, uw)dr for all u € E4
is of class C1(E;,R) with the derivative given by (B} (u = Jo f(z,u)v for all
u,v € Fy. Hence, if we define & : E1 — R by
8LAZZAA1—-ABb

then & » € C!t (E1,R) and its critical points are the so-called weak solutions to the
problem (P1), i.e. u € Ey such that

/a(|Vu|p(x)) |Vu|p(gc)_2 Vu- Vv — /\/f(x, wv=0 forallve E.
Q

Now, we define a solution space for problem (P,). Let us denote with Wi* (Q)
the completion of C§°(RY) with respect to the norm

lull = [lwall,,.., + [l .
where

[ul .y =infqu>0: /

RN xRN

For a solution space for problem (P3) we use
— 5,p(+) v — 0 in RN
Ey =queWg2™’(Q):u=0in R" \ Q

with the norm |||z, = ||| B2 is a reflexive and separable Banach space
(see [2, Lemma 8 and Remark 6]).
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Let us define the functionals Ay, Bs : E5 — R by

wi= [ f (o)~ ul)"* K (e, p)dndy +

RN xRN Q

1
p(z)

|,UJ‘P(1) dx

and
Ba(u) := /F(x,u)dx
Q

for all u € Fs.
Standard arguments imply that Ag, B € C1(E3, R) and their Fréchet derivatives
are given by

(Az(u),v

A
— [ ] @)~ a7 (o) - ulo) (v(a) ~ o) K (o, )dody
RN xR

N

+/|u\p(z)_2uvdx
o)

and (B5(u = [ f(x,u)v for all u,v € Ey. If we define & : Ey — R by
527)\ = Az - )\BQ,

then & € C'(Fs,R) and its critical points are the so-called weak solutions to the
problem (P3), i.e. u € E5 such that

/ / () — uly) P2 (u(z) — u(y)) (v(z) — v(y)) K (2, y)drdy

RN xRN
+ / |u|p(m)72 uvdx — )\/f(:v,u)v =
Q Q

for all v € Fs.
Now we formulate some facts we will need.

Lemma 2.2. Let 7 € C(Q) with 1 < 7(x) < p*(z). Then the embedding E; — L™)(Q),
1 =1,2, is continuous and compact.

Proof. By [9, Proposition 2.4] for ¢ = 1, and [2, Theorem 2] for ¢ = 2, the embedding
E;, — LI“"‘X{T(‘)’IF}(Q) is continuous and compact. By [11, Theorem 2.2], the embed-
ding L7271 Q) < L70)(Q) is continuous. Thus Lemma follows by superposition
E; — L0271 Q) — L70(Q). O
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Lemma 2.3. Fori=1,2, we have:

(8) i lull, <1, then 2

(B) i lully, > 1, then & [lullf, < Ai(u) < 2

+ ) _
ullfy, < Ailw) < 2 ullf,

Bi PJr
E;’

ul
where a1 = a, e = 1, f1 = B and P2 =1 and «, B are constants from (A)(ii).

Proof. Tt follows from (A)(ii) and [9, Proposition 2.2] for the functional A; and from
[12, Lemma 2.3] for the functional As. O

Finally, we recall the Dual Fountain Theorem. Let X be a reflexive and separable
Banach space. By [7, Theorem 1.22], there exist sequences {e,} C X and {e}} C X*
such that

X =span{e,,n € N}, X* =span®” {e;,n € N}

and (e}, e;) = d;;, where 0;; is the Kronecker delta. Write

k &)
X, =span{e,}, Y= EDX”’ 7y, = @Xn. (2.1)
n=1 n=k

We say J € C'(X,R) satisfies (C)?-condition at level ¢ € R if any sequence
{u™}, cn C X satisfying

— 0,

u™ eY,, Ju™) e, (1 + Hu(”) .

)| @)

where Y,,, are subspaces defined in (2.1), contains a subsequence converging to a critical
point of J.

We are ready to recall the Dual Fountain Theorem [19, Theorem 3.18]
(see also [9, Theorem 3.11]).

Theorem 2.4. Let X be a reflexive and separable Banach space, J € C1(X,R) an even
functional, and Yy, Zy, the subspaces defined in (2.1). Assume that there is ko > 0 such
that for each k > kg, there exist 6, > v, > 0 such that

(B1) ar =inf{J(u) : v € Zy, ||lu|]| = o} >0,

(B2) by = max{J(u) : u € Yy, ||ul| =} <0,

(Bs) di = inf{J(u) : u € Z, ||u|]| <t} — 0 as k — +o0,
(By) J satisfies (C)%-condition for every c € [dy,,0).

Then J has a sequence of negative critical values converging to 0.

3. PROOFS OF THE MAIN RESULTS

Since FE;, i = 1,2, are reflexive and separable Banach spaces, we can obtain
Yii»Zii C E;, k € N, which satisfy (2.1). We will need the following lemma (see
[9, Lemma 3.7], [6, Lemma 4.9]).



758 Robert Stegliniski

Lemma 3.1. For 7 € C(Q) with 1 < 7(x) < p*(z) forallz € RN, i=1,2 and k € N
define

Br,ri = sup{|ull .y lullg, =1,u € Zi;}. (3.1)

Then limy o0 Br,ri = 0.

Proof. Fix i € {1,2} and 7 € C(Q) with 1 < 7(z) < p*(x) for all x € RV,
Obviously, 0 < Bryiri < Bi,ri, 50 {Bkrifken converges to some S > 0. For
every k € N choose u, € Zy; such that |uilz = 1 and [lugll, ) > Brrs

2
As E; is reflexive, {ux}, up to a subsequence, weakly converges to some u € F;.

Since (e, u) =0 if k > n, we have 0 = limy_, oo (€, ug) = (e, u) for all n € N. Thus
u = 0. By Lemma 2.2, F; compactly embeds into L7()(2), which implies luell-) =0
and so B.r; — 0, which proves the lemma. O

Using the notations introduced in the previous section, we can provide proof of
Theorems 1.1 and 1.2 simultaneously.

Proof of Theorems 1.1 and 1.2. Fix A > 0. Since the functional &; ) is even and
belongs to C1(E;,R), by Theorem 2.4 it suffices to show that if k is large enough, then
there exist d; > v > 0 such that (By)—(B4) hold.

Verification of (B1). By (f1), there exists C' > 0 such that
F(z,t) <C (|t\ + |t|y(w)) for all x € Qand t € R. (3.2)
Then, by Lemma 2.3 and (3.1), for any u € Zy ; with [Jul|g <1, we have

Q Q

o L
> %l = O (Il + ma{lull) Il )
Q; + + + — -
>l = O (B lullp, + max{ Bl s Il )
Q; + + -
>l = OA (B + max{615 63 Tl

Since {Bk1,i}s {Brv.i} are null sequences and p* > 1 we have

2pt vt o e
O := o CA <5k,1,i + max{ﬂk%i, Bkym-}) —0 ask— oo.

Hence, there exists ky € N such that 0, < 1 for all & > ky. Thus, for all u € Z;, ; with
”UHEL = 0k, k > ko, we have

in 57> 0.

Eialu) >
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This shows (Bj).
Verification of (Bs). First, we show that for any M > 0 we can find Cjs > 0 such that

F(z,t) > Mt —Cuy|t]"™ forallt eRand z € Q. (3.3)
By (fs), there is 0 < & < 1 such that
F(z,t)> M|t"  forall |t < e andall 2 € Q. (3.4)
By (f1), there is C' > 0 such that (3.2) hold. Hence, if |[t| > €, then

1 < @ < and T < e .

Thus
Flz,t) > —C (m + |t|”(””)) >_C (51-"* + 1) 1@ = —cy [t"@
=—C [t — Mt + Mt
> Oy [t — Mer T | 4+ M P

= —Cu t|" + Mt

where Cy = C (7" 4+ 1) and Cyy = Me? ~" + (4. This and (3.4) give us (3.3).

Since Y} ; is finite dimensional, all the norms are equivalent, so we can find
0 < 6 < 1 such that for u € Yi; with [lul|z, < 6 we have |ul|,.) <1, and so, by
Lemma 2.1 and Lemma 2.3

Ein(u) < p’i Jully, = [ P, u)do
Q
< ]% Julls, — AM/|u(x)\P’ da:+)\C'M/|u(q:)|"(w) dz
Q Q
B\ . -
< = [ull, =AM |ully- + XCw [lully
< pe ully, = AME||ul, + AXCrC [|ul|g,

_ <£j’ - AM&) ully,, + ACwC |ull’y,

where constants & C arise from the equivalence of norms. Now, choosing
M > Ag’#, we can find 0 < v, < min{6g, dx} such that J(u) < 0 for all u € Y} ; with
[|ull z, = k- This shows (Bs).

Verification of (Bs). First, we note that dy < 0 for all k¥ > kg, since
Yii N Zii # {0}, 0 <, < ) and J(u) <0 for all u € Yy, ; with Hu||E = V.
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Using (3.1) and (3.2), we have for any 0 < t < 0y < 1 and w € Z;
with [lw|p, =1

Ein(tw) > —AB;(tw) > f)\C/ tw| dx — AC/ tw|” ™ da
Q Q

> 75;6)\0/\w|dx75,’;_)\C/|w|V(m) dx
Q Q
- v vt
> =0k AC ]|, — 6% ACmax{lleu(‘) : IIwII,,<.>}
vo v vo vt vt
>~ B 0], — % ACmax {8y, wl, B el }

~BACB 1 — o ACmax {81, B}

which gives

~0RAC i — 0 ACmax { B, B2} < di < 0.

As {0k}, {Pr.1,i} {Brk i} are null sequences, (Bs) follows.

Verification of (By). The proof is the same as in [9, Lemma 3.12] for ¢ = 1 and
in [12, Lemma 2.13] for ¢ = 2. This shows (By), and the proof is complete. O
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