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Abstract. We consider the half-linear differential equation
(l2'|*sgna’)’ + q(t)|z|*sgnz = 0, ¢ > to,

under the condition -
«

. o - «
tlggot /q(s)ds ICEEE
t

It is shown that if certain additional conditions are satisfied, then the above equation
has a pair of nonoscillatory solutions with specific asymptotic behavior as t — oc.
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1. INTRODUCTION
In this paper we consider the half-linear ordinary differential equation
(l2'|*sgna’)’ + q(t)|z|*sgnz = 0, ¢ =>to, (1.1)

where « is a positive constant and ¢(t) is a real-valued continuous function on an
interval [tg, c0), to > 1.
If @ =1, then (1.1) becomes the linear equation

2" +qt)x =0, t>t. (1.2)

It is known that basic results and qualitative results for the linear equation (1.2) can
be generalized to the half-linear equation (1.1). The important works for (1.1) are
summarized in the book of Dosly and Rehak [2].
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In this paper the half-linear equation (1.1) is considered under the condition that

o) i

/q(s)ds = lim [ q(s)ds exists and is finite. (1.3)

t—o0
to to

Then we define the function Q(t) by

Q) = / o(s)ds, ¢ > to. (1.4)

t

Now, for the equation (1.1), we put

le%

e e

(1.5)
Let ¢ be an arbitrary and fixed real number, and consider the following equation with

respect to p
lp| T/ —ptc=o0. (1.6)

It is easily checked that if ¢ < E(«), then (1.6) has two real roots p1, p2 (p1 < p2), and
they satisfy p1 < (a4 1)E(«a) < p2. It is also seen that if ¢ = E(a), then (1.6) has the
double root p = (a+ 1)E(a). If ¢ > E(«), then the left-hand side of (1.6) is positive
for all p € R, and so (1.6) has no real root. For the case ¢ < E(«), the condition
tliglot Qt)=c (1.7)

plays an important role in the asymptotic analysis of nonoscillatory solutions of (1.1).
It is known that if

—2a+1)E(a) < liginftaQ(t) <limsupt*Q(t) < E(a),

t—o0

then (1.1) is nonoscillatory (see [2, Theorem 2.2.9]); and if
htrglorgft Q(t) > E(a),

then (1.1) is oscillatory (see [2, Theorem 2.3.2]). If ¢ = E(«) in (1.7), then it is a critical
case in the sense that ¢ = E(«) is the borderline between nonoscillation and oscillation
of (1.1). As an important work in the critical case, we refer the reader to [4], in which
oscillation criteria and nonoscillation criteria are obtained for a perturbed Euler type
half-linear differential equation in the critical case. See also the recent paper [1].

For the case ¢ < E(«), the following theorem has been proved by Jaros, Kusano
and Tanigawa [5, Theorem 3.1]. As usual, the asterisk notation

7 =1[¢]"sgn¢, £€R, v>0,

is used.
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Theorem 1.1 ([5]). Consider the equation (1.1) under the condition (1.3). Let
¢ € (—o0,E(a)) be fized and let p1, p2 (p1 < p2) be the real roots of (1.6). If
(1.7) is satisfied, then (1.1) has a pair of solutions x;(t) (i =1 and 2) such that

/

(t .
lim 50 _ e g 9y, (1.8)

t—oo X; (t) v

In the paper [5], the results are stated in terms of regularly varying functions.
Now, put

e(t) =t“Q(t) — ¢, t > to, (1.9)
where Q(¢) is given by (1.4). Then the condition
t
/ “E(T)'dt < (1.10)
to

plays an important part. In fact, the author has recently proved the following theorem
([11, Theorem 1.3]).

Theorem 1.2 ([11]). Consider the equation (1.1) under the condition (1.3). Let
¢ € (—o0, E(a)) be fized and let p1, pa be the real roots of (1.6) such that p1 < p2 and
p1 # 0. Suppose that (1.7) holds and define (t) by (1.9). If (1.10) is satisfied, then
(1.1) has a pair of solutions x;(t) (i =1 and 2) such that

xi(t) ~ thi as t— o0,
(1.11)
Th(t) ~ MNtN T as t— oo,
where \; = pgl/a)* (i=1,2).
Here, the notation f(t) ~ g(t) as t — oo means that lim; o [f(t)/g(¢)] = 1.
Note that (1.11) implies (1.8) (i = 1,2).
For the critical case ¢ = F(«), the following theorem has been proved by Jaros,
Kusano and Tanigawa [5, Theorem 3.2]. The theorem requires the additional condition

),

/% / s | dt < oo. (1.12)

to
Theorem 1.3 ([5]). Consider the equation (1.1) under the condition (1.3). Sup-
pose that (1.7) with ¢ = E(a) holds and define €(t) by (1.9) (¢ = E(a)).
If (1.10) and (1.12) are satisfied, then (1.1) has a solution x(t) such that

o'}
t

z(t) ~t*/Ct)  and 2 (t) ~ %til/(oﬁl) as t— oo.
o

It is also known ([2, Section 1.4.2], [3]) that, for the case ¢ = E(«) and &(t) =0,
ie., q(t) = aE(a)/t*! the equation (1.1) has a pair of nonoscillatory solutions z;(t)
(i = 1,2) such that

z1(t) =t/ and  ao(t) ~ t/@F Y (log )2/ (FD (¢ - o0).
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In the present paper, we restrict our attention to the critical case ¢ = E(«) and
make deeper discussions on the existence and asymptotic behavior of nonoscillatory
solutions of (1.1). In what follows, we assume (1.7) with ¢ = E(a), i.e.,

tlggo t*Q(t) = E(). (1.13)
As in the above, we put
e(t) =t*Q(t) — E(a). (1.14)

Then, for the case where (1.10) holds, the conditions
oo oo 2
1
/f /Mda ds < oo (1.15)
s o
to S

and )
001 oo o0
/f /Mdo ds=o /Mds as t — 00 (1.16)
s o s
t s t

are also important. We have the following theorem.

Theorem 1.4. Consider the equation (1.1) under the condition (1.3). Define Q(t)

by (1.4). Suppose that (1.13) holds and define e(t) by (1.14). If the conditions (1.10),

(1.15) and (1.16) are satisfied, then (1.1) has a nonoscillatory solution x(t) such that
' (t) a

lim ¢ = . 1.17
v xz(t) a+1 (1.17)

For the case ¢ < E(a) (i.e., the case where (1.6) has two distinct real roots p;),
if (1.7) holds, then (1.1) has nonoscillatory solutions xz;(t) satisfying (1.8) (see The-
orem 1.1). For the critical case ¢ = E(«) (i.e., the case where (1.6) has the double
root p = (a + 1)E(«)), the condition (1.13) alone is not sufficient to guarantee the
existence of a nonoscillatory solution of (1.1). For instance, the half-linear equation

aF(a) v

(|x/|asgnx/)/ + ( o+l + ta+1(10gt)2) |$|asgnx = 07 t > 17

is oscillatory if v > (a 4+ 1)E(«)/2 and nonoscillatory if v < (a+ 1)E(«)/2 (see [4]).
Theorem 1.4 shows that, under the additional conditions (1.10), (1.15) and (1.16), the
equation (1.1) has a nonoscillatory solution z(t) satisfying (1.17).

We can show that, for the case where (1.10) holds, the condition

S

(logt)/ ‘E(s)|ds —0 as t— o0 (1.18)

implies (1.15) and (1.16) (see (II) of Lemma 2.5 in the next section). Therefore,
Theorem 1.4 produces the following corollary.
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Corollary 1.5. Consider the equation (1.1) under the condition (1.3). Define Q(t)
by (1.4). Suppose that (1.13) holds and define £(t) by (1.14). If (1.10) and (1.18) hold,
then (1.1) has a nonoscillatory solution x(t) which satisfies (1.17).

The next theorem shows that a pair of nonoscillatory solutions can be obtained
under the additional condition

tli)rgo(logt)e(t) =0. (1.19)

Theorem 1.6. Consider the equation (1.1) under the condition (1.3). Define Q(t)
by (1.4). Suppose that (1.13) holds and define e(t) by (1.14). If (1.10) and (1.18) and
(1.19) are satisfied, then (1.1) has a pair of nonoscillatory solutions x;(t) (i = 1,2)
such that

lim (log?) (tjﬁ; - ai 1) =0, (1.20)
and
tli{rolo(logt) (tizg; a ozj— 1) - oz—2|—1' (1.21)

In the next section we will prove that, under the condition (1.10), the condition
(1.12) implies (1.18), that is, (1.12) is stronger than (1.18). For the case where (1.12)
holds, at least one nonoscillatory solution is obtained in Theorem 1.3. The next theorem
shows that another nonoscillatory solution is obtained under the same conditions.

Theorem 1.7. Consider the equation (1.1) under the condition (1.3). Define Q(t)
by (1.4). Suppose that (1.13) holds and define £(t) by (1.14). If (1.10) and (1.12) are
satisfied, then (1.1) has a pair of nonoscillatory solutions x;(t) (i = 1,2) such that

x1(t) ~ o/ (etD) (t = 0),
2 (t) ~ _Q 1/(at) (t = o) (1.22)
e+ :
and
To(t) ~ o/ (@) (Jog )2/ (D) (t = o),
(1) ~ —S @D (10g )2/ (4 L o) (1.23)
? a+1 :

Throughout the paper the following fact plays an essential part. Let x(t) be
a nonoscillatory solution of (1.1). We suppose that z(t) > 0 for t > T (> to). Put

y(t) = (jg;) . t>T. (1.24)

Then, y(t) satisfies the generalized Riccati equation

y'(t) = —q(t) —aly@®)| T/ =T (1.25)
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Conversely, if y(t) is a solution of (1.25) on [T, 00), then
¢
x(t) = exp /y(s)(l/a)*ds , t>T, (1.26)
T
is a positive solution of (1.1) on [T, 00). The proof is immediate.

Now, suppose that x(t) is a nonoscillatory solution of (1.1) such that

’
lim tw *)
t—o00 q;(t)

=X for some A€ R. (1.27)

The solution z = z(t) in Theorem 1.4 and the solutions =z = z;(t) (i = 1,2) in
Theorems 1.6 and 1.7 satisfy (1.27) (A = o/(a + 1)). We suppose that z(t) > 0 for
t >T (> tp), and define the function y(¢) by (1.24). Then it is seen (for example, see
[11, Proposition 1.2]) that (1.3) holds and y(¢) satisfies

y(t) = Q1) + a / ()@ /ods, > T, (1.28)
t

where Q(t) is defined by (1.4). This fact also plays a crucial part in the present paper.

In the next section we give a few number of preparatory lemmas. The so-
lution z(t) in Theorem 1.4 and the solutions z;(¢) (i = 1,2) in Theorems 1.6
and 1.7 are obtained by solving certain integral equations similar to those used
n [11]. The proofs of Theorem 1.4 and Theorems 1.6 and 1.7 in the case i = 1
are presented in Section 3. The proofs of Theorems 1.6 and 1.7 in the case
i = 2 are given in Section 4. Examples illustrating the main results are provided
in Section 5.

The present paper is related to regularly varying solutions of (1.1). A function z(t)
which satisfies (1.27) is a normalized regularly varying function of index A. Recent
results on regularly varying solutions of the half-linear equation (1.1) are found, e.g.,
in [5-9,13,14]. However, in the present paper, the theory of regularly varying functions
is not used.

The papers [6,8-14] deal with a more general equation

(p(t)[2'|"sgna’)’ + q(t)]z|*sgnz =0, ¢ > to, (1.29)

where p(t) is a positive continuous function on [tg, o). For the case

oo

/ p(s)1ds = oo,

to

the change of variables (¢,2) — (7,y) given by

T= /p(s)_l/o‘ds, y(1) = z(t)
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transforms (1.29) into

(191sgn ) + p(®)/*a(0)|y|"sgny = 0, 720 (:) (1.30)

which is the same form as (1.1). Then we can apply the results for (1.1) to (1.30), and,
after transforming back, we get the results for (1.29).
For the complementary case

(oo}

/p(s)fl/ads < 00, (1.31)

to

it is impossible to apply the results in the present paper to the equation (1.29).
Nevertheless, it may be conjectured that analogous results for (1.29) with (1.31)
can be established. For example, observe an analogy between [11] and [12].
The precise statements, however, are unclear at this stage.

2. PREPARATORY RESULTS

To prove our results, we prepare a few number of lemmas.

Lemma 2.1. Let A # 0 be fized. Let w and € be real numbers with |e| < |A\|*/4. The
Sfunction

F(w,e) = [w 4 X 4 g|(@fD/a _pox 4 gflatd)/a

1
_ AT L e )Wy,
(0%

satisfies
Al Ao
0< Flwe) < K@t (1ol < B0 1< ).
where
(—a+1l)/a
a+1/3
20v2 5 (0 <a< l)a
Kla) =9 11 /18 casvya
202 (2) (a>1).

Note that the function F'(w,e) defined by (2.1) arises naturally in [5]. For a brief
proof of Lemma 2.1, see Naito [10, Lemma 2.4].
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Lemma 2.2. Let A >0, vg >0 and T > 1 be fized. Let t, v and € be real numbers
with t > T and |e| < X\*/4. If

1
vg + 2A% < ZA“ log T, (2.2)
then the function
IV (a+1)/c
G(t,v,e) = vit)gt + A +e — (A* )t/
a+1 v+ 2)\¢
_ AL 1/a A 2.3
e (A% +e) logt (23)
2
OZ+1 o (l/a)—l ’U+2)\a
202 (A% +e) logt
satisfies
Ik A
G(t < L{a)a~20+1 L0224 t>T, |v] < <
| (7U7E)|— (OZ) logt = |U|—U07 |€|— 4 ?
where (L/a)—2
(a+D]a—-1| (3 -
La) =
() (a+Da—1] (12
Proof. By Taylor’s theorem, there exists 6 € (0,1) such that
_ -1 pip—1)(p—2) -
(z +a)? = aP 4 pa? ' a + p(p2 aP22? + 5 (Ox 4 a)P 323,

where a > 0,2 > —aand p € R. Let t > T, |v| < vg and |e| < A*/4. Then we apply
the above equality to the case a = A* + ¢, . = (v + 2X¥)/logt and p = (o + 1) /.
To this aim, note first that @ > 3A*/4 > 0. By (2.2), we have

1
v < Z)\“ log T, (2.4)

and so x +a > (v/logt) + (3A*/4) > (—vo/log T) + (3A*/4) > A*/2 > 0. Then it is
seen that

(a+Da—1]| v+2)2 (1/e)=2 8
0 A
6a3 logt tAHE

v+ 2\
logt

G(t,v,e)| =

Since —vg < v+ 2A* < wg +2X* and 0 < 0 < 1, it follows from (2.2) and (2.4) that

1)\& < av+2)\
2 logt

3
+Aa+€S§Aa.

Then the assertion of Lemma 2.2 is immediate. O
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Lemma 2.3. Let A\ #0. Then
1
1A et nre x| < 92 e, (2.5)
e
2
‘(A"‘* 4 e)W/er )\‘ < SN el, and (2.6)
ax (1/a)—1 1—a lo — 1] —2a+1
I /=1 pe| < g 2et g (2.7)
for all sufficiently small |e|.
Proof. Since
) ‘)\a* +E|(a+1)/o¢_ ‘)\'a-ﬁ-l a+1
lim = A,
e—0 IS «
PGk 1/a)* __ A 1
lim (A% +¢) =—[A\"*™" (A#£0), and
e—0 IS (0%
ok (1/a)—1 _ AL _ 1
lim 127 Tl ATzt ) —2atigen (1 £0),
e—0 g «
the assertions (2.5)—(2.7) are clear. O
Lemma 2.4. Let A > 0. Then
—a+1 -1
()\a +6)(1/a)* S A 5 < ‘O‘ : |)\—2a+162 (2.8)
! @
for all sufficiently small |§].
Proof. Since
G A S O LI R NP PR
50 52 2a \«a ’
the assertion (2.8) is obvious. O

Lemma 2.5. Let £(t) be a continuous function on [tg,00), tg > 1, and suppose that

(1.10) holds. Then:

(I) the condition (1.12) implies (1.18),
(IT) the condition (1.18) implies (1.15) and (1.16).

Proof. (I) Let 7 > to. An integration by parts gives

/1 /Mds it
t S
t

to

- (logr)/@ds - (10gt0>/@d8+/(logs)@ds

to

=z _(IOgtO)/@dS+/(logs)‘€28)|ds.

to
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Therefore, by (1.12), we find that

/(log s)@ds < 00, (2.9)

and hence

lim (log 7) exists and is a nonnegative finite value.

T—>00

Put

lim (log7) /|€ ds =,

T—00

where 0 < £ < co. Assume that 0 < £ < oo. Then there is T' > ty such that
—1

E o0
logT > — /Mds for >T.
2 s
Consequently we have

/(log S)Mds = lim (log S)Mds
S T—00 S
T

-1

. / /\e )],
T 27900 S
hm /‘ do | —log /‘E(U)
T—00 o
T

which is a contradiction to (2.9). Therefore we have £ = 0. This implies (1.18).
(I1) Let tp <t < 7. An integration by parts gives

=Y
= (log 1) /‘5 — (logt) 7'8(00)'(10

+2/(logs) /'5(0(_’)‘do |E(SS)|ds.

= 00,

2
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y (1.10) and (1.18), the first term of the right-hand side of the above equality tends
to 0 as 7 — 00, and the last term is convergent as 7 — oco. Therefore, (1.15) holds and

[eS) ) 2
1
/, /Mdg ds
S o
t s
0050

o0

2 o0
—(logt + 0g s U)|da |E(S)‘ds.
(log) 2 [(ogs) | [ 1L
o s
t t s
Consequently,
o0 o0 2 o0 o0
/1 /|€(0)|d0 ds§2/(logs /lE(U)ldg ()l 4
s o s
t s
<oM(t / le(s)
[
where
oo
M(t) = sup (logs)/wd
s>t o
Since M (t) — 0 as t — oo, this implies (1.16). O

Lemma 2.6. Let p be a constant such that p > 1. Suppose that f(t) is a continuous
function on [a,b], a > 1. Then we have

p

jdéijiﬂﬂw @g(;gfjiﬂ@wa (2.10)

a a a

Proof. For the left-hand side of (2.10) we make the change of variable twice, first
log s = u, and next o = e”. Then we have

b y P log b u p
1 1 1 .
| oy | Sl as= [ 5] [ i@ du
¢ @ loga loga

An application of the Hardy-type inequality which is proved in [11, Theorem 2.2]
yields

log b

/ /|f )| du<< >/|f )[Pdu.
ub

loga loga loga

By the change of variable e“ = s, the right-hand of the above inequality is equal to
the right-hand of (2.10). This proves the inequality (2.10). O
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3. PROOFS OF THE RESULTS

Now, let us return to the half-linear equation (1.1). The number
a
a+1

A=

(3.1)

is a unique real root of the equation
‘)\|a+1 Y E(a) — 0,

where E(«) is defined by (1.5). In what follows, the letter A is the number which is
given by (3.1). Further, in what follows, we suppose that (1.13) holds and define &(t)
by (1.14). Since &(t) — 0 (t — o), there is T > to such that |e(t)] < A\*/4 for t > T.

Let z(t) be a nonoscillatory solution of (1.1) which satisfies the condition (1.17).
We may suppose that x(t) > 0 for ¢ > T, and define the function y(¢) by (1.24). As
mentioned in Section 1, the function y(t) satisfies (1.28).

Put

w(t) =t%Yt) — XY —e(t), t>T.

Noting that A = A**! + F(a) and using the formula (1.28), we have

7 P (a+1)/a
w(t) = —A>*! +ozt°‘/ () + ii(s)‘ ds, t>T. (3.2)
SOC
t
Then it is easy to see that
I o a* ! o a (a+1)/a
w'(t) = ?w(t) + T ?|w(t) + A+ e(t)] , t>T. (3.3)

We have \* 4+ ¢(t) > 3\*/4 > 0 for t > T. The above equality can be written as
w(t) = =2 { O 4 e()etvie - yer1}
t
ot e Vo _
—{ O e =2 fu(t)
- SF(w(t).e(t). 21T,

where F(w,¢€) is defined by (2.1) with A = o/(a + 1).
For simplicity of notation, we put

fut) = N (@)@ 2 FL fo() = (A () - A, (34)
and so 1
w'(t) = =S 110) - S hut) - TP, =0), =T, (3.5)
Since e(t) — 0 (t — o0), it follows from (2.5) and (2.6) in Lemma 2.3 that
A< 22N, 1R0] < A+ e) (36)

for all large t. Without loss of generality we assume that (3.6) holds for ¢t > T'.
Under the above preparation, we prove Theorem 1.4.
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Proof of Theorem 1.4. Let A > 0 be the number which is defined by (3.1). We take
T > 1o sufficiently large so that |e(t)| < A*/4 for t > T. Define the functions f;(t)
and fa(t) by (3.4). We may suppose that (3.6) holds for ¢ > T. Put

n(t) = / |E(SS)|ds, t > to. (3.7)
t
By (1.10), the function 7(t) is well-defined. Since n(t) — 0 (¢ — c0), we can suppose
that
dla+1)An(t) <X*/4, t>T,
and A .
%A—a”n(t) <A t>T. (3.8)

The condition (1.16) is rewritten as

Therefore we can suppose that

s <

/n(j) 5 < o ﬁ;;?&»wn(t) for t> T, (3.9)

t

where K («) is the positive constant appearing in Lemma 2.1.
Denote by W the set of all functions w € C[T, o0) such that

lw(t)] < 4(a+ D)An(t), t>T. (3.10)

Moreover, keeping (3.5) in mind, we define the operator F : W — C[T, c0) by

S

(Fw)(t) :a/ﬁT(s)dH(aH)/fZ(s)w(s)ds

r1
+a / —F(w(s),e(s))ds, t>T.
s
t
Here, F(w,e) is given by (2.1) with A = a/(a + 1). As is easily verified, the set W
is a nonempty closed convex subset of the Fréchet space C[T, o) of all continuous

functions on [T, 00) with the topology of uniform convergence on compact subintervals
of [T',00). Note that if w € W, then [w(t)] < A*/4 for t > T', and so, by Lemma 2.1,

0< F(w(t),e(t)) < K(a)A\*w(t)?, t>T. (3.11)
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Then it can be easily checked that Fw is well-defined and continuous on [T}, 00) for
weW.
Let w € W. Then, by (3.6), (3.10) and (3.11), we have

|(Fw)(t)] < 2(a+ 1)/\/ |€is)|ds + 8(01— 1)2>\a+2/|6(;)|77(s)d3

AT
+ 16a(a + 1)2K (@) A~ 3 / mds, t>T.
s
i

Note that the first and the second integrals in the right-hand side of the above
inequality are equal to 7(t) and (1/2)n(t)?, respectively. Therefore, using (3.8) and
(3.9), we obtain

|(Fw) ()] < 2(a+ 1) An(t) + (o + 1 An(t) + (a + 1)An(t)
=4(a+1)An(t), t>T.
This shows that
(i) F maps W into W.
Moreover it can be checked that:

(if) F is continuous on W,
(iii) FW is uniformly bounded and equicontinuous at every point of [T}, 00).

The Schauder—Tychonoff fixed point theorem implies that F has a fixed element
weW:w(t)=(Fw)t),t>T.

It is clear the above fixed element w(t) satisfies (3.3) and (3.10). Since n(t) — 0
(t — 00), it follows from (3.10) that w(t) — 0 as t — co. In addition, it can be shown
without difficulty that w(t) satisfies (3.2) for ¢ > T'. Put

w(t) + A +e(t
y(p) = PO,
We find that y(t) satisfies (1.28), and hence it satisfies (1.25). Therefore, the function

x(t) which is defined by (1.26) is a positive solution of (1.1) on [T, o). Furthermore,
we have
a'(t)

)

Noting that () — 0 and w(t) = 0 (¢ — oco0) and using (2.6) in Lemma 2.3, we get

t>T.

= (w(t) + X + ()Y t>T. (3.12)

(w(t) + X + ()17 = 3] < 2= (o) + o)) (3.13)

for all large ¢. The inequality (3.13) is not used at the present stage, but it is used for
the proofs of Theorem 1.6 (¢ = 1) and Theorem 1.7 (i = 1). It follows from (3.12) that

— A (3.14)

Since A = a/(a + 1), this implies (1.17). The proof of Theorem 1.4 is complete. [
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In what follows, we will show that if the conditions (1.10), (1.18) and (1.19) hold,
then the solution x(t) which is obtained in the proof of Theorem 1.4 satisfies the
asymptotic condition of the form (1.20). Similarly, if the conditions (1.10) and (1.12)
hold, then the solution x(t) which is obtained in the proof of Theorem 1.4 satisfies
the asymptotic condition of the form (1.22). In other words, we prove Theorem 1.6
in the case i = 1 and Theorem 1.7 in the case ¢ = 1 as a continuation of the proof of
Theorem 1.4.

Proof of Theorem 1.6 in the case i = 1. The proof is done as a continuation of the
proof of Theorem 1.4. Let x(t) be the solution of (1.1) which is obtained in the proof
of Theorem 1.4. We have (3.12) and (3.13). The function w(t) in (3.12) and (3.13)
is estimated as in (3.10). Here, A and 7(t) are given by (3.1) and (3.7), respectively.
Then, since

t”j((f)) S = (w(t) £ A+ ()Y N, t> T
we have ” )
(log )|t ((t)) - /\‘ < 27 {(log w(t)] + (log £)|<(1)]} (3.15)

for all large ¢t. By (3.7) and (3.10) we have

(logt)|w(t)| < 4(a + 1))\(logt)/ |€(s$)|ds7 t>T,
t
and so it follows from (1.18) that (logt)|w(t)] — 0 (¢ — o00). Then, by this fact and
(1.19) and (3.15), we obtain (1.20) with 1 (t) = x(t). The proof of Theorem 1.6 in the
case 1 = 1 is complete. O

Proof of Theorem 1.7 in the case i = 1. Let x(t) be the solution of (1.1) which is
obtained in the proof of Theorem 1.4. We have (3.10) and (3.12)—(3.14). Since
() A (W) + A+ e(t) L — )

=Z t>T
x(t) P t T

it is easily seen that

x(T / w(s) + A% 5)) X/ _ )
;A)exp /(()+ +2(s))

x(t) =

T

The condition (1.12) implies

and so (3.10) gives

/Tdt < o0. (3.17)
T
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By (1.10), (3.13) and (3.17), the solution x(t) expressed as (3.16) can be written in
the form

z(t) = co(t)td  with ¢o(t) = ¢o € (0,00) as t — oo, (3.18)
and hence, by (3.14), the derivative 2/(t) is presented as
/
t
7' (t) = co(t)tx ((t)) A= ()t*Y with  ep(t) — oA as t — oo. (3.19)
x

In general, if x(¢) is a solution of the half-linear equation (1.1) and if ¢ is a constant,
then cx(t) is also a solution of (1.1). Therefore, without loss of generality, we may
suppose that ¢g = 1 in (3.18) and (3.19). Since A = a/(a + 1), this shows (1.22) with
x1(t) = x(t). The proof of Theorem 1.7 in the case i = 1 is complete. O

4. PROOFS OF THE RESULTS (CONTINUED)

Next, let us prove Theorem 1.6 in the case i = 2 and Theorem 1.7 in the case i = 2. As
before, the letter A is the number defined by (3.1). We suppose that (1.13) holds and
define e(t) by (1.14). Since e(t) — 0 (¢ — o0), there is T' > to such that |e(¢)] < A\*/4
for t > T'. Further, we suppose that (1.10) and (1.18) hold. If (1.10) and (1.12) are
satisfied, then (1.18) holds (see (I) of Lemma 2.5).

Let x(t) be a nonoscillatory solution of (1.1) which satisfies the condition (1.17).
We suppose that z(t) > 0 for ¢t > T, and define the function y(t) by (1.24). The
function y(t) satisfies (1.28).

Put

v(t) = (logt) [t%y(t) — A* —e(t)] —2X*, ¢t>T.
Noting that A% = A" + E(a) and using the formula (1.28), we obtain

v(t) = 2% — A>Tl logt

wi T yroe (a+1)/a (4.1)
+at logt/ g 1ogs +A* +e(s) ds
t
for t > T. By differentiation of (4.1) we get
1 1
=2 2 /\a 2\
vi(t) (t+tlogt> o(t) + 20X + AT w2
4+ apat! logt  logt v(t) + 22X\ A () (a+1)/e .
t t logt
for t > T'. Therefore it can be shown that
logt 2 logt
((log t)v(t)) = ( Otg T t> V(t) + 200" —2° +2Aa
logt)2  (logt)? |o(t) +2x° (a1 e
+a)\a+1(0g ) _a(Og ) U()+ +)\a+g(t)
t t logt

fort > T.
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Recall that A = a/(a+ 1). Then the above equality can be written as

a+1
2

((logt)v(t)) = %v(t) — Al’a%(v(t) +20%)% 4 2»%

B a(logtt)2 (A + () @D/ _ yot1y

~ (a4 DL o)~ AN () + 20%)

= OO )M N o) + 232
o 2

L it) G(t,v(t), (1)),

where G(t,v,¢) is given by (2.3) with A = o/(a + 1). For simplicity of notation, we
put

Alt) = O +e@) V0 =2 fo(t) = (AT ()Y - A,

(4.3)
falt) = (A + () M/=1 = \1-e,
Then it is easily seen that
- 2
(togtp(®)) = -2 Loy ol p
— (a+ l)lngt 2(t) (v(t) + 2)9) (4.4)
a+11 I 2
- w0 + 23 - PG, o), <),
Since e(t) — 0 (t — 00), it follows from Lemma 2.3 that
A®I <220 0] < 2Ae s
e ) @ (4.5)
(o) < 22 M x-2os1icpp)

for all large ¢.
We are now ready to prove Theorem 1.6 (i = 2) and Theorem 1.7 (i = 2).

Proof of Theorem 1.6 in the case i = 2. Let A\ > 0 be the number which is defined
by (3.1). We take T' > max{to, e} sufficiently large so that |e(t)] < A*/4 for t > T
(e is Napier’s constant). Define the functions fi(¢), f2(¢) and f3(t) by (4.3). We may
suppose that (4.5) holds for ¢ > T'. Now, put

t [e%s}
a 1 1
@(t)zAJr( + 9a/o§s /|€(0)|d0 ds, t>to.
o

logt)t/2  logt

to
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From the condition (1.18), we see that lim ¢(t) = A*/4 as t — co. Put

Vo = sup w(t)a
t>to

which is a positive finite number. Taking the number T sufficiently large, we may
suppose that (2.2) in Lemma 2.2 holds. Define the function ¢ (¢;T) by

A logT 1
HT) =
Y(HT) 4 logt = (logt)/2

t o
9 1
n CV/Ogs /|E(0>‘do ds, t>T.
logt S o
T s

0<y(t;T) <p(t)<vy for t>T.
Denote by V the set of all functions v € C[T, 00) such that
@) <¥(tT), t>T. (4.6)

It is clear that

Keeping in mind the above preparatory calculation, we define the operator
F:V = C[T,00) by

AT 1 1 @ / (log 5)?
(f'U)(t) _T@ ’U(S)2d8 - @/ S fl(s)ds
T

- a+1/10g8f2( )(v(s) +2A%)ds

logt
(4.7)

a+1 1
- 22%)2ds

2a logt/ fa(s )+ )

1 2
_é (Ois) G(s,v(s),e(s))ds, t>T.
T

Here, G(t,v,¢) is given by (2.3) with A = a/(a+ 1). The set V is a nonempty closed
convex subset of the Fréchet space C[T, 00) of all continuous functions on [T, c0) with
the topology of uniform convergence on compact subintervals of [T, 00).

Denote the i-th term of the right-hand side of (4.7) by R;(t), i =1,2,...,5. Let
v € V. Since (A+ B+ C)? < 4A% +4B? +4C? for all A, B,C € R, we have

t

t t
1 A2 1 1

ds < logT ——ds+4 d

/s (s)°ds 4 ~ (ogT)? /s(logs)2 st /slogs s

T T

t 2

T
1 Slogo 00\5(7’)\
4(900)? dr | do| d
-i-(904)/8(10g5)2 / - / . r | do s
T o

T
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for ¢ > T'. Denote by R 3(t) the last term of the right-hand side of the above inequality.
To estimate R; 3(t), we use Lemma 2.6 of the case p=2,a =T, b=t and

F(t) = (logt) / )l 4.

r

Then we find that
2

a0 < £000)° os)” / i) as
T

S

t

§42(9a)2M(T)/10g5 7'5?'(1@ ds,

S
T

where

M(T) :§1>11; (logs)/@da . (4.8)

Therefore we have
A log T e log(logt)

) < —
1R ()] < 8 logt logt
¢ o0 (4.9)
_ 1 log s le(o)]
ATOM(T / / do | d
+ 8(9a) ( )logt . 5 do | ds
T s
for t > T. To estimate |Ra(t)|, |R3(t)| and |R4(t)|, we use (4.5). We have
t
2a [ (log s)?
)] < — 4.10
Ra(®)] < ooy [ el (4.10)
T

for t > T. It is clear that |v(t)| < vo for ¢ > T, and so |v(t) + 2A*| < vg + 2X\* for
t > T. Therefore we get

t

2 1 1 I
IRs(t)| < Mrﬂ“(vwzm—/ 985 \o(s)|ds (4.11)
logt
T
and ,
(a+1)|a—1] | _9qq1 , 1 /1

<~ 7 @ ] [ p— - d 4.12
Ra(e)) < C RN g v [ C(a)lds (@12)

T

for t > T. We may suppose that T is sufficiently large so that

2(a+1)

A" (g +20%) < alog T
a
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and

(a+1)]a -1 \—2a+1

2 (vg + 2X*)? < a(log T)?.

Then it follows from (4.11) and (4.12) that

Ra)] < 1o [ BB peolas (4.13)
T
and
@) ; og s 2
R < 1o [ EE e (4.14)

for ¢ > T'. Therefore, by (4.10), (4.13) and (4.14), we get

[Ra(t)] + [R3(t)] + | Ra(t)]

t

(0% O, 52
< L/(l 85)” o (s)|ds

~ logt S
T
)

0 t oo
2
§4a(logT /|€(G)|d0+ Sar /logs /|€(a)\d0_ ds
logt o logt S o
T

T
t o)
< danm(r)oeL | 8o /logs (/ €N 4o | as (4.15)

logt = logt
T

for t > T. Here, M(T) is given by (4.8). Since |e(¢)| < A*/4 and |v(t)| < vy for t > T,
it follows from Lemma 2.2 that

o(t) + 22 ?

Gt 0(0), e(0)] < LA | =

t>T.

) -

Therefore

t
1 1
< al —2a+1 ) a\3 /
R5(0)] < aL(@A 2+ (o +207) = [ o
T

slog(log?)

< aL(a)A722T (yy 4+ 20%) oz
(0]

. t>T. (4.16)
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Consequently, by (4.9), (4.15) and (4.16), it is found that

/\HMm
oo‘>’H

logT
logt
_ _ log(log t)
2 L 2a+1 2 a\3
A"+ aL(a)A (vo + 2X%) )710gt

4 (8(90)°A M(T) + 8a) — /1055 /‘5(;”(10 ds

logt
T

for t > T. Since M(T) — 0 as T'— oo, we may suppose that

4aM(T) <

)\O(
5 and  8(9a)’A\T*M(T) < a

Further, we may suppose that

log(log ) < 1 for t>T.
log t (log t)t/2

(2A7% + aL(a)A 72T (vg + 2X%)3)

Then we get
|(Fo)@®)] <o(tT), t=T.
This means that
(i) F maps V into V.
Moreover it can be checked that:

(if) F is continuous on V/,
(iii) FV is uniformly bounded and equicontinuous at every point of [T, 00).

Therefore, by the Schauder—Tychonoff fixed point theorem, we conclude that F has
a fixed element v € V: v(t) = (Fu)(t), t > T.

It is clear that the above fixed element v(t) satisfies (4.4) and (4.6). Since
lim(t;T) = 0 as t — oo, we have

lim v(¢) = 0. (4.17)

t—o0

Note also that |v(t)| < vg for t > T. Moreover we can verify without difficulty that
v(t) satisfies (4.2) for t > T, and, in consequence, v(t) satisfies (4.1) for ¢ > T. Put

bt = (U(ti;g_t%a

o +>\a+5(t)>, t>T.
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It is shown that y(t) satisfies (1.28), and hence it satisfies (1.25). Therefore, the function
x(t) which is defined by (1.26) is a positive solution of (1.1) on [T, 00). Furthermore

we have w0 0
)\ v(t) + 22\
t (x(t)) ty(t) 710gt +AY+e(t), t>T,
and so (1/a)
x'(t) v(t) +21* ar
—L =\ - >T.
= (A + ~ogi +e(t) . t>
Consequently, by (2.8) in Lemma 2.4, the function t2’(¢)/z(¢) has the form
x'(t) ATt Co(t) 4+ 20
t o) A+ - Togt +e(t) ) + R(t) (4.18)
with
o = 1] |y [0(0) + 20 ?
< —— AN | ——— t 4.1
RO < — log 1 +e(t) (4.19)

for all large ¢.

It should be noticed that the condition (1.19) is not used in the arguments up to
now.
From (4.18) it follows that

(logt) (t“”/(t) - ) _ 2L A )+ (ogt)e(t)) + (log H)R()

z(t) a a
for all large t. Then, by (1.19), (4.17) and (4.19), we can conclude that
(¢ 2\
lim (logt) tx( ) - =—
t—o00 x(t) a

Since A = a/(a + 1), this gives (1.21) with z2(t) = x(¢). The proof of Theorem 1.6 in
the case ¢ = 2 is complete. O

Proof of Theorem 1.7 in the case i = 2. Since (1.10) and (1.12) imply (1.18) (see (I)
of Lemma 2.5), almost all of the proof of Theorem 1.6 in the case i = 2 remain valid.
Let x(t) be the solution of (1.1) which is obtained in the proof of Theorem 1.6 in the
case i = 2. We have (4.18), (4.19) and (4.6). Use of (4.18) yields

) A 2\ 1 +Aaﬂ(v(t) Jre(t))JrR(t)

- tlogt =t

z(t)  t ' o tlogt «

for all large ¢t. Then it is easily seen that

t
B x(Ty) A—otl v(s) = e(s)
2(t) = T (log Ty )2M P a / slog s L ds
T

. (4.20)

R
X exp / (S)ds tx(logt)”‘/o‘
s

T
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for t > T3, where T} is a constant and is taken sufficiently large. Recall that the
condition (1.10) is assumed. Note furthermore that the condition (1.12) implies

°°w<s;T)

ds < oo.
slogs

T1

Then it follows from (4.6) that

We find without difficulty that
IR
/ Mds < 00.
S
T:

Then, by (4.20), it is shown that x(t) is written in the form
z(t) = co(t)t(log )M with  ¢o(t) = ¢o € (0,00) as ¢ — oo. (4.21)

It is clear that (4.18) and (4.19) give

!/
t—oo x(t)
and so (4.21) implies
/
, x (t) A—1 22X/« A—1 2\«
_ LY 1 = I
2'(t) = eo(t)t 5t logt) c1(8)t™ (logt) (4.22)

with ¢1(t) = co\ as t — oo.

We may suppose that ¢g = 1 in (4.21) and (4.22). Since A = o/(a + 1), this shows
(1.23) with z2(t) = z(t). The proof of Theorem 1.7 in the case i = 2 is complete. [

5. EXAMPLES

We now present some examples illustrating our main results.

Example 5.1. Consider the equation (1.1) with

) = aF(a) n d 1 n 1

N = Tt T g1 o (log )2 (loglog t) o (log £)2(log log 1)

for t > e+ 1. We easily see that (1.3) and (1.13) are satisfied, and the function &(¢)
which is defined by (1.14) is calculated as follows:

1 1
t) =— - t> 1.
e(t) (logt)2(loglogt)  (logt)2(loglogt)2” = — et
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Hence, the condition (1.10) is also satisfied and

T 1
/‘&—(s)'dsz— t>e+1.
t

s (logt)(loglogt)” =~

Then it is clear that (1.18) and (1.19) are satisfied. Therefore it follows from Theo-
rem 1.6 that (1.1) has a nonoscillatory solution z; (t) satisfying (1.20) and a nonoscil-
latory solution xo(t) satisfying (1.21).

It should be noticed that this g(t) does not satisfy the condition (1.12), and so
Theorem 1.3 does not work.

Example 5.2. Let w(t) be a continuously differentiable function on [tg, c0), to > 1,
such that w(t) > 0 for ¢t > ¢ and

oo

t
/w(t)dt < oo and lim fw(?)
t—oc logt

= 0. (5.1)

to

Then, consider the equation (1.1) with

aFE(a) d | tw(t) 1 /
t) = - — d t > 1.
) = ST T @\ lont T egogne ) YA t2To
t

It is easy to see that (1.3) and (1.13) are satisfied and the function £(¢) defined by
(1.14) is
to(t) 1 /°°
t) = ds.
&) logt + (logt)? w(s)ds
t

Therefore it is shown without difficulty that (1.10) is satisfied and

t

Hence, (1.18) holds. By Corollary 1.5 we deduce that (1.1) has a nonoscillatory solution
x(t) satistying (1.17).
If w(t) satisfies the condition

tlgglo tw(t) =0, (5.2)
which is stronger than the latter half of (5.1), then (1.19) also holds. Therefore, by
Theorem 1.6, we conclude that (1.1) has a nonoscillatory solution z;(t) satisfying
(1.20) and a nonoscillatory solution z5(t) satisfying (1.21).
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If w(t) satisfies the condition

oo 1 oo
/tlogt /w(s)ds dt < oo, (5.3)
to t

then (1.12) holds, and, by Theorem 1.7, the equation (1.1) has a nonoscillatory solution
x1(t) satisfying (1.22) and a nonoscillatory solution z5(t) satisfying (1.23).
For example, the function w(t) behaving like
1
log t)(loglog t)?

satisfies both (5.1) and (5.2), while it does not satisfy (5.3). The function w(¢) behaving
like

(t — o0)

w(t) ~ T

1
t(logt)(loglogt)3
satisfies all of the conditions (5.1), (5.2) and (5.3).

w(t) ~ (t — o0)
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