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We investigate the upper bound on the vertical heat transport in the
fully 3D Rayleigh–Bénard convection problem at the infinite Prandtl number for
a micropolar fluid. We obtain a bound, given by the cube root of the Rayleigh num-
ber, with a logarithmic correction. The derived bound is compared with the optimal
known one for the Newtonian fluid. It follows that the (optimal) upper bound for the
micropolar fluid is less than the corresponding bound for the Newtonian fluid at the
same Rayleigh number. Moreover, strong microrotational diffusion effects can entirely
suppress the heat transfer. In the Newtonian limit our purely analytical findings fully
agree with estimates and scaling laws obtained from previous theories significantly
relying on phenomenology.
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1. Introduction

The aim of this work is to investigate the vertical heat transport

in the incompressible micropolar fluid. We consider the model of the Rayleigh-
Bénard convection problem at the infinite Prandtl number. The micropolar
model is both a simple and significant generalization of the Navier–Stokes model
of classical hydrodynamics. It has much more applications than the classical
model due to the fact that the latter cannot describe (by definition) fluids with
microstructure. In general, individual particles of such complex fluids (e.g. poly-
meric suspensions, blood, liquid crystals) may be of different shape, may shrink
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and expand or change their shape and moreover, they may rotate, independently
of the rotation and movement of the fluid.

To describe accurately the behavior of such fluids one needs a theory that
takes into account geometry, deformation, and intrinsic motion of individual ma-
terial particles. In the framework of continuum mechanics several such theories
have appeared, e.g., theories of simple microfluids, simple deformable directed
fluids, micropolar fluids, dipolar fluids, to name some of them. To account for
these local structural aspects, many classical concepts such as the symmetry of
the stress tensor or absence of couple stresses have required a reexamination,
and while many principles of classical continuum mechanics still remain valid for
this new class of fluids, they had to be augmented with additional balance laws
and constitutive relations. Some of these theories are very general, while oth-
ers are concerned with special types of material structure and/or deformation;
the potential applicability of the various theories is diverse. It is clear that each
particular theory has its advantages as well as disadvantages when considered
from a particular point of view. Some theories may seem more sound, logical,
justifiable, and useful than others. None of them is universal.

One of the best-established theories of fluids with microstructure is the the-
ory of micropolar fluids of [11] which has been mathematically studied by [17].
Physically, micropolar fluids may represent fluids consisting of rigid, randomly
oriented (or spherical) particles suspended in a viscous medium, where the defor-
mation of the particles is ignored. This constitutes a substantial generalization
of the Navier–Stokes model and opens a new field of potential applications in-
cluding a large number of complex fluids.

Let us point out some general features that make the model a useful tool
in both theoretical studies and applications. The attractiveness and power of
the model of micropolar fluids come from the fact that it is both a significant
and a simple generalization of the classical Navier–Stokes model. Only one new
vector field, the angular velocity field of rotation of particles, is introduced. Cor-
respondingly, only one (vector) equation is added—it represents the conservation
of the angular momentum. Although four new parameters, including three new
viscosities and a micropolar moment of inertia are introduced, if one of them,
namely the microrotation viscosity becomes zero, the conservation law of the
linear momentum becomes independent of the presence of the microstructure.
Thus, the size of the microrotation viscosity coefficient allows us to measure,
in a certain sense, the deviation of flows of micropolar fluids from that of the
Navier–Stokes model.

Owing to the simplicity of the model of micropolar fluids, in many classical
applications (e.g. flows through the channel or between parallel plates) and under
usual geometrical and dynamical assumptions made in such cases (e.g. symmetry,
linearization of the equations), equations of micropolar fluids reduce to ones
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that can be explicitly (i.e. analytically) solved. Thus the solutions obtained,
depending on several parameters coming from the viscosity coefficients, can be
easily compared with solutions of the corresponding problems for the Navier–
Stokes equations. In addition, as several experiments show, the former solutions
better represent behavior of numerous real fluids (e.g. blood) than corresponding
solutions of the classical model, especially when the characteristic dimensions of
the flow (e.g. the diameter of the channel) become small. It well agrees with our
expectations that the influence of the internal structure of the fluid increases
when the characteristic dimension of the flow is decreased.

The simplicity of the micropolar fluid model obviously does not mean math-
ematical triviality. The classical Navier–Stokes model itself, a special case of the
micropolar fluid model, is far from being trivial. In this context simplicity means
elegance and beauty of the mathematical theory.

The interest in the study of convection in micropolar fluids driven by a large
vertical temperature jump across the fluid layer comes from the common appli-
cability of the micropolar fluid model in lubrication theory and the industrial
need for cooling abilities of lubricants, e.g. engine oils or refrigerant-oil mixtures
in refrigeration compressors and vapor compression cooling systems [25, 16, 20].
Some non-Newtonian self-lubricating models of strongly viscous flows have also
been used in geophysical modelling of natural convection in the Earth’s man-
tle [3]. Other important applications of the considered model involve convective
heat transfer in the flow of colloidal suspensions in chemical engineering and geo-
physics, e.g. hydrology and flow of river sediments, see [22, 5, 1] and references
therein. Although there exists some numerical evidence that the vertical heat
transfer measured by the Nusselt number, or at least its upper bound, decreases
with increasing microrotational viscosity, see for instance [4, 6], the rigorous
mathematical proof of this fact was incomplete: only the suboptimal bound for
the finite Prandtl number which involves the square root of the Rayleigh number
was obtained by [15]; moreover, [15] did not study the infinite Prandtl number
limit and their findings concerned only the two-dimensional model of convec-
tion. The advantage of our analysis, is that it is fully three-dimensional and
the estimate of the heat transfer at high Prandtl numbers is obtained in a fully
mathematically rigorous manner. It is therefore a generalization of the Nusselt
number bound obtained for Newtonian fluids by [10] to the case of micropo-
lar fluids. Moreover, our estimate is in agreement with the effective theory of
convection in Newtonian fluids developed in the seminal paper of [12] and later
extended to high Prandtl number systems in [13]; the authors have systematized
the knowledge and results from a vast number of previous experimental and
numerical findings, to develop a consistent theory for scaling laws in turbulent
convection. In this paper in Section 4 we suggest a way for generalization of the
theory of [13] to non-Newtonian micropolar fluids, which is followed in Section 5
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and appendicies by a rigorous derivation of an upper bound for the Nusselt
number from first principles.

The plan of the paper is as follows. Section 2 is devoted to the formulation of
the problem and statement of main result, Theorem 1. In Section 4 the theory
of [12] is generalized to micropolar fluids and its prediction for a scaling law of the
Nusselt number with the Rayleigh number is provided. The key idea of the proof
of Theorem 1, namely the “background temperature profile method” is presented
in Section 5. The method corresponds to the decomposition of the total temper-
ature into an only vertically varying profile, which models the mean turbulent
temperature profile, and a fluctuation. We end with some concluding remarks
in Section 6. Majority of the technical details are presented in the appendices.
In Appendix A we show, how the governing equations of micropolar fluid can
be represented in Fourier modes. In Appendix B we prove an inequality, which
directly corresponds to that of [10], cf. the inequality above (A.10) on p. 239 of
that paper. The final Appendix C is devoted to the proof of the so-called spectral
constraint, the key step in the proof of the Nusselt number upper bound.

We stress that the main points of the proof follow the method of [10], the key
difference is that while in [10] there are obtained asymptotic estimates for the
Rayleigh number Ra tending to infinity, we get the corresponding estimate for
any finite Rayleigh number. Such a modification is needed as our aim is to demon-
strate the diminishing effect of micropolar parameters on the Nusselt number up-
per bound at given fixed value of the Rayleigh number. In the proofs contained
in appendices we stress only the differences between our argument and the one
of [10]. These differences include the proof of inequality (B.1) presented in Ap-
pendix B, which in the Newtonian case is straightforward, and in micropolar one
needs appropriate treatment of micropolar terms, and the proof of Corollary 5,
where in Newtonian case the estimate of |u′′′′z | is obtained in just one step and
in a micropolar case one needs auxiliary estimates of lower derivatives to get it.

2. Mathematical formulation and statement of the result

The governing (non-dimensional) system for the finite Prandtl number Pr is
given by the following Boussinesq approximation for a micropolar fluid,

1

Pr

(
∂u

∂t
+ (u · ∇)u

)
+ ∇p = (1 +K)∆u + 2K∇× γ + RakT,(2.1)

∇ · u = 0,(2.2)

M

Pr

(
∂γ

∂t
+ u · ∇γ

)
− L∆γ −G∇(∇ · γ) + 4Kγ = 2K∇× u,(2.3)

∂T

∂t
+ u · ∇T = ∆T.(2.4)
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In the Boussinesq approximation the compressibility effects are neglected every-
where except for the buoyancy force and the thermal energy greatly exceeds the
kinetic energy. In the above we have also neglected the effect of the adiabatic gra-
dient, since in experimental situations the adiabatic gradient is typically a few
orders of magnitude smaller than the temperature gradient which drives the
flow (but we note, that in general convection is driven by the superadiabaticity,
which plays an important role in large scale systems, such as e.g. the Earth’s
core, where most of the heat is conducted down the adiabat).

We assume that the space domain of the problem is the three-dimensional
cuboid Ω = (0, l1) × (0, l2) × (0, 1) so that |Ω| = l1 · l2. The horizontal space
variables are denoted by x = (x1, x2), and the vertical one by z.

We set the standard periodic conditions at the lateral boundary, the following
conditions at the top and bottom boundaries,

u|z=0,1 = 0, γ|z=0,1 = 0,(2.5)

T |z=0 = 1, T |z=1 = 0,(2.6)

and the initial conditions

(2.7) T |t=0 = T0, u|t=0 = u0, γ|t=0 = γ0.

Here, u = (ux1 , ux2 , uz) and γ = (γx1
,γx2

,γz) are the fluid velocity and the mi-
crorotation vector fields, p is the pressure, and T is the temperature. The vector
k is the unit upward vector. Micropolar effects are described by the dimensionless
parameters

(2.8) K =
νr

ν
, L =

α

h2ν
, G =

β

h2ν
, M =

j

h2
,

where νr and β are the first and second micropolar rotational viscosities, α is the
couple stress parameter or micropolar damping, and j measures the micropolar
moment of inertia. Values of these parameters for particular fluids have to be de-
termined experimantally. For instance, for blood they depend on the hematocrit
and this dependence has been presented in [2].

The system depends also on two dimensionless numbers: the Rayleigh num-
ber, Ra, which measures the relative strength of the buoyancy to damping effects,
and the Prandtl number, Pr, that is the ratio of momentum diffusivity to thermal
diffusivity, which are defined as follows

(2.9) Ra =
gα̃∆Th3

χν
, Pr =

ν

χ
.

In the above we have denoted the constant gravitational acceleration by g, the
temperature jump across the layer by ∆T , and the thermal expansion coefficient
of the fluid by α̃.
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To study flows at the large Prandtl number we may (formally) set the Prandtl
number to be infinite. For the precise justification of such an operation for the
Newtonian fluid see for example [24]. In our case we get the following (non-
dimensional) system,

∇p = (1 +K)∆u + 2K∇× γ + RakT,(2.10)

∇ · u = 0,(2.11)

−L∆γ −G∇(∇ · γ) + 4Kγ = 2K∇× u,(2.12)

∂T

∂t
+ u · ∇T = ∆T(2.13)

with boundary conditions (2.5), (2.6) and the initial condition (2.7) replaced by

(2.14) T |t=0 = T0.

However, we have to bear in mind, that the assumption Pr → ∞, which in
real systems corresponds to Pr ≫ 1, has physical consequences. In general terms
it means we assume that the viscous diffusion process is very fast compared to
thermal diffusion, so that the time scale associated with viscous decay can be
neglected. Consequently, it is important to realize, that when one assumes the
other diffusion parameters K, L and G to be of order unity, this implies, that the
times scales associated with micropolar diffusion processes h2/νr, h

4/α and h4/β
are comparable with those for viscous diffusion, and hence are automatically
removed from the dynamics. If necessary, these time scales could be retained by
an additional assumption, that the three diffusion parameters K, L and G are
much smaller than unity (of the order of Pr−1). This would not alter Eq. (2.12),
since all the terms in that equation would remain comparable but in the Navier–
Stokes equation (2.10), K could then be neglected in comparison with unity next
to the Laplacian. The term 2K∇×γ in (2.10), in general, needs to be retained in
all cases, due to the possibility of formation of thin boundary layers i.e. regions of
large velocity and γ gradients associated with the micropolar diffusion processes
near the boundaries.

In the following analysis we make no assumptions regarding any of the four
micropolar parameters in (2.8), so that in particular they may be considered to
take values of the order unity.

Our aim is to estimate the Nusselt number Nu in terms of the Rayleigh
number Ra and the micropolar parameters K and L, as well as to compare
the estimate with that for the classical Boussinesq system for the corresponding
Rayleigh–Bénard problem. Our result is the following

Theorem 1. Assume that

R̃a = Ra

(
4K + L

4K + L+KL

)
≥ 75.
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Then there holds the bound

Nu ≤ 3
3
√

5

[
Ra

(
4K + L

4K + L+KL

)]1/3

ln1/3

[
Ra

(
4K + L

4K + L+KL

)]
.

Observe, that if K or L equals zero then the above estimate reduces, up to
a prefactor, to one established for the Newtonian case [10] (if K = L = 0 the
function multiplying Ra is undefined, if we set its value at K = L = 0 to 1, it
stays continuous for K ≥ 0 and L ≥ 0). Our analysis remains valid for K = 0
so, for the Newtonian case it leads to the bound Nu ≤ 3/ 3

√
5 Ra1/3 ln1/3 Ra

valid for Ra ≥ 75. We stress that the prefactor 3/ 3
√

5 in Theorem 1 is valid for

R̃a ≥ 75. The optimal prefactor 2/ 3
√

30 is valid for R̃a → ∞, but as our aim is
to demonstrate that increase of K and L decreases the Nusselt number upper
bound, we choose to deal with the case of finite Rayleigh number, paying the
price of the nonoptimal prefactor.

Remark 1. Theorem 1 is valid, provided R̃a ≥ 75. If R̃a < 75, taking
T (x, y, z, t) = θ(x, y, z, t)+ τ(z) with the background τ(z)−1−z in (5.2) below,
we obtain

(2.15)
1

2

d

dt
‖θ(t)‖2

L2 + ‖∇θ‖2
L2 = (uz, θ) ≤ ‖u‖L2‖θ‖L2 ≤ 1

π2
‖∇u‖L2‖∇θ‖L2 ,

where the Poincaré constant is given by 1
π , cf. [15, Lemma 2.1]. Testing (2.10)

by u and (2.13) by γ and adding the resulting equations we obtain

‖∇u‖2
L2 + L‖∇γ‖2

L2 +K‖∇u − 2γ‖2
L2

= Ra(θ, uz).

Estimating, we obtain

‖∇u‖2
L2 ≤ Ra

1

π2
‖∇θ‖L2‖∇u‖L2 ,

whence

‖∇u‖L2 ≤ Ra
1

π2
‖∇θ‖L2 .

Using this bound in (2.15), we deduce

1

2

d

dt
‖θ(t)‖2

L2 + ‖∇θ‖2
L2 = (uz, θ) ≤ ‖u‖L2‖θ‖L2 ≤ Ra

1

π4
‖∇θ‖2

L2 .

We see that if Ra < π4, then temperature converges to the purely condictive
equilibrium and Nu = 1. This includes the situation when R̃a < 75.
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3. Computation of Nu bound and boundary layer thickness

The proof of Theorem 1, contained in Appendix C, gives rise to an algorithm
for the numerical computation of the optimal Nusselt number upper bound for
a given value of R̃a. While [10] derives only the asymptotic formulas valid for

R̃a → ∞, we show how to calculate the Nusselt bound, which is optimal for the
considered version of the background method and valid for particular R̃a. The
proof gives rise to the following optimization problem.

Find δ0 ∈ A(R̃a) such that

Φ(δ0) = min
δ∈A(fRa)

Φ(δ),

where

Φ(δ) =
2

δ

(
1 +

δ

2 ln 1−δ
δ

+
1

4 ln2 1−δ
δ

(
1 − δ

1 − δ

))
,

A(R̃a) =

{
δ ∈

(
0,

1

2

)
:

δ∫

0

z4

(
1

δ
+
λ(δ)

z
+

λ(δ)

1 − z

)2

dz ≤ 4λ(δ)

R̃a

}
,

λ(δ) =
1

2 ln((1 − δ)/δ)
.

Once δ0 is found, this number is the boundary later thickness, and Φ(δ0)

is the optimal Nusselt number upper bound for R̃a. After obtaining the ana-
lytic expression for the integral in the definition of A(R̃a), the problem can be

effectively approximated numerically. If we can verify that δ ∈ A(R̃a), then it
is guaranteed that the Nusselt number is bounded from above by Φ(δ). The
implemented numerical solution realized in C++ with the use of CAPD inter-
val arithmetic library ([14]) consists in searching the interval (0, 1/2) for such

δ ∈ A(R̃a) that Φ(δ) is possibly lowest. After initial verification of all values of δ
on an equidistant mesh of length 0.01, the candidate for solution is then refined
using the bisection algorithm. Since the library CAPD works using the interval
arithmetics which takes into account the rounding errors, the resultant Nu bound
is guaranteed to be the upper bound of Nu for a given R̃a. The results for sev-
eral values of R̃a are presented in Table 1. The lowest bounds in the table come
from [10], but the formulas there are asymptotic and valid only for R̃a → ∞,
in the derivation of this bound all lower order terms are dropped. The remain-
ing two bounds are valid for finite R̃a. The optimal numerical bound is always
smaller, in fact it is very close to the theoretical asymptotic bound but, to our
knowledge, it cannot be expressed by a closed form formula. On the other hand,
due to nonoptimal prefactor, the bound of Theorem 1 is always worst, it is about
three times higher then the asymptotic bound. Still, it scales the same and has
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the advantage of being given by the closed form formula. The relations between
the bounds, the boundary layer thickness and R̃a in the range of R̃a 100–10000
are also depicted in Fig. 1. As expected, the asymptotic bound is always the
lowest, the numerically calculated optimal bound for finite R̃a is a little bigger,
and the bound obtained by the closed form formula for finite R̃a is the biggest.

Table 1. Bounds of Nu obtained from the optimization algorithm for various
values of fRa. The results are compared with the bound of [10] and bound of

Theorem 1. For the bound coming from the optimization algorithm, the
associated value δ is the boundary layer thickness.

Nu bound asymptotic
fRa from the optimization δ Nu bound Nu bound of

algorithm of [10] Theorem 1

100 9.092 0.309674 4.971 13.55

1000 15.57 0.141878 12.26 33.42

10000 33.67 0.0619741 29.07 79.23

100000 75.25 0.0271865 67.47 183.9

1000000 168.9 0.0120132 154.5 421.0

Fig. 1. Left plot presents three bounds of the Nusselt number as functions of the Rayleigh
number fRa. Triangles depict the asymptotic bound of [10] which is the lowest, but it is valid

only for fRa → ∞. Circles represent the numerically calculated bound which is the best bound
possible to obtain using this version of the background method. Finally, crosses present the

bound obtained using Theorem 1. Although the bound found from the closed form formula of
Theorem 1 is usually far from optimal, order of dependence on the Rayleigh number is the
same as in the optimal bound. The right plot presents the boundary layer thickness δ as

a function of fRa.
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In the second numerical experiment we have calculated the optimal bound
for a fixed finite Ra and various values of K and L. Results are presented in
Table 2. In accordance with the expression on R̃a and the fact that optimal
Nusselt bound is a monotone function of R̃a we observe the effect of decreasing
the bound both with the increase of K as well as L.

Table 2. Bounds of Nu obtained from the optimization algorithm for Ra = 1000
and various values micropolar parameters K and L. Optimal value of Nu bound

in the Newtonian case is equal to 33.67.

L = 0.01 L = 0.1 L = 1 L = 10 L = 100

K = 0.01 33.64 33.58 33.55 33.55 33.55

K = 0.1 33.64 33.44 32.87 32.61 32.58

K = 1 33.64 33.39 31.61 27.96 26.70

K = 10 33.64 33.38 31.22 23.11 16.61

K = 100 33.64 33.38 31.17 22.08 12.46

The plots of the dependence of the optimal Nusselt bound and boundary
layer thickness for Ra = 1000 on K and L are presented in Fig. 2. It is visible
that increasing both L and K makes the Nusselt number bound smaller, and, as
we expect from Theorem 1, the influence of L is stronger than that of K.

Fig. 2. Left plot presents the Nusselt number bound calculated by our algorithm as
a function of micropolar parameters K and L for Ra = 1000. Nu bound for the Newtonian
case equals 33.67. Right plot depicts the corresponding boundary layer thickness. Different

projections were used on both plots to make the surfaces more visible.

4. Relation to the theory of [12, 13] for developed, turbulent convection

We comment on the Nu . Ra1/3 scaling law by the use of the theory of heat
transport in developed turbulent, Boussinesq convection, originally developed
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for Newtonian fluids in the comprehensive study of [12] (later updated in [23]),
with the particular focus on the limit of infinite Prandtl number in [13]1. To that
end we introduce the Reynolds number

(4.1) Re =
Uh

ν
,

where U , according to the central idea of the theory, is the magnitude of con-
vective velocity in the coherent large scale convection roll, termed the “wind of
turbulence”. Such a large scale mean flow is an important characteristic of the
turbulent Boussinesq convection, commonly observed in laboratory and numer-
ical experiments, even at high Pr (although at large Pr the Reynolds number
is small, the actual convective velocity, which is proportional to ν Pr−1Ra2/3 is
large, see discussion below (4.6)). We conjecture, that this feature persists in
the case of convection, in micropolar fluids. Let us, for the time being, con-
sider a statistically stationary state of a fully developed turbulence at the high
Rayleigh number (we relax this assumption in the following sections). In order
to obtain a clear correspondence with the approach of Grossmann and Lohse we
also consider the dimensional form of the dynamical equations in this section

∇p

ρ
= (ν + νr)∆u + 2νr∇× γ + gα̃Tk,(4.2a)

∇ · u = 0,(4.2b)

−α∆γ − β∇(∇ · γ) + 4νrγ = 2νr∇× u,(4.2c)

∂T

∂t
+ u · ∇T = χ∆T.(4.2d)

On multiplying Eq. (4.2a) by u, Eq. (4.2c) by γ and Eq. (4.2d) by T and aver-
aging over the entire periodic volume one obtains,

(ν + νr)∇u : ∇u − 2νru · ∇ × γ =
ν3

h4
Ra(Nu−1)Pr−2,(4.3a)

α∇γ : ∇γ + β(∇ · γ)2 + 4νrγ
2 = 2νrγ · ∇ × u,(4.3b)

χ(∇T )2 = χ
(∆T )2

h2
Nu,(4.3c)

where the overbar denotes a volume average and the Nusselt number is defined
in (5.3). Note, that in a stationary state the time average in the definition (5.3)
is redundant. We introduce an additional assumption, that the magnitude of the

1Note, that the scaling law Nu . Ra1/3 had been obtained much earlier, see e.g. [18, 19].
Later [13] have put it into the framework of their consistent theory of turbulent convection
and explained the physical circumstances when this particular scaling law applies.
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microrotation γ does not exceed the mean velocity gradient, i.e.

(4.4) ‖γ‖L2 .
U

h
.

Based on [12, 13] theory, in the limit of very large Prandtl number and large
Rayleigh number so that convection is fully turbulent, the following estimates
can be made

(ν + νr)∇u : ∇u ∼ (ν + νr)
U2

h2
=
ν3

h4
Re2(1 +K),(4.5a)

2νrγ · ∇ × u = 2νru · ∇ × γ . 2νr
U2

h2
=
ν3

h4
Re2K,(4.5b)

χ(∇T )2 ∼ δ

h

U(∆T )2

h
∼ χ

(∆T )2

h2
Re PrNu−1 .(4.5c)

Note, that Eq. (4.5b) simply provides a stationary balance between three differ-
ent types of dissipative effects, that is the two micropolar rotational viscosities
K and G and the micropolar damping L, but it does not affect the scaling ex-
ponent in the relation Nu ∼ Ran. It is therefore expected that the final scaling
law will match that of a Newtonian fluid. In Eq. (4.5c) we have used the stan-
dard estimate of the thickness of the thermal boundary layer δ ≈ h/2 Nu, valid
for fully developed convection, which results from the symmetry of the Boussi-
nesq system of equations with respect to the mid-plane and consequently the
mean temperature profile in the form (5.1). The top and bottom boundary lay-
ers must, therefore, have the same thickness and the mean temperature in the
bulk is uniform due to efficient convective mixing (cf. Fig. 3).

Fig. 3. Mean (horizontally averaged) temperature profile in developed Boussinesq
convection. The efficient mixing in the bulk leads to a uniform mean temperature and
formation of two boundary layers which adjust the bulk temperature to that of the

boundaries. Due the the up-down symmetry of the Boussinesq system of equations the two
boundary layers must have the same thickness. The mean heat flux can then be estimated as

χρcp∆T/2δ, where ∆T is the temperature jump across the layer whereas ρ and cp are the
fluids density and specific heat at constant pressure respectively.
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Equations (4.3a), (4.3c) and (4.5a-c) can be put together to yield

(4.6) Re2 f(K) ∼ Ra NuPr−2, Nu4 Pr−2 ∼ Re2,

where f(K) is a function of the microrotation viscosity K and we have neglected
unity with respect to the Nusselt number in (4.3a), since at large Rayleigh num-
bers the convection is turbulent and the convective heat flux greatly exceeds that
of the hydrostatic solution. The two latter relations finally imply

(4.7) Nu ∼ Ra1/3 f(K)−1/3.

This demonstrates the agreement between our estimate from the Theorem 1,
which we rigorously prove in the following, and the theory of turbulent convection
developed by [12, 13]. We note, however, that the relations (4.6) also yield Re ∼
Ra2/3 Pr−1 f(K)−2/3, hence at very large Prandtl numbers the Reynolds number
becomes small. Nevertheless, the mean convective velocity can be estimated as
U ∼ χRa2/3 f(K)−2/3/h, thus implying vigorous convection. We also stress
that choosing any inverse diffusive time scale, other than the eliminated viscous
one, for the magnitude of the microrotation vector, such as e.g. χ/h2, leads
to 2νrγ · ∇ × u ∼ (ν3/h4)ReKχ/ν and thus at large Pr this term becomes
negligible in comparison with (ν + νr)∇u : ∇u in (4.3a) leading to the same
estimate for the Nusselt and Reynolds numbers. This demonstrates consistency
with the assumption (4.4). Furthermore, it is of interest to note that at the
smaller Rayleigh number the Nu ∼ Ra1/5 regime of [13] can also be obtained,
which corresponds to the thermal dissipation taking place predominantly in the
thermal boundary layers. Such a regime, of course, also satisfies the upper bound
formulated in the Theorem 1. Finally, let us point out, that the dynamics would
be significantly altered if the length scale associated with the microrotational
moment of inertia were very small, i.e. 1/

√
j ≪ h, since this would also modify

the possible dynamical time scales and of course reintroduce the inertial term
in Eq. (2.3), thus invalidating the current theory. We therefore assume, that the
length scale 1/

√
j is of comparable magnitude with the size of the fluid layer.

Note, that the precise form of the function f(K) is unknown at this stage,
however, in the following we demonstrate, that f(K) → ∞ as both the microp-
olar rotational viscosity K and micropolar damping L increase to infinity (in
the stationary state considered in this section K and L are related by (4.3b)).
Consequently, the heat transfer in convection of a micropolar fluid can be almost
entirely damped when the micropolar parameters are large.

5. The background temperature profile method

In this section we present the idea behind the background temperature profile
method, associated with the homogenization of the boundary conditions for the
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system of differential equations which allows to get rid of boundary integrals
when dealing with energy methods.

In our case, to get the boundary conditions for the heat equation (2.13)
homogeneous both on the bottom and top part of the boundary we introduce the
so-called “background” temperature profile τ , which is a function τ : [0, 1] → R

of the variable z, such that τ(0) = 1 and τ(1) = 0, and we set

(5.1) T (x, z, t) = θ(x, z, t) + τ(z).

Then, the “fluctuation” temperature θ satisfies homogeneous boundary condi-
tions at z = 0 and z = 1, together with periodic boundary condition on the
lateral boundaries.

With the above decomposition, Eq. (2.13) takes the form of a fluctuation
evolution equation

(5.2)
∂θ

∂t
+ u · ∇θ + uzτ

′(z) = ∆θ + τ ′′(z).

Now, the Nusselt number, the space-time averaged vertical heat flux, is given
by

(5.3) Nu := 1 +

〈∫

Ω

uz(x, z, t)T (x, z, t) dx dz

〉

or, equivalently, see for example [8], by

Nu :=

〈∫

Ω

|∇T (x, z, t)|2 dx dz
〉
,

where 〈·〉 denotes the time average defined by

〈f〉 = lim sup
t→∞

1

t

t∫

0

f(t′) dt′.

The estimate of the Nusselt number is based on the analysis of Eq. (5.2). We
observe that if the vertical component of the velocity field equals zero then
Nu = 1. This value of Nu corresponds in particular to the steady state solution
of our problem (u,γ, T ) = (0, 0, 1 − z) and minimizes Nu over all solutions of
the problem, see for example [8].

In order to establish an estimate of the Nusselt number, we test (5.2) by θ
to get

(5.4)
1

2

d

dt
‖θ(t)‖2

L2 + ‖∇θ‖2
L2 = (τ ′′, θ) − (uzτ

′, θ),
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and using the following relation between ‖∇θ‖2
L2 and ‖∇T‖2

L2 ,

(5.5) ‖∇T‖2
L2 = ‖∇θ‖2

L2 − 2(θ, τ ′′) + ‖τ ′‖2
L2(0,1)

we obtain

(5.6)
1

2

d

dt
‖θ(t)‖2

L2 +
1

2
Q(uz(t), θ(t), τ) +

1

2
‖∇T (t)‖2

L2 =
1

2

1∫

0

|τ ′(z)|2 dz,

where by Q(uz, θ, τ) we denoted the expression

(5.7) Q(uz, θ, τ) =

∫

Ω

2uz(x, z)τ
′(z)θ(x, z) + |∇θ(x, z)|2 dx dz.

Now, if the “background” profile τ(z) is chosen such that

(5.8) Q(uz, θ, τ) ≥ 0,

then, time averaging Eq. (5.6) and taking into account the boundedness of the
L2 norms of θ as a function of time which is a consequence of the maximum
principle, we conclude that the Dirichlet integral of τ(z) is an upper bound for
the Nusselt number, namely

(5.9) Nu ≤
1∫

0

|τ ′(z)|2 dz.

Thus, we reduced the upper estimate of the Nusselt number to the following
variational problem: find

(5.10) inf
τ

{ 1∫

0

|τ ′(z)|2 dz : Q(uz, θ, τ) ≥ 0

}
,

where the infimum is taken over all background profiles τ , and the constraint
Q(uz, θ, τ) ≥ 0 is taken over a chosen functional space, say E, for (u, θ) such
that E contains a solution of our problem.

This approach was used in [7] for the classical Boussinesq model, and by [15]
for the micropolar fluids in the case of finite Prandtl numbers in the two-
dimensional setting, giving an estimate of the form

(5.11) Nu . Ra1/2 .

Since the infinite Prandtl models are simpler for mathematical investigation than



540 M. Caggio et al.

the finite ones, in this case it was possible to choose for E the set of solutions
of the problem. Working with this minimal set in the context of finding the best
background profile satisfying Q(uz, θ, τ) ≥ 0 led to a better estimate of Nu for
this case, namely

(5.12) Nu ≤ Ra1/3 ×logarithmic correction

in the Newtonian case, see [10, 21]. The essence was to find possibly direct
relations between uz and θ as well as to use the physical knowledge of the tem-
perature distribution in the Rayleigh–Bénard convection problem when choosing
the temperature profile τ . Application of Fourier analysis allowed to eliminate
the integral in the horizontal variables from the expression for Q and to obtain
a relation between Fourier modes in the vertical variable of u and θ in the form
of a a system of ordinary differential equations.

Writing the constraint (5.8) in terms of Fourier modes, and omiting the time
parameter t, it suffices to prove that

(5.13)

1∫

0

{
τ ′(z)(ûk(z)θ̂k(z) + ûk(z)θ̂k(z)) + |k|2|θ̂k(z)|2 + |θ̂′k(z)|2

}
dz ≥ 0

holds for every k ∈ Z.
It is possible to show (see Appendix A) that the Fourier modes ûk and θ̂k

satisfy the following relations,

(1 +K)(k4ûk − 2k2û′′k + û′′′′k ) + 2K(k2ζ̂k − ζ̂ ′′k ) = Ra k2θ̂k,(5.14)

L(k2ζ̂k − ζ̂ ′′k ) + 4Kζ̂k + 2K(k2ûk − û′′k) = 0,(5.15)

equipped with the boundary conditions

(5.16) ûk(0) = ûk(1) = û′k(0) = û′k(1) = ζ̂k(0) = ζ̂k(1) = 0,

where ζ̂k is the k-th Fourier mode of the third component of rotation of the
microrotation vector field, namely,

ζ =
∂γx2

∂x1
− ∂γx1

∂x2
.

Comparing (5.7) and (5.13) we can see that (5.9) is satisfied if only

(5.17)

1∫

0

{
2τ ′(z)Re[ûk(z)θ̂k(z)] + |θ̂′k(z)|2

}
dz ≥ 0
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holds for every k ∈ Z (note that here and hereafter Re denotes the real part
of the complex number). In fact, it is sufficient to prove this bound for every
k ∈ Z \ {0} as for k = 0 the unique solution of (5.14)–(5.15) with boundary
conditions (5.16) is û0(z) = 0 and ζ̂0(z) = 0, and the bound follows trivially.

Our aim is to obtain an upper bound of the Nusselt number for the microp-
olar case of the form (5.12), thus the same form as for the Newtonian model,
but with a modified Rayleigh number which takes into account the micropolar
model parameters, cf. Theorem 1. We shall prove that in the final analysis we can
proceed exactly in the same framework as [10] using the so-called logarithmic
background profile. As it is shown, the main idea for the application of the back-
ground profile is to choose τ(z) such that τ ′ ≃ 0 in the bulk of the fluid, plus the
introduction of “thin” boundary layers. With this choice, Q(uz, θ, τ) is increas-
ingly positive as the width of the boundary layers decreases, but the Dirichlet
integral of τ(z) is also increasing. The problem is to minimize the Dirichlet in-
tegral of τ(z) under the constraint that Q(uz, θ, τ) is a non-negative quadratic
form. In the framework of [10] we introduce a class of logarithmic background
profiles where τ(z) ≃ ln z in the bulk so that τ ′(z) ≃ z−1. Consequently, the
“stable” stratification in the bulk that increases the Dirichlet integral of τ(z)
will be compensated by the contribution from z−1Re [θuz] in the bulk to the
positivity of Q(uz, θ, τ). The details of the proof of Theorem 1 are moved to
Appendices B and C. Namely, the proof of an auxiliary inequality (B.1), crucial
for the proof, which corresponds to the inequality (A.10) of [10] is presented in
Appendix B, while the proof of the spectral constraint (5.17) and the calculation
of the Nusselt number bound are resented in Appendix C. For brevity, only those
parts of the proof which differ from that of [10] are described in detail.

6. Conclusions

We have derived an estimate of the Nusselt number for convectively driven
flows of non-Newtonian, micropolar fluids at a high Prandtl number. The ad-
vantage of the presented approach is that our fully rigorous derivations are con-
ducted in three dimensions, as opposed to our previous findings, [15], which
considered only two-dimensional convection. This is of significance, since rigor-
ous derivations in three-dimensions are rather rare due to its high complexity
and it is known that the properties of fully three-dimesional turbulence are often
fundamentally different from those of the 2D case. Our theory is applied to an
important generalization of fluid models, that is the micropolar fluids, which in-
clude microstructural effects. The limit of Newtonian fluids is easily obtained by
setting just one parameter to zero, i.e. the first micropolar rotational viscosity,
νr = 0. Furthermore, we have also proposed a way to generalize the theory of
turbulent convection of Grossman and Lohse (2000, 2001), which was based on
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a mixed analytical-phenomenological approach, to the case of micropolar fluids.
Indeed, our rigorous estimate provided in the Theorem 1 agrees with the scaling
law Nu ∼ Ra1/3 predicted by the theory likewise the laboratory and numerical
experiments in the Newtonian fluid limit. An important conclusion that can be
drawn from the obtained estimate is that the heat transfer in three-dimensional
convection of a micropolar fluid can be almost entirely suppressed when the
micropolar rotational viscosity K and the micropolar damping L are large (cf.
the estimate in Theorem 1). The obtained result is significant from the point of
view of the lubrication theory, where micropolar fluids are often used to model
lubricants. The common and important industrial applications of the lubrication
theory involve the problem of cooling of engines or heat transfer in refrigeration
compressors.

We can see from the above argument that the method of background profile
is rather crude. In this method the spectral constrain is supposed to be satisfied
by all functions which can be admissible as the problem solutions. We know,
thanks to the dissipativity of the system, properties of the flow improve with time
and that thanks to the boundedness in time of the integrand in the definition
of the Nusselt number the latter does not depend on any finite time interval
[0, a]. It is thus strange that we obtain expected results (for the Newtonian
case they are confirmed by experiments). Working with solutions as the set E
improves the estimates, however, in the Fourier analysis we simplify in several
places, for example, in the spectral constraint we demand every mode to be
nonnegative, and not their sum. It would be something really original to verify if
the time asymptotics of solutions could lead to better estimates of Nu. We have
studied the dependence of the Nusselt number bound on micropolar parameters
for micropolar fluids. We leave as an interesting open question the issue if effects
of microstructure decrease the Nusselt number bound for other classes of fluids.
In particular it would be interesting to investigate heat transfer in fluids where
the particles could deform.
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Appendix A. Relations between Fourier modes

The aim of this section is to prove relations (5.14)–(5.15) between Fourier modes
ûk, θ̂k appearing in the spectral constraint (5.17), and the modes ζ̂k. This involves
some operations on the original system of equations (2.10)–(2.12).

First, we eliminate the pressure and the horizontal component of the velocity
vector field from the system. We differentiate the first equation in (2.10) with
respect to x1 and z, the second equation with respect to x2 and z, add thus
obtained equations to each other and then subtract the third equation in (2.10)
after applying to it the horizontal Laplacian

∆H =
∂2

∂x2
1

+
∂2

∂x2
2

.

Making use of the incompressibility condition in the end we obtain

(1 +K)∆2uz + 2K∆ζ = −Ra ∆HT = −Ra ∆Hθ.

Next, we differentiate the second equation in (2.12) with respect to x1 and sub-
tract from thus obtained equation the first equation in (2.12) differentiated with
respect to x2. Using the incompressibility condition, we obtain

−L∆ζ + 4Kζ + 2K∆uz = 0.

In this way we obtained the following system of equations

(1 +K)∆2uz + 2K∆ζ = −Ra ∆Hθ,(A.1)

− L∆ζ + 4Kζ + 2K∆uz = 0,(A.2)

where uz and ζ are [l1, l2]-periodic at the lateral boundaries. From the incom-
pressibility condition we have ζ = uz = ∇uz = 0 at the top and bottom bound-
aries. As the conditions on the lateral boundaries are periodic, we can express
uz, θ, and ζ as the sum of the Fourier series in the horizontal direction, namely

(A.3) uz =
∑

k

eik·xûk(z), ζ =
∑

k

eik·xζ̂k(z), θ =
∑

k

eik·xθ̂k(z).

The summation is over all wavenumbers k = 2πn1/l1, k = 2πn2/l2 where

n = (n1, n2) ∈ Z
2. Moreover, we have the conditions ûk = û−k, ζ̂k = ζ̂−k and

θ̂k = θ̂−k, which guarantee that the result of the summation is real.
Rewriting (A.1)–(A.2) in terms of horizontally Fourier transformed variables,

we obtain the following infinite system of independent ODEs

(1 +K)

(
|k|2 − d2

dz2

)2

ûk + 2K

(
|k|2 − d2

dz2

)
ζ̂k = Ra |k|2θ̂k,

L

(
|k|2 − d2

dz2

)
ζ̂k + 4Kζ̂k + 2K

(
|k|2 − d2

dz2

)
ûk = 0,

which is thus another form of (5.14)–(5.15).
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The constraint (5.8) written in terms of the Fourier representation (A.3)
reads

(A.4)
∑

k

1∫

0

2τ ′(z)(ûk(z)θ̂k(z) + ûk(z)θ̂k(z)) + |k|2|θ̂k(z)|2 + |θ̂′k(z)|2 dz ≥ 0.

Appendix B. An auxiliary inequality

In this section we shall prove the following inequality

(B.1)
2

R̃a

(
|
√
zϕ| |

√
zϕ′′| + |

√
zϕ′|2

)
≤ Re(θ, ϕ),

where

(B.2) R̃a = Ra
4K + L

4K + L+KL

and

ϕ :=
uz

z
, ψ :=

ζ

z
.

Having this inequality the problem of proving the upper bound of the Nusselt
number for the micropolar Boussinesq model of the form (5.12) is then reduced

to the analysis performed in [10] with Ra replaced with R̃a, where R̃a plays the
same role as Ra in further computations. Note that

R̃a = Ra
4K + L

4K + L+KL
≤ Ra(B.3)

and that R̃a is always smaller than Ra if K,L are positive, equal to Ra if K = 0
or L = 0, and it can be made arbitrarily small by taking large L and K.

To obtain (B.1) we rewrite Eqs. (5.14)–(5.15) in a simpler notation as

(1 +K)(k4uz − 2k2u′′z + u′′′′z ) + 2K(k2ζ − ζ ′′) = Ra k2θ,(B.4)

L(k2ζ − ζ ′′) + 4Kζ + 2K(k2uz − u′′z) = 0,(B.5)

uz(0) = uz(1) = u′z(0) = u′z(1) = ζ(0) = ζ(1) = 0.(B.6)

Moreover, from now on, to make the computations more brief we denote by | · |
the L2 norm, namely

|f | =

√
1∫
0

|f(z)|2 dz

and write k2 instead |k|2.
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Now, we multiply (B.4) by ϕ = uz/z. After integration over the interval
(0, 1), we obtain

(B.7) (1 +K)(k4|
√
zϕ|2 + 2k2|

√
zϕ′|2 + |

√
zϕ′′|2)

+ 2K Re(k2(ζ, ϕ) − (ζ ′′, ϕ)) = Ra k2 Re(θ, ϕ).

We multiply (B.5) by ψ = ζ/z. After integration over the interval (0, 1), we
obtain

(B.8) L|
√
zψ′|2+(Lk2+4K)|

√
zψ|2+2K Re(k2(zϕ, ψ)+(zϕ′, ψ

′
)+(ϕ′, ψ)) = 0,

where we observed

−
(
u′′,

ζ

z

)
= (zϕ′, ψ

′
) + (ϕ′, ψ).

From (B.7) it follows that

(B.9) (1 +K)(k4|
√
zϕ|2 + 2k2|

√
zϕ′|2 + |

√
zϕ′′|2)

+ 2K Re(k2(zψ, ϕ) − ((zψ)′′, ϕ)) = Ra k2 Re(θ, ϕ).

Observing that

−((zψ)′′, ϕ) = (zψ′, ϕ′) + (ψ,ϕ′),

implies the equation

(B.10) (1 +K)(k4|
√
zϕ|2 + 2k2|

√
zϕ′|2 + |

√
zϕ′′|2)

+ 2K Re(k2(zψ, ϕ) + (zψ′, ϕ′) + (ψ,ϕ′)) = Ra k2 Re(θ, ϕ).

Now, adding (B.8) to (B.10), we obtain

(B.11) (1 +K)(k4|
√
zϕ|2 + 2k2|

√
zϕ′|2 + |

√
zϕ′′|2) + L|

√
zψ′|2

+ (Lk2 + 4K)|
√
zψ|2 + 2K(k2(zψ, ϕ) + (zψ′, ϕ′)

+ (ψ,ϕ′) + k2(zϕ, ψ) + (zϕ′, ψ
′
) + (ϕ′, ψ)) = Ra k2 Re(θ, ϕ).

We rewrite (B.11) in the following way,

(k4|
√
zϕ|2 + 2k2|

√
zϕ′|2 + |

√
zϕ′′|2) + L(|

√
zψ′|2 + k2|

√
zψ|2)

+K(k4|
√
zϕ|2 + 2k2|

√
zϕ′|2 + |

√
zϕ′′|2 + 2((zψ′, ϕ′) + (zϕ′, ψ

′
)))

+ 2k2((zψ, ϕ) + (zϕ, ψ)) + 4|
√
zψ|2 + 2((ψ,ϕ′) + (ϕ′, ψ)))

= Ra k2 Re(θ, ϕ).
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This last relation can be rewritten as

(B.12) |
√
zΦ|2 +K|

√
z(Φ + 2ψ)|2 + L(|

√
zψ′|2 + k2|

√
zψ|2) = Ra k2 Re(θ, ϕ),

where we used the notation Φ = k2ϕ− ϕ′′. From (B.12), we obtain

(B.13) |
√
zΦ|2 + Lk2|

√
zψ|2 +K((1 − ε)|

√
zΦ|2 + 4

(
1 − 1

ε

)
|
√
zψ|2)

≤ Ra k2 Re(θ, ϕ),

where we used the identity

|
√
z(Φ + 2ψ)|2 = |

√
zΦ|2 + 4|

√
zψ|2 + 2((zΦ, ψ) + (zψ,Φ))

and the Young inequality

−ε|
√
zΦ|2 − 4|√zψ|2

ε
≤ 2((zΦ, ψ) + (zψ,Φ)).

As k ≥ 1, we can rewrite the relation (B.13) as follows

(B.14) (1 +K(1 − ε))|
√
zΦ|2 +

(
4K

(
1 − 1

ε

)
+ L

)
|
√
zψ|2 ≤ Ra k2 Re(θ, ϕ).

The last term on the left-hand-side of (B.14) vanishes for

ε =
4K

4K + L
.

For such ε, we obtain, taking into account the definition of Φ,

4K + L+KL

Ra(4K + L)

(
k2|

√
zϕ|2 + 2|

√
zϕ′|2 +

1

k2
|
√
zϕ′′|2

)
≤ Re(θ, ϕ).

By the Cauchy inequality, we obtain

(B.15)
2

R̃a
(|
√
zϕ| |

√
zϕ′′| + |

√
zϕ′|2) ≤ Re(θ, ϕ),

where

(B.16) R̃a = Ra
4K + L

4K + L+KL
.

The relation (B.15) is the same as the inequality above (A.10) on p. 239 in [10]

with Ra replaced with R̃a. This means that R̃a plays the same role as Ra in
further computations. The remaining part of the proof of Theorem 1 closely
follows [10], therefore we postpone it until the Appendix C.
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Appendix C. Proof of Theorem 1

In this section we provide the proof of the Theorem 1, which follows the same
scheme as that already presented in [10]. In the proof we focus on the differences
between our argument and that of [10].

Lemma 3. If 0 < a < b <∞, the smooth function uz satisfies

(C.1) uz(a) = uz(b) = 0, u′z(a) = u′z(b) = 0

and θ(z) is defined by (B.4), then

(C.2) Re

b∫

a

θuz

z
dz ≥ 2

R̃a

b∫

a

|u′z|2
z

dz ≥ 2

R̃a

b∫

a

|uz|2
z3

dz.

Proof. The fundamental estimate in the proof is the relation (B.15). With
this relation the argument exactly follows the lines of the proof in the Appendix
of [10]. �

In the derivation of (B.15) in Appendix 6 the presence of the singularity in
z = 0 requires attention. For the moment, we held z. This problem needs to be
dealt with, in order to apply the inequality (C.2) to our problem. The treatment
of the replacement choice z + ε and the limit ε → 0 in terms of integrability of
the functions is the key idea on the next Corollary, and exactly follows the lines
of the corresponding result in [10].

Corollary 4. Assume that θ(z) ∈ L2(0, 1) and uz satisfy (B.4)–(B.6).
Moreover, assume that

(C.3) |uz(z)| ≤ Cz2,

with the constant C dependent of Ra, k2, K, L, and |θ|. Then there holds the
bound

(C.4) Re

1∫

0

θuz

z
dz ≥ 2

R̃a

1∫

0

|uz|2
z3

dz.

Proof. We skip the proof as it is identical to that of [10], see p. 237 in that
article.

Now, we prove relation (C.3). The proof relies on finding the bound on |u′′′′z |.
We write the proof in details, since, in contrast to [10], the estimate cannot be
derived in one step, it is needed to use the estimate of |u′′z | in the proof.
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Corollary 5. Let the complex valued function uz satisfy (B.4)–(B.6) with
the corresponding θ ∈ L2(0, 1) and ζ. Then there holds the bound (C.3) with the
constant C dependent of Ra, |k|2, L, K, and |θ|.

Proof. For every k ∈ N \ {0} let us write

|Reuz(z)| =

∣∣∣∣

z∫

0

dz′
z′∫

0

dz′′Reu′′z(z
′′)

∣∣∣∣ ≤
1

2
z2‖Reu′′z‖L∞ ,

|Imuz(z)| =

∣∣∣∣

z∫

0

dz′
z′∫

0

dz′′Imu′′z(z
′′)

∣∣∣∣ ≤
1

2
z2‖Imu′′z‖L∞ .

As Reuz and Imuz are the smooth real valued function satisfying both homoge-
neous Dirichlet and Neumann boundary conditions on (0, 1) by the interpolation
Lemma of [9] it follows that

(C.5) ‖Reu′′z‖L∞ ≤
√

2|Reu′′′′z | |Reu′′z | and ‖Imu′′z‖L∞ ≤
√

2|Imu′′′′z | |Imu′′z |.

We deduce that

|uz(z)| ≤ Cz2
√
|u′′z | |u′′′′z |.

Hence, to get the required estimate we need to get the L2 norm bounds for the
second and fourth order derivatives of uz. We first derive the bound of u′′z . To
this end we test (B.4) by uz and (B.5) by ζ and we perform integration by parts
on the interval (0, 1). It follows that

k4|uz|2 + 2k2|u′z|2 + |u′′z |2

+K(k4|uz|2 − 2k2(u′′z , uz) + |u′′z |2 + 2(k2ζ − ζ ′′, uz)) = Ra k2(θ, uz),

L(k2|ζ|2 + |ζ ′|2) +K(4|ζ|2 + 2(k2uz − u′′z , ζ)) = 0.

Adding the two equations, we obtain after obvious computations

k4|uz|2 +2k2|u′z|2 + |u′′z |2 +L(k2|ζ|2 + |ζ ′|2)+K|k2uz −u′′z +2ζ|2 = Ra k2(θ, uz).

We deduce that

k4|uz|2 + 2k2|u′z|2 + |u′′z |2 + L(k2|ζ|2 + |ζ ′|2) ≤ k4

2
|uz|2 +

Ra4

2
|θ|2.

It follows that

(C.6) |uz| + |u′z| + |u′′z | + |ζ| + |ζ ′| ≤ C,
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where the constant C depends on |θ|,Ra, L, and k. Now, multiplying (B.5) by
the adjoint of this equation and integrating over the interval (0, 1) implies

L(k2ζ − ζ ′′, k2ζ − ζ ′′) = 4K2(2ζ + k2uz − u′′z , 2ζ + k2uz − u′′z).

We deduce that

k4|ζ|2 + |ζ ′′|2 + 2k2|ζ ′|2

=
4K2

L
(4|ζ|2 + k4|uz|2 + |u′′z |2 + 4k2Re (ζ, uz) − 4Re (ζ, u′′z) + 2k2|u′z|2).

Hence

|ζ ′′|2 ≤ 4K2

L
(4|ζ|2 + k4|uz|2 + |u′′z |2 + 4k2|ζ| |uz| + 4|ζ| |u′′z | + 2k2|u′z|2).

Using (C.6) we deduce that
|ζ ′′| ≤ C,

where now C depends on |θ|,Ra, L,K, and k. This control is necessary in order
to bound the fourth order derivative of uz in L2. Finally, multiplying (B.4) by
its adjoint and integrating we obtain

(1 +K)2(k4uz − 2k2u′′z + u′′′′z , k4uz − 2k2u′′z + u′′′′z )

= (Ra k2θ − 2K(k2ζ − ζ ′′),Ra k2θ − 2K(k2ζ − ζ ′′)).

It is clear that all terms in the right-hand side are bounded by a constant C.
Hence

(k4uz − 2k2u′′z + u′′′′z , k4uz − 2k2u′′z + u′′′′z ) ≤ C.

Multiplying and integrating by parts we obtain

k8|uz|2 + 4k4|u′′z |2 + |u′′′′z |2 + 2k4|u′′z |2 + 4k6|u′z|2 ≤ C + 4k2Re (u′′z , u
′′′′
z ).

We use (C.6) to deduce

|u′′′′z |2 ≤ C + 4k2C|u′′′′z |.

It follows that |u′′′′z | ≤ C and the proof is complete.

Now, in order to obtain the bound for the Nusselt number we proceed exactly
in the same framework as [10] introducing the so-called logarithmic background
profile. More precisely, let δ ∈ (0, 1/2) be the boundary layer thickness and define

(C.7) τ(z) =





1 − z
δ 0 ≤ z ≤ δ,

1
2 + λ(δ) ln

(
z

1−z

)
δ ≤ z ≤ 1 − δ,

(1−z)
δ 1 − δ ≤ z ≤ 1,
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where

λ(δ) =
1

2 ln((1 − δ)/δ)
.

The Dirichlet integral of τ ′(z) can be evaluated as

(C.8)

1∫

0

|τ ′(z)|2 dz =
2

δ

(
1 +

δ

2 ln 1−δ
δ

+
1

4 ln2 1−δ
δ

(
1 − δ

1 − δ

))
.

In particular, if δ ≤ 1/4 then

(C.9)

1∫

0

|τ ′(z)|2 dz ≤ 2

δ

(
1 +

1

8 ln 3
+

1

6 ln2 3

)
≤ 3

δ
.

Remark 6. The relation (C.8) actually states that

1∫

0

∣∣τ ′(z)
∣∣2 dz =

2

δ
(1 + C(δ)),

where C : [0,∞) → [0,∞) is a continuous function such that limδ→0C(δ) = 0,
so, by taking appropriately small δ one can make the constant on the right-hand
side of (C.9) arbitrarily close to 2

δ .

The key point now is to show that for a flow having a given Rayleigh number
higher than a threshold value, we can choose δ ≤ 1/4 such that the constraint
(5.17) holds. That value of δ gives the bound through (C.8). After some algebra,
which follows the lines of the argument on page 234 of [10], (5.17) holds if only

(C.10)

δ∫

0

z4

(
1

δ
+
λ

z
+

λ

1 − z

)2

dz ≤ 4λ

R̃a
.

A straightforward but cumbersome computation yields that if δ ≤ 1/4, then

(C.11)

δ∫

0

z4

(
1

δ
+
λ

z
+

λ

1 − z

)2

dz ≤ δ3

5

(
1 +

19

12 ln 3
+

47

72 ln2 3

)
≤ 3δ3

5
.

Remark 7. In fact we can prove that

δ∫

0

z4

(
1

δ
+
λ

z
+

λ

1 − z

)2

dz ≤ δ3

5
(1 + C(δ)),
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where C : [0,∞) → [0,∞) is a continuous function such that limδ→0C(δ) = 0,
so, by taking appropriately small δ one can make the constant on the right-hand
side of (C.11) arbitrarily close to δ3/5.

Now, a sufficient condition for the (C.10) to hold is

R̃a δ3 ≤ 20

3
λ =

10

3 ln((1 − δ)/δ)
.

If only ln R̃a ≤ 5R̃a (which always holds for R̃a ≥ 1) this condition is satisfied
by

δ =

(
5

R̃a ln R̃a

)1/3

.

Note that the restriction δ ≤ 1/4 implies that R̃a ln R̃a ≥ 320 which always holds

if, for example, R̃a ≥ 75. Substituting the expression for δ into (C.9) we arrive
at the result

(C.12) Nu ≤
1∫

0

|τ ′(z)|2 dz ≤ 3
3
√

5
R̃a

1/3
ln1/3 R̃a,

valid if R̃a ≥ 75. Using (B.16) yields the assertion of Theorem 1.
We end with final remarks on a possible improvement of the numerical values

of constants in the Nusselt number bound provided in the Theorem 1.

Remark 8. Neither the constant 3/ 3
√

5 nor the Rayleigh number bound 75
are optimal. We only present here the example-case computation which leads
to the required estimate. It is further possible to relate the constant with the
Rayleigh number bound. If the bound is higher then the constant in the Nus-
selt number estimate becomes smaller. The smallest value of this constant has
been given in [10] and is equal to 2/ 3

√
30. The constant 3/ 3

√
5 is determined by

somewhat arbitrary choice of threshold value of δ equal to 1/4. In general, the

smaller bound for δ we choose, the higher threshold R̃a needs to be, and the
lower constant is obtained in place of 3/ 3

√
5. We could proceed exactly as in [10]

and choose arbitrarily small δ > 0. This would give us the asymptotic result
valid for R̃a → ∞ with the optimal constant 2/ 3

√
30 in place of 3/ 3

√
5. Since

our aim is to demonstrate the influence of micropolar constants L and N on the
Nusselt number bound for finite R̃a, in contrast to [10], we decide to present the
derivation for a fixed nonzero δ.

Remark 9. The logarithmic prefactor in (C.12) is raised to the power 1/3.
It is possible to use the techniques of [21] to get the prefactor ln1/15 Ra by
appropriate modification of the background temperature method. We leave as
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an open problem if the maximal regularity method which leads in [21] to the
doubly logarithmic prefactor can be adapted to the micropolar setting.
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