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The article presents an analysis of phase resonance conditions for the parallel RLCα circuit 
with supercapacitor. Supercapacitors behaviour somehow differs from classic dielectric 
capacitors, therefore it is necessary to develop their new mathematical models, using 
fractional – order differential equations. A simple fractional – order supercapacitor model has 
been assumed, taking into account its internal equivalent series resistance ESR too. A 
lossless inductance has also been assumed and relations for equivalent admittance and 
resonance occurence conditions have been derived in the considered parallel RLCα circuit 
with supercapacitor. The analysis was conducted for different fractional-order parameter α 
values. Derived relations have been illustrated by simulation examples. The existence of 
resonance frequency depends largely on the supercapacitor series resistance value. 
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1. INTRODUCTION 
 

It is known form the classic circuit theory that the resonance frequency fr of 
RLC circuits including real inductors and capacitors differs (compare Figs. 1 b, c, 
d) from the resonance frequency of an ideal resonance LC circuit. Depending on 
the resistance value in the considered circuit (see Fig. 1) resonance phenomenon 
may but does not have to occur. This issue becomes more complicated in systems 
containing supercapacitors [1 - 3] and fractional – order elements Lβ, Cα  [4]. 

Analysis of properties of a series resonance RLCα circuit with supercapacitor 
was carried out in [5 - 6]. The article is a continuation of earlier works concerning 
studies on resonance phenomena in systems with fractional – order elements [7]. It 
concerns a parallel circuit with lossless inductance and a supercapacitor modelled 
as a fractional – order element. 
 

2. MODEL OF THE SYSTEM 
 

Model of the analyzed parallel RLCα circuit with supercapacitor in frequency 
domain is shown in Fig. 2. 
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Fig. 1. Resonance frequencies fr for selected simple parallel RLC circuits 
 

 
 

Fig. 2. Model of the parallel RLCα circuit with supercapacitor 
 

In system from Fig. 2 a voltage source us(t) is included, which consists of both 
constant voltage source u0, polarizing the supercapacitor and alternating voltage 
sorce u(t) of adjustable frequency. Voltage source supplying concerned circuit can 
be written in time domain as: 

  )sin(2)( 00   tUutuutuS ,       (1) 
where: |U| - RMS value of the alternating component, ϕ – voltage phase. 

The circuit admittance is given by a relation: 
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Developing formula (2), the real and imaginary parts of the admittance can be written as: 
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Subscribing the equivalent admittance Y(jω) of the system from Fig. 2 in exponential 
form, its module |Y(jω)| and phase φ(ω) are:  
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Derived relations for equivalent admittance of the parallel RLCα circuit 
with supercapacitor have been simulated for exemplary parameters and illustrated 
in Figs. 4 – 5. Ilustrations are presented in the following sections. 

 
3. ANALYSIS OF PHASE RESONANCE CONDITIONS 

 
The phase resonance frequency fr in a parallel RLCα circuit with supercapacitor 

can be determined from the general phase resonance condition Im{Y(jω)} = 0. 
Then, the non-linear equation given by formula (7) must be solved: 
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Missing supercapacitor internal series resistance ESR (or introducing its large 
capacitance, of thousands F, then its ESR is small, of about 0,1 Ω) the resonance 
frequency fr can be written as (RC  =  0): 
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For α = 1, it means for lossless, ideal capacitor, formula (8) takes the form of: 
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which describes the resonance frequency for a classic series and parallel RLC (LC) circuit 
(see Fig. 1a). Graph from Fig. 3 presents relation (8), that is the resonance frequency as 
a function of fractional – order coefficient α for selected values of 1/LC factor.  
 

 
 

Fig. 3. Graph of the function fr(α) based on the formula (8) for α <0,1> 
 
In case of the series internal resistance ESR appearing in the parallel circuit, there can 

also occur a special case, when α = 1. Then equation (7) can be converted to a closed 
form formula for the resonance frequency fr: 
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which agrees with the formula of the classic system from Fig. 1c. In general case, when 
RC  ≠ 0 and α  <0,1) equation (7) can be solved numerically for specified values of 
parallel RLCα circuit parameters, by transforming and looking for the intersection of two 
functions: 
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As it turns out, the second phase resonance condition Im{Z(jω)} = 0 leads to an 
identical form of non-linear equation, as equation (7). It means that for a given 
parallel RLCα circuit with supercapacitor, there is only one phase resonance 
frequency.  

In the following section an example of parallel RLCα circuit with supercapacitor 
has been calculated and based on it, graphical method of determining the resonance 
frequency has been illustrated. 

 
4. EXAMPLE 

 
Based on previous studies, simulations on exemplary parallel RLCα circuit with 

supercapacitor, modelled as a fractional-order parameter, have been performed. 
Parameters of this circuit are: the inductance L = 500 mH and the supercapacitor 
with a nominal capacity C = 10 F and resistance RC = 0,18 Ω [8]. The derived 
admittance relations (1 – 4) have been presented in graphs in Figs. 4 - 5.  
 

 
Fig. 4. Graphs of a function a. Re{Y(jω)} and b. Im{Y(jω)} based on formulas (3) and (4)  

for α  <0,1> 
 
 

 
Fig. 5. Graphs of a function a. |Y(jω)| and b. φ(ω) based on formulas (5) and (6) for α  <0,1> 
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It can be noticed from Fig. 4b, that the imaginary part of the admittance reaches 
zero value for a given phase resonance radial frequency. Designation of a specified 
value of resonance radial frequency is possible by solving equation (7) 
numerically. Fig. 6 presents a graphical way of finding the solution, described in 
previous section (see formulas (11) and (12)). Fig. 7 shows a resonance radial 
frequency graph of a system from Fig. 1 as a function of parameter α. The graph 
indicates that depending on the supercapacitor resistance RC value, resonance does 
not always occur.  
 

 
Fig. 6. Graphical way of finding the resonance radial frequency ωr 

 

 
Fig. 7. Dependence of resonance radial frequency as a function of coefficient α  

for selected values of RC 

 
For maximum nominal value of RC = 0,18 Ω, phase resonance phenomenon can 

occur when the supercapacitor leakage losses are vanishingly small, that is, when 
α→1. For a lower ESR resistance, resonance occurence is also possible for smaller 
values of the coefficient α. 
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5. CONCLUSION 
 

The article analyzes phase resonance conditions in a parallel RLCα circuit with 
lossless inductor and a supercapacitor, modelled as a fractional – order electrical 
element. Relations for equivalent admittance have been derived and from the 
general resonance condition, relations describing resonance (radial) frequency have 
been derived too. In specific cases, formulas reduce to those describing classic 
parallel RLC circuit (of integer order). In general, values of supercapacitor nominal 
capacitance C, its internal series resisitance RC, fractional-order coefficient α, and 
the inductance L have an impact on the possibility of resonance occurrence. Too 
high value of series resistance ESR may prevent the resonance occurrence in the 
parallel RLCα circuit with supercapacitor.  
 

REFERENCES  
 
[1] Martin R.: Modeling electrochemical double layer capacitor, from classical to 

fractional impedance, The 14th Medditeranean Electrotechnical Conf., Ajaccio, 4 – 7 
May 2008, pp. 61 – 66.  

[2] Rafik F., Gualous H., Gallay Y.: Frequency, thermal and voltage supercapacitor 
characterisation and modelling, Journal of Power Sources, Vol. 165, March 2007, pp. 
928 – 934. 

[3] Freeborn T.J., Maundy B., Elwakil A.S.: Measurement of supercapacitor fractional-
order model parameters from voltage excited step response, IEEE Journal on 
Emerging and Selected Topics in Circuits and Systems, Vol. 3, No. 3, Sept. 2013, 
pp.367 -376. 

[4] Radwan A.G., Salama K.W.: Passive and active elements using fractional LβCα 
circuit, IEEE Trans. on CAS, Part I, Vol. 58, No. 10, 2011, pp. 2388 – 2397 

[5] Walczak J., Jakubowska A.: Analysis of the resonance phenomena in series RLC 
circuit with supercapacitor, Measurement Automation and Control, vol.10, 2013, pp. 
1105 – 1108 (in Polish). 

[6] Walczak J., Jakubowska A.: Analysis of resonance phenomena in simple RLC circuits 
with supercapacitor, Lecture Notes in Electrical Engineering, Springer (w druku). 

[7] Walczak J., Jakubowska A.: Phase resonance in series RLβ Cα circuit, CPEE - AMTEE 
2013, Roztoky k. Krivoklatu, 4-6 September, 2013 , Czech Republic , part III – 4. 

[8] Strona internetowa: http://www.maxwell.com/products/ultracapacitors/docs/PC10 
z dnia 29.11.2013. 


