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Abstract: We devote this paper to study of multiobjective pro-
gramming problems with interval valued objective functions. For this,
we consider two order relations LU and LS on the set of all closed
intervals and propose several concepts of Pareto optimal solutions
and generalized convexity. Based on generalized convexity (viz. LU
and LS-pseudoconvexity) and generalized differentiability (viz. gH-
differentiablity) of interval valued functions, the KKT optimality con-
ditions for aforesaid problems are obtained. The theoretical develop-
ment is illustrated by suitable examples.
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1. Introduction

The study of uncertain programming problems has been of considerable interest in
the recent past. Due to inexactness in the data of real world problems, sometimes
coefficients of objective functions and/or constraints are taken as intervals. This
technique has been termed interval-valued programming and has been studied
by many scholars in the past. Some of the recent results can be seen in Wu
(2007, 2008, 2009), Inuiguchi and Mizoshita (2012), Bhurjee and Panda (2012),
Chalco-Cano et al. (2013), Zhang (2013), Zhang et al. (2012), Hosseinzade
and Hassanpour (2011), Jayswal et al. (2011), Singh et al. (2014), and in the
references therein.
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The field of vector optimization, also called multiobjective programming, has
grown remarkably in different directions regarding the settings of optimality con-
ditions and duality theory. With and without differentiability assumptions, it has
been enriched by the applications of different types of generalizations of convex-
ity theory. In this paper we are concerned with interval valued multiobjective
programming, therefore it is necessary to introduce a concept of derivative for
interval valued functions. A variety of notions for the derivative of set valued
functions have been defined and studied in Hukuhara (1967), Banks and Jacobs
(1970), De Blasi (1976), Aubin and Cellina (1984), Aubin and Frankowska (1990,
2000), Ibrahim (1996).

Recently, the concept of H-derivative was used to study interval valued nonlin-
ear programming problems in Wu (2007, 2009), Zhang et al. (2012). However, this
definition of differentiability is having certain limitations, since H-differentiable
functions (say f) should satisfy the condition that the diameter diam (f) is non-
decreasing in its domain (see Banks and Jacobs, 1970; Bede and Gal, 2005). To
deal with this, some alternative concepts of derivatives of interval valued functions
have been introduced in Bede and Gal (2005), Chalco-Cano and Roman-Flores
(2008), Stefanini (2010), Chalco-Cano et al. (2011). In Stefanini and Bede (2009),
the authors have introduced the concept of generalized Hukuhara derivative of in-
terval valued functions, which is more general than the H-derivative and the weak
derivative of interval valued functions (see Chalco-Cano et al., 2013).

On the other hand, convexity also plays an important role in the study of
optimization and many approaches have been developed and applied to define
convexity of interval valued functions. The concepts of LU, WC' convexity and
LU, WC pseudoconvexity of interval valued functions were proposed in Wu (2007,
2009), and the concepts of preinvexity and invexity were extended to interval val-
ued functions in Zhang et al. (2012). In Ahmad et al. (2014), the authors derived
KKT optimality conditions in order to obtain (LS and LU) optimal solutions for
invex interval-valued programming problems by considering generalized Hukuhara
differentiability and generalized convexity (viz. n-preinvexity, n-invexity etc.). In
this paper, we study the KKT optimality conditions for multiobjective program-
ming problems with interval valued objective function by considering pseudocon-
vexity and gH-differentiability.

The paper is organised as follows: in Section 2 we give some arithmetic of
intervals and then give the concept of gH-differentiability of interval valued func-
tions. In Section 3 we propose some solution concepts following from Wu (2009)
and Chalco-Cano et al. (2013) respectively. Further, in Section 4 we derive KKT
optimality conditions for (interval) multiobjective programming problems by con-
sidering objective functions to be g H-differentiable and LU and LS-pseudoconvex.
Moreover, by using the gradient of interval valued functions the same are obtained.
The illustrating examples are presented where necessary. Finally we conclude in
Section 5.
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2. Preliminaries

Let K. denote the class of all closed and bounded intervals in R, i.e.,
Ke={[a,b] : a,b € R and a < b}

with b — a being the width of the interval [a,b] € K.

2.1. Arithmetic of intervals

Let A € K., then we adopt the notation A = [a”,aV], where a” and aV mean the
lower and upper bounds, respectively. Assume that A = [a”,a"], B = [b*,bY] €
K. and A € R, then by definition we have

A+B={a+b:ac Aandbe B} = [a" +b",a¥ + Y] (2.1)

[Aal; XaV],if A >0

N[, L Uy _
Ad = Ala”,a ]"{ AaV, AaF],if A <0

Therefore we have

and
A—B=A+(-B)=a*-0bY,d" —b].

Aubin and Cellina (1984) and Assev (1986) have shown that the space K. is
not a linear space with operations (2.1) and (2.2), since it does not contain inverse
element and therefore subtraction is not well defined.

Now, if A = B+C, then the Hukuhara difference (H-difference) or geometrical
or Pontryagin (Tolstonogov 2000) difference of A and B, denoted by A ©y B
(Chalco-Cano et al. 2013), is equal to C. If A = [a¥,aY], B = bL,bY], Aoy B =
C = [cF, Y] exists if aP — bE < aV — Y, where c& = al — bF and ¢V = ¥ — bV
(Wu, 2007, 2009)

Next, in Stefanini and Bede (2009), the concept of the generalization of H-
difference of two intervals has been introduced as follows.

DEFINITION 1 (Stefanini and Bede, 2009) Let A,B € K.. The generalized Hukuhara
difference (gH-difference) is defined as

(i)A=B+C

A%B:C¢${0MMB_A+GUC

Also for any two intervals A = [a,b], B = [¢,d] € K., A ©4 B always exists and

A8y B = [min{a —¢,b— d}, max{a — ¢, b — d}].
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2.2. Differentiation of interval valued functions

The function f : R® — K., defined on Euclidean space R™, is said to be the
interval valued function. That is, f(x) = f(z1,..., %) is a closed interval in R for
each x € R". The interval valued function f(x) can also be written as f(x) =
[fE(x), fY(x)], where fL and fU are real valued functions and f%*(x) < fY(x)
for every x € R", and are known as lower and upper (end point) functions of f.

A straightforward concept of differentiability of interval valued functions was
introduced in Wu (2007).

DEFINITION 2 Consider f(x) = [fL(x), fV(x)] to be an interval valued function
defined on X C R™. We say that f is weakly continuously differentiable at x,
if the real valued functions f£ and fY are continuously differentiable at x (i.e.,
all partial derivatives of f¥ and fU exist in some neighborhood of x¢ and are
continuous at xg).

Next, in the papers of Wu (2007, 2009), the author used the concept of H—
differentiability for interval valued functions to study KKT optimality conditions
of programming problems with interval valued objective functions. However, this
definition of differentiability is restrictive; e.g., consider a simple interval valued
function f(z) = [az® + 23 — 1,a — ax® — a®2%], where —1 < a € R. The H-
derivative of f does not exist since H-difference f(0+ h) ©p f(0) does not exist
as h — 07. In fact, if f(x) = Ph(x), where P is an interval and h(x) is a real
valued function with A'(x) < 0, then f is not differentiable at x = xo (Bede and
Gal, 2005).

REMARK 1 From the above we see that H-differentiablity of interval valued func-
tions is restrictive and, further, the simple interval valued function f(z) = [—1, 1]|z|,
where x € R, is not weakly continuously differentiable at = 0. In order to
overcome this problem, Chalco-Cano et al. (2013) considered the concept of
gH—differentiability of interval valued functions introduced in Stefanini and Bede
(2009) to investigate interval valued programming problems. Note that in this
paper T denotes the interval T' = (¢, t2).

DEFINITION 3 (Stefanini and Bede, 2009) Let f : T — K. be an interval valued
function. Then f is said to be gH-differentiable at to € T' if

iy _ e J(to+h) 8¢ f(to)
f(to)_hlglo h -

exists in .. Also we say that f is g H-differentiable on T' if f is g H-differentiable
at each tg € T.

THEOREM 1 (Chalco-Cano et al., 2011) Let f(t) = [fL(t), fY(t)] be an inter-
val valued function. If f¥ and fU are differentiable at to € T then f is gH-
differentable at ty and

f'(to) = [min {(f)'(to), (f7) (to) }, max{(f)'(to). () (t0)}].
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The converse of above theorem is not true (see Chalco-Cano et al., 2011).
However, we have the following result.

THEOREM 2 (Chalco-Cano et al., 2011) Let f(t) = [fL(t), fY(t)] be an interval
valued function. Then f is gH-differentiable at tg € T if and only if one of the
following cases holds:
(i) ¥ and fY are differentiable at tq.
(ii) The derivatives (f©)"_(to), (f%) (to), (fY)"_(to) and (V) (to) ewist and sat-
isfy (f5)_(to) = (fV)i (to) and (f*)y(to) = (fV)" (to).

PROPOSITION 1 (Aubin and Cellina, 1984) Let f(t) = [fE(t), fU(¢)] be an inter-
val valued function defined on X C R™ and xy € X. Then f is continuous at g
if and only if f* and fU are continuous at xy.

DEFINITION 4 (Chalco-Cano et al., 2013) Let f(¢) = [fZ(¢), fY(t)] be an interval

valued function defined on X C R™ and let xg = (xgo), e :c%o)) be fixed in X.

(i) We consider the interval valued function h;(x;) = f(xgo) 20 2O

gy by 1y

:Cl(-i)l, ceny ZC%O)). If h; is g H-differentable at xgo), then we say that f has the ith
partial gH-derivative at xq (denoted by (g—i)q (xo)) and (g—i)q (x0) =
() ().

2

(ii) We say that f is continuously gH-differentiable at x¢ if all the partial g H-
derivatives of (%) (x0),% =1, ...,n exist in some neighbourhood of xy and

are continuous at Xo (in the sense of interval valued function).

REMARK 2 We remark that the continuous gH-differentiablity is more general
than the weakly continuously differentiability of interval valued function. For
example the function f(¢t) = [—[¢[,|t]],t € R, which is not weakly continuous
differentiable at ¢ = 0, is continuously gH-differentiable at ¢ = 0 and f'(t) =
[-1,1], for all t € R.

Next we consider the (interval) multivalued function F(x) = (f1(x), ..., fr(X))
defined on X C R", where fj is the interval valued function for £ = 1,...,7.
Therefore, we have fi(x) = [fF(x), fY(x)],k = 1,...,7. Now we introduce the
following:

DEFINITION 5 Let F(x) = (f1(x),..., fr(x)) be (interval) multivalued function.
We say that F is
(i) (weakly) continuously differentiable at xo € X if fix,k = 1,...,r, are weakly
continuously differentiable at xq.
(ii) continuously gH-differentiable at xo € X if fx,k = 1,...,r, are continuously
gH-differentiable at x.

Note that from Definitions 2 and 5(i), we see that the (interval) multivalued
function F' = (f1(x), ..., fr(x)) is (weakly) continuously differentiable at xq if the
real valued functions ka and f,g ,k=1,...,r are differentable at xg.
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3. Solution concepts

Consider the following (interval) multiobjective programing problem:
(MIP1)

Minimize F(x) = (f1(x), ..., fr(X))

Subject to x = (#1,...,2,) € X C R™.

Here, fi(x) = [fE(x), fY(x)],k = 1,...,7, are interval valued functions and
the feasible set X is assumed to be a convex subset of R™. Since each fj is a
closed interval in R, we may follow the similar solution concept as that proposed
in Wu (2007). In Wu (2007), a partial ordering ” <1y was invoked between two
closed intervals as follows:

Let A,B € K., then we say that A <,y B iff a® < b* and oV < bV and
A <py Biff A=<ry B and A # B or, equivalently, A <y y B if and only if

al < b al < b al < bF
{ WU < WU Or{aU<bU or { WU < pU (3.1)

Next a vector A = (Ay, ..., A,) is said to be an interval valued vector if each
component Ay = [ak,a¥] is a closed interval for k = 1,...,7. Also for any two
interval valued vectors A = (Ay, ..., A.) and B = (By, ..., B,) we write A <.y B
if and only if Ay <py By for each k = 1,...,r, and A <y B if and only if
Ap 2pu By for each k =1,...,r, and Ay, <pu By, for at least one index h. Based
on the above, since F(x) is also interval valued vector, Wu (2009) proposed the
concept of Pareto optimal solutions as follows.

DEFINITION 6 (Wu, 2009) Let x* be feasible solution of (MIP1). We say that x*
is
(i) LU-Pareto optimal solution of (M IP1) if there existsnox € X, s.t. F(X) <ru
F(x*).
(ii) strongly LU-Pareto optimal solution of (M1P1) if these exists no T € X,
s.t. F(f) <rLu F(ZE*)
(ili) weakly LU-Pareto optimal solution of (M IP1) if these exists no X € X, s.t.
fu(X) <pv fu(x*) for k=1,---,r.

REMARK 3 (Wu, 2009) Let us denote by X', XEY, XLE the set of weakly LU-
Pareto optimal solutions, LU-Pareto optimal solutions and strongly LU-Pareto
optimal solutions, respectively. Then X ég cX ﬁU C X%V[{D.

EXAMPLE 1 Consider the following interval valued functions.

f= [0,z],if x >0 e [0,2(2% +1)],if x>0
! [2,0],if 2 <072 [(x? +1),0],if £ <0’

f3 = [sina? sina®+1], fi = [sina® sina®+1], f5 = [sin (z—1)3,sin (z—1)>+1].
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Figure 3.

Figure 4.
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Now, consider the problem (P;) as follows
min F(z)

subject tox —2 <0
—x—2<0.

Consider F(z) = (f1(z), f2(z)), then it is clear that there exist no -2 <z < 2
such that f1(Z) 2rv f1(—2) and f2(Z) <ru f2(—2) (see Figs. 1 and 2). Therefore,
by Definition 6 (ii) and Remark 3, we say that —2 € XLZ8 N X5V N X§&Y for
problem (Py).

Next, if we assume that F(z) = (f1(z), fo(x), f3(x)), then there exists Tz1 = 2,
such that f3(2) = f3(—2) (see Fig. 3). Therefore, —2 € XEV N X%, but
—2 ¢ XL for problem (Py).

Again, if we assume that F(x) = (f3(x), fa(z), f5(z)), then —2 < Ty =
—1.1656, T4o ~ —1.6833 < 2, such that f4(T41) = fa(ZTa2) = f3(—2) (see Fig.
4) and —2 < Ts1 ~ —1.7325,@52 ~ —1.418,1_753 ~ —0.9849,5754 ~ —0.1599 < 2,
such that f5(1_751) = f4(.f52) = f4(1_753) = f4(1_754) = fg(—2) (see F1gs 5 and 6)
Therefore, —2 € X{5, but —2 ¢ XEYV, XY for problem (P).

Note that the values are determined and graphs are plotted by using GrafEq 2.13,
available at www.peda.com/grafeq/

Next, we consider another solution concept, following from Chalco-Cano et al.

(2013):
Let A = [a,aY], the width (spread) of A is defined by w(A) = a® = a¥ — al.
Let A = [al,aY], B = [bX,bY] be two closed intervals. Chalco-Cano et al. (2013)
proposed the ordering relation between A and B by considering the minimization
and maximization problems separately.

(i) For maximization, we write A =1 B if and only if a¥ > bV and a® < b°,
the width of the interval can be regarded as uncertainty (noise, risk or a
type variance). Therefore, the interval with smaller width (i.e., smaller
uncertainty) and higher upper bound is considered better.

(ii) For minimization, we write A <ys B if and only if a” < b* and a® < b°.
In this case, the interval with smaller width (i.e., smaller uncertainty) and
smaller lower bound is considered better.

We write A <pg B if and only if A =5 B and A # B, i.e., A <pg B if and
only if

at < bt at < bk at < bt
{as<b5 OT{aS<bS OT{aS<bS' (3.2)
Next, consider A = (A44,...,A,) and B = (B, ..., B;) to be two interval valued
vectors. We write A <ps B if and only if Ay <pg By for each k = 1,...,r, and
A <;s Bif and only if Ay <ps By for k =1,...,r, and A, <ps By for at least
one index h.

DEFINITION 7 Let x* be a feasible solution of (MIP1). We say that x* is
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(i) LS-Pareto optimal solution of (M IP1) if there exists no z € X, s.t. F(X) <Lg
F(x*).
(ii) strongly LS-Pareto optimal solution of (M1P1) if these exists no x € X.
s.t. F(X) <rs F(x*).
(ili) weakly LS-Pareto optimal solution of (M IP1) if these exists no x € X. s.t.
fr(X) <ps fu(x*) for k=1,---,r

REMARK 4 Let us denote by X5, X595 X L5 the set of weakly LS-Pareto op-
timal solutions, LS-Pareto optimal solutions, and strongly LS-Pareto optimal
solutions, respectively. Then it is easy to see that X438 C XL5 C X&5%.

EXAMPLE 2 Consider the following interval valued functions.

fo = { [min {3, 2sinz},0] if 2 <0
6 =

[0, max{z?,2sinz}] if x >0’ fr 3]

= [cos x> — 1, cos x?],

fs = [cosz® — 1,cos 2], fo = [cosz® — 1, cos z”].

Consider F(x) = (f1(x), f2(z), fo(z)), then it is easy to see that there exist
no —2 < z < 2 such that fl( ) <rs fl( ) fQ(IE) <rs f2( ) and fﬁ( ) <Ls fﬁ( )
(see Figs. 1, 2 and 7). Therefore, by Definition 7 (ii) and Remark 4, we say that
0eXiin XIQS N X&5% for problem (Py).

Next, if we assume that F(z) = (fi(z), f2(x), fo(x), f7(z)
T7; € (0—€7,0 + €7),e7 ~ 0.31798 > O such that fr7(z7
Therefore 0 € X595 N XE5,, but 0 ¢ XL3 for problem (P

Again, if we assume that F(z) = (f7(:v) s(x), fo(x)), then there exist Tg; €
(0 — €5,0 + €g),€es =~ 0.396315 > 0, such that fs(Zs;) = fs(0) (see Fig. 9) and
Tg; € (0 — €9,0 + €9), €9 = 0.458054 > 0, such that fo(zg;) = fo(0) (see Figs. 10
and 11). Therefore, 0 € Xk, but —2 ¢ X559 XL3 for problem (P).

hen there exist

), t
13 f7(0) (see Fig. 8).

ProroOSITION 2 Let A, B € K..
(i) If A <ps B then A <py B. (Chalco-Cano et al., 2013).
(i) If A <ps B then A <y B.

ProoFr For (ii) we have for A <15 B:

Case L. a < b%, a® < b%. This implies a” < bF,a¥ —a® < bY — bL. Then we
have a¥ < aV + (bF — al) < bl + (bY — bL) = Y. Therefore, we have A <1 B.
Case II. a® < b%, a® < b% and Case III. a® < b%, a® < b follow, similarly. O

Note that the converse of Proposition 2 is not valid.

PROPOSITION 3 Let A = (Ay,...,A.) and B = (B, ..., B,) be interval valued
vectors.

(Z) ]fA jLS B then A jLU B.

(i) If A <ps B then A <y B.

PROOF (i) Since A and B are interval valued vectors and A <;¢ B, then Ay <1g
By, for all k = 1,...,r. Therefore, result follows from (i) of Propos1t10n 2 and (ii)
follows from above and (ii) of Proposition 2 immediately. O
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Figure 9.

Figure 10.
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Figure 11.

Note that the converse of Proposition 3 is not valid, for example let A =
([-z,y], [-x,y]) and B = ([*szy] , [*szy]), z,y € R, then A <y B, but
A 4.5 B.

The following theorem gives the relation between two solution concepts.

THEOREM 3 Let X be a feasible set of (MIP1). Then
(i) XS < X5
(ii) Xp¥ C X§5

(iii) Xifp C Xiip -

PROOF Let x be the feasible solution of (MI1P1).

For (i) Let x € XLE. Ifit is possible that x ¢ X L3, then by Definition 7 there exist
% € X, s.t., F(%X) 2ps F(x). From Proposition 3, we see that F(X) <pv F(x).
This is a contradiction. Hence, we see that X§g C X§1§.

(ii) follows along similar lines.

For (iii) let x € X&% and consider ¢ X[%,; then by Definition 7 there exists
% € X s.t., fr(X) <ps fr(x) for all k = 1,...,r. From Proposition 2 fi(X) <rv
fr(x) for all & = 1,...,r. This, however, is a contradiction, because x € XVLV%.
Hence, X%VUP C X%VS}D. (I

Note that the converse of above theorem is not valid as we show in the following
example.
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ExaMpPLE 3 Consider the following optimization problem

min F(z) = <[—x,0], [_7360]) (3.3)

subject to x € R™.

(i) We show z* = 0 € XL3. Since, if we suppose that 2* = 0 ¢ X3, then by
Definition 7, there exist z # 0 in R s.t. F(z) <rs F(0),
ie.,

(=201 [ZE.0] ) =5 (0,01 1000

i.e.,

fi() =2 <0=f(0) and f5(z) = 5 < 0= f7(0),

|8

which is a contradiction, because > 0. Hence, z* = 0 € ng. But z* =
0 ¢ XL, since there exists 1 € RT st. F(1) = ([-1,0], [5},0]) <cv F(0) =
([0,0],[0,0]). Also, since z* =0 € X£5, from Remark 4, we have 2* = 0 € X5
and hence (ii) follows similarly. Also from Remark 4, we have 2* = 0 € X{&%,
but z* = 0 ¢ X{%, since there exist 1 € RT, s.t. f1(1) <pv f1(0) and f2(1) <ru
£2(0).

4. Karush-Kuhn-Tucker type optimality conditions

Consider (interval) multiobjective programming problem
(MIP2)

Minimize F(x) = (f1(x), ..., fr(X))

Subject to g;(x) < 0,i=1,...,m,

where X = {x € R": g;(x) <0,i=1,...,m} is a feasible set.

In this section we shall obtain KKT type optimality conditions for the opti-
mization problem (MIP2) by using gH-differentiability of interval valued func-
tions. Firstly we define the concept of pseudoconvexity for interval valued func-
tions.

DEFINITION 8 (Bazarra et al., 1993) Let f be a differentiable real valued function
defined on non-empty convex subset X of R™, then f is said to be pseudoconvex
at x* if for f(x) < f(x*) there is Vf(x*)? (x —x*) < 0 for x € X and f is strictly
pseudoconvex at x* if for f(x) < f(x*) there is Vf(x*)T(x — x*) < 0 for x € X.

Wu (2009) extended the concept of pseudoconvexity to interval valued func-
tions as follows.

DEFINITION 9 (Wu, 2009) Consider an interval valued function f defined on
nonempty convex subset X C R™ We say that f is LU-pseudoconvex (re-
spectively strictly LU-pseudoconvex) at x* € X if and only if f* and fY are
pseudoconvex (respectively strictly pseudoconvex) at x*.
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Note that if interval valued function f is strictly LU-peudoconvex at x* then f
is also LU-pseudoconvex at x* (Wu, 2009). Similarly, we may extend the concept
of pseudoconvexity to interval valued function in the LS-sense as follows.

DEFINITION 10 Consider an interval valued function f defined on nonempty con-
vex subset X of R™ and let x* € X. We say that f is LS-pseudoconvex (respec-
tively strictly LS-pseudoconvex) at x* if and only if f© and f* are pseudoconvex
(respectively strictly pseudoconvex) at x*.

The above definitions can be extend to (interval) multivalued functions as
follows:

DEFINITION 11 Let X be a nonempty convex subset of R™ and let x* € X. We
say that the (interval) multivalued function F'(x) = (f1(x), ..., fr(x)) is
(i) LU-pseudoconvex (respectively strictly LU-pseudoconvex) at x* if and only
if fi, k = 1,...,r are LU-pseudoconvex (respectively strictly LU-pseudoconvex)
at x*.
(ii) LS-pseudoconvex (respectively strictly LS-pseudoconvex) at x* if and only
if fx,k = 1,...,r are LS-pseudoconvex (respectively strictly LS-pseudoconvex)
at x*.

PROPOSITION 4 Let F be (interval) multivalued function defined on convex subset
X of R™ and let x* € X. Then
(i) F is LU-pseudoconvex (respectively strictly LU - pseudoconvez) at «* if and
only if fL and fY,k =1,...,r are pseudoconvex (respectively strictly pseu-
doconvez) at x*.
(i) F is LS-pseudoconvex (respectively strictly LS-pseudoconver) at x* if and
only if f& and fg,k = 1,...,r are pseudoconvex (respectively strictly pseu-
doconvez) at x*.

PROOF From Definitions 9, 10 and 11 the result follows immediately. (I

DEFINITION 12 (Bazarraet al., 1993) The cone of feasible directions of non-empty
set X € R™ at x* is defined as

D={deR":d#0, there exist § > 0, such that x* +7d € X, V7 € (0,4)}
and d € D is called feasible direction of X.

PROPOSITION 5 (Bazarra et al., 1993) Let X = {x € R" : g;(x) <0,i=1,...,m}
be a feasible set and a point ** € X. Let g; be differentiable at x* for all i =
1,...,m. Let J(x*) = {i : g;(x*) = 0} be the index set for the active constraints.
Then

DC{de R":Vg(z*)''d <0 for each i € J(z*)}.
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(Note that this proposition still holds true if we just assume that g; are continuous
at x* instead of differentiable at x* for ¢ ¢ J).

Next, the Tucker’s theorem of alternative states that, given the matrices P
and @, exactly one of the following systems has a solution:
System 1: Px <0, Px # 0, Qx <0 for some x € R";
System 2: PTA+ QT = 0 for some A > 0 and p > 0.

We also say that the constraint functions g;,7 = 1, ..., m, satisfy KKT-assumptions
at x* if g; are continuous on R™ and are continuously differentiable at x* € X
(Wu, 2007).

In the rest of this paper, we shall assume that the feasible set X of problem
(MIP2) is a convex subset of R™ and the real valued constraint functions g;,i =
1,...,m, satisfy KKT-assumptions at x* € X.

THEOREM 4 Assume that the (interval) multiobjective function F is strictly LU -
pseudoconvex and continuously gH -differentiable at «*. If there exist (Lagrange)
multipliers 0 < AL AV € Rk =1,...,r and 0 < puF,pu¥ € Ryi=1,...,m such that
the following KKT conditions hold:

(i) S0 AV FE@) + S, 13V gi(a) = 0;

(i) >y ALV (@) + 200 i Vgi(a*) = 0;
(iti) NiLgi(w*) =0= Mg']gi(m*)vi =1,..,m,
then z* € X5V N XLES for (MIP2).

PROOF Since F is strictly LU-pseudoconvex at x*, we see by Proposition 4 ka
and f,g] sk =1,...,r, are strictly pseudoconvex at x*. We shall prove the result
by contradiction. Suppose that x* ¢ XEU| then by Definition 6 there exists
X (# x*) € X such that

F()A() <LU F(X*)
i.e. there exists h,1 < h < r such that

fn(X) <ru fu(x")

or, equivalently,
fr (%) < i (x*) or fi (%) < fi) (7).

Case I. Consider the case fF(x) < fF(x*). Since f{ is strictly pseudoconvex, we
have

ViEx)T(x —x*) <0. (4.1)

Also for k # h,k = 1,...,r, we have either fI(x) < ff(x*) or fE(%) < fE(x*).
Therefore, we have

Vi (x")T(x —x*) <0, for k # h. (4.2)
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Now, let d = % —x*. Then y =x* +7d = x* + 7(x — x*) = 7% + (1 — 7)x*.
Therefore, y € X for 7 € (0,1), since X is a convex set and x,x* € X. This
shows that d € D is a feasible direction of X. From Proposition 5, we have

Vgi(x)Td <0,i e J(x"). (4.3)

Further, let P be the matrix whose rows are V £ (x*)? for k =1,...,r, and Q
be the matrix whose rows are Vg;(x*)T for i € J. From (4.1) - (4.3) we conclude
that d is the solution of system 1 of Tucker’s theorem. Hence, there exist no
multipliers 0 < )\é,k =1,..,r,and 0 < uiL,i € J, such that

Z NV FE(x) + Z Vukgi(x*) = 0.
k=1 ieJ

Now, by taking uX = 0 for i ¢ J,i = 1,...,m, we get a contradiction with
respect to (i) and (iéi) of the theorem.
Case (II). In this case consider fY(x) < fY(x*); then, by proceeding similarly as
before, we get a contradiction with respect to (i7) and (¢i7) of the theorem. This
contradiction shows that x* € XEY. Hence, the result follows from Theorem 3.
O

EXAMPLE 4 Consider the following programming problem:

min F = ([4$1—$2—1,4$1—$2+1], _Txl—l—xg—l,_Txl—i—xg—i—l])

subject to —x1 +1 < 0;
2x1 +x2 — 8 < 0;

x9 — 5 <0

1 —x0 —4 <0

x1,22 > 0.

It is easy to see that the above problem satisfies the assumptions of Theorem
4. Now, according to conditions (i), (ii) and (iii) of the theorem we consider the
following expression.

AT R I A R R R I

and

A e e S I B e
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with

par(—z1 +1) = 0;
p2(2x1 + 29 — 8) = 0;
p3(z2 —5) =0
pa(xy — 20 —4) = 0.
That is, we have to solve the following simultaneous equations:
AL
4/\f—72—u1+2,u2+,u4:0;
—AT + A5+ 2+ p3 — pa = 0.
and

4AU—&— + 24 + pa = 0;
1 B H1 p2 T pa =15

—)\?+/\2U+,u2+u3—,u4:0.

Upon solving them, we obtain
1
= (0,107 =2 =2 =] =

and

1
(Ml,ug,‘ug,,[h;) = (5507050)

Therefore, we have x*7 = (0,1) € X5V N X5 for the above problem.

THEOREM 5 Assume that the (interval) multiobjective function F is strictly LS-
pseudoconvex and (weakly) continuously differentiable at x*. If there exist (La-
grange) multipliers 0 < AL NP € Rk =1,..,r, and 0 < pl p? € Ryi=1,...,m,
such that the following KKT conditions hold:

(i) ST ALV (@) + S i Vg (et = 0;

(1) ey NPV (&) + 500, 1 Vgi(z*) = 0;

(iti) :uiLgi(m*) =0= /L;Sgi(m*)ai =1,..,m,
then z* € XL5 for (MIP2).

PROOF The proof is same as that of Theorem 4.

REMARK 5 We remark that in Theorem 4 and Theorem 5, the objective function
F has been taken strictly LU-pseudoconvex and strictly LS-pseudoconvex at x*,
respectively. However, it is interesting to know that these results still hold true if
we assume the (interval) multiobjective function F' to be LU-pseudoconvex and
LS-pseudoconvex at x*. That is, we have the following interesting results.
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THEOREM 6 (A) Assume that the (interval) multiobjective function F is LU-
pseudoconvex and continuously gH -differentiable at *. If there exist (Lagrange)
multipliers 0 < NEAY € Rk =1,...,r, and 0 < pl,p¥ € Ryi = 1,...,m, such
that the following KKT conditions hold:

(1) Yo MgV () + 200, pf Vgi(a*) = 0;

(i) >y ALV (@) + 250 1 Vgi(x) = 0;
(iti) NiLgi(w*) =0= M?gi(m*)vi =1,..,m,
then ¥ € XLV n XLS for (MIP2).
(B) Assume that the (interval) multiobjective function F is LS-pseudoconvex and
(weakly) continuously differentiable at x*. If there exist (Lagrange) multipliers
0< AN kE=1,..,r, and 0 < pl,pu? € Ryi =1,...,m, such that the following
KKT conditions hold:

(i) Shy MV FE () + X7 b Vgi(a) = 0,

(1) Yoy MV (&) + 350, 1 Vgi(a*) = 0;
(iti) NiLgi(w*) =0= M?gi(m*)vi =1,..,m,
then x* € XL59 for (MIP?2).

PROOF The proof is same as that of Theorem 4.

Next we shall present some results for weakly LU-Pareto optimal solutions
and weakly LS-Pareto optimal solutions.

THEOREM 7 Assume that there is an interval valued objective function, say hth
interval valued function fr,h € {1,...,r}, such that it is LU-pseudoconvex and
continuously gH -differentiable at x*. If there exist (Lagrange) multipliers 0 <
ploul € Ri=1,...,m, such that

(i) VfE() + S0, uhVgi(at) = 0;

(i) VY (a*) + S, pl Vgi(a) = 0;

(i) pfgi(2*) = 0= p gi(x),i=1,...m,
then =* € XE7 N XES, for (MIP2).

PROOF Since for any h we have that f; is LU-pseudoconvex at x*, then we see
by Definition 9, th and f,[f are pseudoconvex at x*. We shall prove this result
by contradiction. Suppose that x* ¢ X%V[{D, then by Definition 6 there exists
%X € X such that fy(X) <ruv fa(x*). That is, we have either fF(x) < fF(x*) or
1Y) < 1Y (x").

Case 1. Consider the case f(x) < fE(x*). Since fF is psedoconvex at x*, there-
fore we have

ViEx9)T(x —x*) <0.

Let d = %X —x*. Theny = x*+7d € X for 7 € (0,1), since X is convex and
X,x* € X. This shows that d € D, is a feasible direction of X. From Proposition
5, we see that

Vgi(x*)Td <0 for i € J(x*).
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Further, let P be the matrix whose rows are V f£(x*)7, and @ be a matrix whose
rows are Vg;(x*)T for i € J. Then the result follows from similar arguments to
those for Theorem 4. O

THEOREM 8 Assume that there is an interval valued objective function, say hth
interval valued function fp,h € {1,...,r}, such that it is LS-pseudoconvexr and
(weakly) continuously differentiable at x*. If there exist (Lagrange) multipliers
0< uiL,uf € R,i=1,....,m, such that the following KKT conditions hold

(i) ViE(@) + S pbVa(a') = 0;

(it) V[ (&) + 320 157V gi(x") = 0;

(iii) pFgi(x*) = 0= pdgi(x*),i=1,...,m,
then x* € XkES, for (MIP2).

PROOF The proof is same as that of Theorem 7.

Next we present some results for strongly LU-Pareto optimal solutions and
strongly LS-Pareto optimal solutions.

Further, let f be an interval valued function defined on a non-empty convex
subset X € R™ then we say that f is strictly L-pseudoconvex (respectively strictly
U-pseudoconvex, strictly S-pseudoconvex) at x* if f* (respectively fU, f9) is
strictly psedoconvex at x*, Wu (2009).

Note that f is strictly LU-pseudoconvex (respectively LS-psedoconvex) at x*
if f is strictly L-psedoconvex and strictly U-psedoconvex (respectively strictly
L-psedoconvex and strictly S-psedoconvex) at x* simultaneously.

THEOREM 9 Assume that there is an interval valued objective function say fn,h €
{1,...,7} such that it is continuously gH -differentiable and strictly L-psedoconvex
(respectively strictly U-psedoconvex) at x*. If there exist (Lagrange) multipliers
0<u; € Ri=1,...,m, such that the following KKT conditions hold

(i) Vifa) + S0, mVo(a) = 0,

(respectively VY (x*) + 31", 1 Vgi(z*) = 0) .

(i) wigi(x*) =0,i=1,..,m,

then z* € XEY N XL for (MIP2).

PROOF Suppose x* ¢ XY, then by Definition 6 there exists X € X such that
F(x) =pv F(x*). Thatis fi(X) <pv fe(x*) for k =1,...,r. In particular, we have

fr (%) < fiy (x*) (respectively [y (%) < fi (x7)) .
Since f} (respectively f) is strictly psedoconvex at x*, therefore we have
Vi (x)T(x—x*) <0 (resp. V£ (x*)T (% —x*) <0).

Then the result follows from similar arguments as those discussed regarding
Theorem 4. O
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Next, we present some KKT conditions for (MIP2) using the gradient of
interval valued objective functions via g H-derivative. Consider an interval valued
function f, then the gradient of f at xq is defined as

Y, (x0) = ((%) (x0), - ((f—f) (xO>> ,

where (%) (xo) is the jth partial gH-derivative of f at xy (see Definition 5).
g

From Theorem 1, we see that if f and fU are differentiable functions, then f is
gH-differentiable and in this case,

(25) o= o (22) o (32 o)
e (2 (3 )

is a closed interval.

ExaMPLE 5 Consider the interval valued function

f(z) = [222 + 322, 23 + 320 + 1].
Then we have

(ﬂ) (z) = [min {41,327}, max {421, 327 }]
8$1 g

and

<§_£2)g (z) = [min {62, 3}, max {62, 3}].

So, the gradient of f is given by
V,f(x) = ([min {421, 327}, max {421, 327}], [min {622, 3}, max {6z, 3}).

REMARK 6 Now, if we consider the H-derivative of f, then there is no partial
derivative (5_;1)}1 (0,1) and so there is no gradient of f. Thus, the gradient
of f defined using H-derivative is restrictive. Further, if we assume f to be
weakly continuously differentiable, then clearly we cannot talk about gradient as
we cannot define the partial derivative of f. Therefore, the gradient of f defined
using gH-derivative is more general and it is more robust for optimization.



Optimality conditions in multiobjective programming with interval valued objective functions 41

Consider the following equation

> MV fr(x0) + Y 1iVgi(xo) = 0; (4.4)
k=1 i=1
where the letters have their usual meaning. Since Y /", uing;(xo), (aaTFj) (x0) €
9
R, therefore from Theorem 2, fL, fU k = 1,...,r, are continuously differentiable
at xg. Therefore, (4.4) is equivalent to

- 8ka u ) 8gi - - - 8.]0]5] U . 891'
; Ak 8:17j (Xo) + ; o a’ﬂj (Xo) =0= ; AL 8:17j (Xo) +; j1%; 8:17j (Xo). (4.5)

For all j =1,...,n, (4.5) can be equivalently written as

{ 22:1 )\ka;f(Xo) + Zyil Miv.gi(xo) =0 (4 6)
D1 MV (x0) + 307 1V gi(x0) =0 '

THEOREM 10 Assume that the (interval) multiobjective function F is strictly LU-
psedoconvex and continuously gH -differentiable at x*. If there exist (Lagrange)
multipliers 0 < A\ € Rk =1,...,7m and 0 < u; € R,v = 1,...,m, such that the
following KKT conditions hold:

(i) >pe1 MV fr(@) + 2000 wiVgi(z') = 0;

(i) pigi(x*)=0,i=1,..,m,
then * € XEU n XES for (MIP2).

PROOF Since hypothesis (i) is equation (4.4) for xo = x*, which is equivalent to
(4.6), we get

() Xpet MV (XF) + 200 1iVgi(x*) =0,

(i) Shy MVIY (x7) + S, i Vgilx) = 0
Then the result follows from Theorem 4.

THEOREM 11 Assume that the (interval) multiobjective function F is strictly LS-
psedoconvex and continuously gH -differentiable at x*. If there exist (Lagrange)
multipliers 0 < A\ € Rk =1,...,r, and 0 < p; € Ryt = 1,...,m, such that the
following KKT conditions hold

(1) 3her MV fi(®) + 300, piVgi(z*) = 0

(i) wigi(x*) =0,i=1,..,m,
then x* € X595 for (MIP2).

PROOF Since hypothesis (i) is equation (4.4) for xo = x*, which means that we
obtain from (4.6)
(1) 22:1 eV i (x*) + 2%1 1iVgi(x*) =0
(i) > p /\kvka(X*) + D i 1 Vgi(x*) = 0,
then the result follows from Theorem 4. O
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DEFINITION 13 (Wu, 2009) Let f(x)=[fX(x), fY(x)] be an interval valued func-
tion defined on X C R™. We say that f is LU-nonincreasing at x* if x > x* if
and only if f(x) <pv f(x*).

We can similarly define the LS-nonincreasing properly by considering the ” <pg”
order relation.

THEOREM 12 Assume that there is an interval valued function, say fn,h € {1,...,7},
such that it is LU-nonincreasing and it is also strictly U-psedoconvexr and con-
tinuously gH -differentiable at *. Further assume that V fE(z*) # VYV (z*). If
there exist (Lagrange) multipliers 0 < p; € R,i = 1,...,m, such that the KKT
conditions (i) and (i) or (ii) and (i) hold simultaneously:

(i) VE(@) + S0, wiVai(a) = 0

(ii) Vfi/ (x) + 323 1iVgi(a*) = 0;

(111) w;gi(x) =0,i=1,...,m,
then o* € XL3 for (MIP2).

PROOF Suppose that x* ¢ X&Y. Then, by Definition 6, there exists %(# x*) € X
such that Vf (x*)T (% — x*) < 0, since f}, is strictly U-pseudoconvex. By using
similar arguments to those for Theorem 4, we see that x* € X%¥ for (MIP2) if
conditions (ii) and (iii) are satisfied.

Further, since f;, is gH-differentiable at x*, then

(gj;’f> (x*) < (8]‘}?) (x*), forall i=1,..,n.

8$i

Therefore, we have
Vi (x*) < Vi (x5).

Also, since f), is LU-nonincreasing and V f(x*) # V f¥ (x*), we have
Vi (x) T (x —x*) <V (x)" (x - x) =0,

ie.,
V)T (% - x7) < 0.

Now by using similar arguments to those of Theorem 4 the result follows if con-
ditions (i) and (iii) are satisfied. O

THEOREM 13 Suppose there is an (interval) multiobjective function, say fr,h €
{1,...,7}, such that it is LS-nonincreasing and it is strictly L-psedoconvez (respec-
tively strictly S-psedoconver) and continuously gH -differentiable at x*. Further
assume that V f2(z*) < VfL(z*) (respectively VfE(z*) < V7 (x*)). If there
exist (Lagrange) multipliers 0 < p; € R,i = 1,...,m, such that the KKT condi-
tions (i) and (iii) or KKT conditions (ii) and (i) hold simultaneously:
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(i) thL(-'B*)‘FEZil wiVgi(x*) = 0, (respectively ths(a:*)—l—zril wiVgi(x*) =
0

(i) ths(a:*)—l—zzil wiVgi(x*) = 0, (respectively thL(a:*)—l—ZZil wiVgi(x*) =
0.

(111) wigi(x) =0,i=1,...,m,
then =* € XL3 for (MIP2).

PROOF Suppose that x* ¢ X&Y. Then, by Definition 6, there exists x(# x*) € X
such that VfE(x*)T(x — x*) < 0 (respectively V7 (x*)T(x — x*) < 0), since
fn is strictly L-pseudoconvex (respectively strictly S-pseudoconvex). By using
similar arguments to those for Theorem 4, we see that x* € XY for (MIP2)
if conditions (i) and (iii) are satisfied. On the other hand, since Vf7(x*) <
VL (x*) (respectively V fE(x*) < Vf7(x*)), by using similar arguments to those
for Theorem 12 the result follows if condition (ii) and (iii) are satisfied. O

5. Conclusions

In this paper we have considered two order relations on interval space, namely
the relation LU and the relation LS which incorporate the quantitative prop-
erties of width (noise, risk, etc.). Also, following Wu (2009) and Stefanini and
Bede (2009), respectively, by considering pseudoconvexity and gH-derivative for
interval valued functions, we have obtained KKT conditions for multiobjective
optimization problems with interval valued objective functions considering LU
and LS order relations. For the case of order relation LU the results obtained
are more general than those obtained in Wu (2009), and for the order relation
LS, the results obtained are novel. Moreover, we have considered the gradient
for interval valued functions using gH-derivative and we have used it to obtain
the KKT optimality conditions. These results are more general than other similar
results obtained using H-derivative and, consequently, the gradient of the interval
valued function is more general when defined using gH-derivative.

Although the equality constraints are not considered in this paper, we can use a
similar methodology to that proposed in this paper to handle equality constraints.
The constraint functions in this paper are still real valued, in future research, one
may consider the extension to the constraint functions being the interval valued
functions.
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