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Abstract. We consider the classical solutions of mixed problems for infinite, countable
systems of parabolic functional differential equations. Difference methods of two types are
constructed and convergence theorems are proved. In the first type, we approximate the exact
solutions by solutions of infinite difference systems. Methods of second type are truncation of
the infinite difference system, so that the resulting difference problem is finite and practically
solvable. The proof of stability is based on a comparison technique with nonlinear estimates
of the Perron type for the given functions. The comparison system is infinite. Parabolic
problems with deviated variables and integro-differential problems can be obtained from the
general model by specifying the given operators.
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1. INTRODUCTION

During this time numerous papers concerned problems for infinite systems of parabolic
functional differential equations were published. The exposition of existence results for
such problems can be found in the monograph [1], see also [9] and [4]. The papers [2,11,
12] contain uniqueness criteria for infinite parabolic problems. Various applications
of infinite systems of parabolic integral differential equations, such as the discrete
coagulation fragmentation model [13], are listed in [1].

We are interested in establishing numerical discretization methods for solving
infinite systems of parabolic functional differential equations with initial boundary
conditions of the Robin type.
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For any metric spaces X and Y we denote by C(X,Y") the class of all continuous
functions from X into Y. Let N and Z be the sets of natural numbers and integers
respectively. Denote by [°° the class of all real sequences p = {p,}.en such that
plloe = sup{|pu| : # € N} < oo. For simplicity we will write p = {p,} instead of
p = {putpen. U p,g € 1, p = {p.}, ¢ = {qu}, then we set p* ¢ = {puq,}. Put
R to denote the set of all ¢ = (q1,...,¢n), such that ¢g; € 1,1 < j < n. We
use the symbol M, «, to denote the set of all real symmetric n X n matrices. We
will use vectorial inequalities with the understanding that the same inequalities hold
between their corresponding components. Analogously we understand the inequalities
between infinite sequences. Inequalities between matrices are interpreted by means of
quadratic forms.

Let a >0, b= (b1,...,b,) €R”, b; > 0for j =1,...,n, be given. Define the sets

E=[0,a x [-b,b], Ey={0}x[-bb], E=E\ ([07a] % (=b, b)).
Write
O E={(t.e) € E: a5 =b;}, 0 E={(to) B 5 =—b;}, 1<j<n.
Set Q= E x C(E,1%) x R" x My, Suppose that
[oQ=0 f={ful, ¢:Eo—= 17, ¢={pu},
B OB = Ry,
B= B, Bn) ¥ =1, ¥n), Bj ={Bju}, ¥ ={ju}, 1 <5<,

are given functions. For the function z : E — [*°, z = {z,}, of the variables (¢, x),
x=(x1,...,2,), and for 1 < j < n we write

Oz = {02, }, Op;2 = {(%J.zu}, Flz] = {F(”) 2]},
FWZ(t,x) = fu(t, @, 2,002, (t, @), Opnzu(t, ),

where 0,2, = (02,24, - -+, 02, 21)s Oza2p = [Onie; 2ulij=1,....ns 1 € N. We consider the

infinite countable system of differential functional equations
Oz(t, ) = F[Z|(t, x) (1.1)
with the initial condition
z2(t,x) = o(t,z) on Ejy, (1.2)
and with the following boundary conditions
Bj(t,x) * z2(t,x) + 0z, 2(t,x) = Y;(t,x) on 0;FE, (1.3)

Bj(t,x) x z(t,x) — Oy, 2(t,x) = (t,x) on 0;_E, (1.4)
where 1 < 57 < n.
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We will assume that the functional dependence in (1.1) is of the Volterra type.

Assumption H[V]. The function f : Q — [* satisfies the Volterra condition, i.e. for
each (t,x) € E, ¢ € R", r € Myxp, and w,w € C(E,I*®) such that w(r,y) = w(r,y),
(r,y) € E, 7 <t, we have f(t,x,w,q,r) = f(t,x,w,q,r).

We say that a function v : E — 1%, v = {v,,}, is a regular solution of the system
(1.1) if the derivatives djv = {0}, Op,e;v = {0z,2;vu}, 1 < 4,5 < n, exist on F,
040, Og,;v € C(E,1%°), 1 <0, j < n, and v satisfies (1.1) on E.

A regular solution v of (1.1) is said to be parabolic if for any two symmetric
matrices 7 = [ri;lij=1,..n, T = [Fijlij=1,..n such that 7 —7 < 0 the inequality
Ju(t,x,v,0.v,(t x), ) < fu(t,z,v,0,v,(t, x),7) is true for (t,2) € E, p € N. The
parabolic solution v of (1.1) such that the conditions (1.2)—(1.4) hold, is called a
P-solution of (1.1)—(1.4).

Approximate methods for parabolic differential or functional differential equations
were considered by many authors and under various assumptions. The main problem
in these investigations is to find suitable difference or functional difference equations
which are consistent with respect to the original problem and stable. It is not our aim
to show a full review of papers concerning difference methods for parabolic functional
differential problems. Bibliographical information can be found in [6-8,10].

We propose difference explicit Euler type schemes which consist of replacing partial
derivatives in (1.1) by suitable difference operators. Quasilinear parabolic equations
with the Robin conditions are considered in [3]. In the case of quasilinear equations,
the choice of the difference operators approximating mixed derivatives is locally deter-
mined by the sign of the coefficients in the differential equations and upwind difference
schemes are used. In the present paper, the choice of suitable difference operators de-
pends on global assumptions on given functions (see the definitions (2.5), (2.6) and the
conditions 2) of Assumption Hg[A]). By using explicit schemes, the approximation of
the Robin boundary conditions (1.3), (1.4) requires an extention of the mesh outside
the set F.

In the first part of the present paper we consider an infinite system of functional
difference equations generated by (1.1)—(1.4). If the original differential problem is
reduced to the finite one, then the difference method is practically solvable.

The next part of the paper deals with truncated finite differential functional prob-
lems corresponding to (1.1)—(1.4) and difference functional methods related to them.
We show results of numerical experiments.

Results presented in the paper are new also in the case of infinite systems without
a functional dependence.

2. INFINITE DIFFERENCE SCHEMES

To formulate a difference problem corresponding to (1.1)—(1.4) we introduce the fol-
lowing notation and assumptions. Denote by F(A, B) the class of all functions de-
fined on A and taking values in B, where A and B are arbitrary sets. If z € R™,
x = (x1,...x,) then we put ||z|| = |z1]|+. . .4|z,|. We define a mesh on the set E in the
following way. Suppose that (ho, h’), where b/ = (hq,...,hy), by > 0,0 < i < n, stand
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for steps of the mesh. For h = (hg, k') and (r,m) € Z'*", where m = (my,...,my),
we define nodal points as follows:

t") = rhy, 2™ = (chml), ... ,335:”")) = (myh1,...,mphy).

Denote by A the set of all h = (hg,h’) such that there are Ny € N and N =
(N1,...,N,) € N* with the properties: Nohg = a and (N1hq,..., Nyhy,) =b. Let

Ry = { (¢, 2™): (r,m) € Z1" Y,
E,=ENR™, Eon=FENR"™, 0oE,=0EnR*"

and
B, = { D, 2My e B, 0<r < N —1}.

For every (t(),z(™) € 9yE), we define the set S(™ of s = (s1,...,sy) such that
IIs|l =1 or ||s|]| =2 and

if xgmj) =b;, then s;€{0,1}, if m;mj) = —bj,

then s; € {0,—1},
(m;)

and if —b; <z; ' <bj, then s;=0,

where 1 < j < n. Let
O By = {(t™, 2+ . (¢ 2™y € 9yEy, s € S™}  and B = 9 EyUE.

If Ay, C R,lf” and z : Ay, — 1, w: A, — R, then we write 2("™) = z(¢t(") £(m))
and w™™ = (") (™) on A. Set e; = (0,...,0,1,0,...,0) € R” with 1 standing
on i-th place. We define the difference operators &y, § = (d1,...,d,) and &, &,
1 < i <mn, in the following way. For z : E;f — 1, 2 = {2,}, and (", 2(™) € E} set

1
60ZLr,m) — ho (Zl(;"+1,m) _ zp(:“,m) )7 (2.1)
1
r,m) __ r,m-+e; r,m—e;

r,m 1 r,m-—+e; T,m — r,m 1 r,m r,m—e;
(5l+zl(t ):ﬁ(zfl’ +1)—z£’ )), 0; Z;(l, ):ﬁ(zl(t’ )—Zl(L7 1))7 (2.3)

where 1 < i < n, u € N. The difference operator 6(2) = [0ij]i,j=1,...n, is defined as
follows. Write
Sz =616 2P 1<i<n, peN. (2.4)

Put J = {(i,j) 1 <45 <n,i# j} and suppose that for each 4 € N we have
defined two disjoint sets J,, 1, J, — C J such that J,, 4 UJ, _ = J. Then for (i,j) € J

1
if (i,j) € Jus, then 5ijz§f’m>:5(5;5]#2;]”*")+5;5;z§[’m>), (2.5)

1
if (i,j) € J,_, then 5ijz§[)m>:5(5;5;,2,(}“’+5;5j+z§[’m>). (2.6)
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Solutions of difference equations will be defined on the set E;. Since system (1.1)
contains the functional variable z which is an element of the space C'(E,[*°), we need
an interpolating operator Ty, : f(E}J[, [*) — C(E,1*°). Additional assumptions on 7,
will be required in the next part of this paper. For z : E;[ — 1%, z = {z,}, we put
on Ej,

doz = {dozu}, Fulz] = {Fh.ulzl},

Fipl2)™m = £, (0, 2™ Tz, 620 6@ 2m)) e N.
If (), 20™) € 9E), s € S(™), then we write
g = 23 2hup (1), ) — () =) N 2 3 (40, ),
Jj=1 j=1

We will approximate solutions of (1.1)—(1.4) by means of solutions of the difference
functional problem

502"™ = F[z]™  on  Ej, (2.7)
2(mm) = gogf’m) on FEyy, (2.8)
pmmts) o (rm=s) _ gh[z}(r’m’s) on OhEn, s€ S(m), (2.9)

where ¢y, : Eop, = 1°°, ¢ = {¢n.u}, is a given function.

Now we introduce first assumptions which allow us to obtain the existence of the
unique solution of the difference problem (2.7)—(2.9). Under these assumptions we
also obtain useful estimates for the solution of (2.7)—(2.9) and for the P-solution of
the differential problem (1.1)—(1.4).

For w € C(E,R) and for z € F(E;",R) we put

|w\t:max{|w(7,x)|:(T,x)EE, Tgt}, t e [0,al,

|2](r) = max{|z(”’m)| (W 2™y e By, v < 7“}, 0 <r < Ng.

Ifw e C(BE,1°),w={w,},and z € F(E; ,1°°), 2 = {z,,}, then we set |w|; = {|w,|¢},
t €[0,a], and |z[(r) = {[zulon}, 0 <7 < No.

Assumption H[T,]. The operator 7, : F(E; ,1®°) — C(E,I*) is linear, Tz =
{Tyz,} for = € F(E;},1°), 2 = {2,}, and the mapping T}, : F(E;",R) — C(E,R)
satisfies the conditions:

1) if w,w € F(B;,R) and w = @ on Ej, then Thw = Tyw,

2) forw: B — R and 0 < r < Ny we have |Thwl|yom = |[w|(,

3) ifw: E — Ris of class C' and wy, is the restriction of w to the set Ej, then there
exists 7 : A — Ry such that | Thw, —w |, < A(h) and limy, o5 (h) = 0.

Remark 2.1. To define an example of T}, : F(E;",R) — C(E, R) satisfying the above
conditions we can use the interpolating operator proposed in [5] for the construction of
difference scheme corresponding to first order partial differential functional equations.
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If pel™, p={p.}, then we write |p| = {|p,|}. Let 0 € > and 1 € [* be the
sequences with all the elements equal to 0 and 1 respectively. Put Ry = [0, 4+00) and

li"z{pelo": p=1{pu} pMERJﬂuEN},

e = {p €l p={pu}, Hli_)ngopu = 0}.
Assumption H[op]. The functions f: Q — I, 8,1 : OoF — RS and ¢ : By — [*°
satisfy the conditions:

1) there is Ag € I5° such that |¢(t,z)| < Ag on Ey,
2) there is bel™, b= {BM}, such that 3;(t,z) > b>0ondE,1<j<n,
3) there exist og € C([0,a] x I3°,1°) of variables (,p), and Lo € [5° such that
(i) oo is nondecreasing with respect to both variables and o¢(t,p) < Lo for
(t,p) € [0,a] x IF°,
(ii) there exists on [0, a] a maximal solution wy = {wp.,} of the Cauchy problem

W'(t) = op(t,w(t)), w(0)= Ao, (2.10)
4) the estimates
[f(t,2,w,0,0)] < oo, [w]e), (tz,w) € ExC(E,I),

i (t,z)] <b*wo(t), (t,z) € dE, 1<j<n, (2.11)
are satisfied.

Remark 2.2. Suppose that Assumption H[og] is satisfied. Then 7P-solution
v: E — 1% of problem (1.1)—(1.4) satisfies the estimate

lv(t,z)] <wo(t) on E

where wy is the maximal solution of (2.10). This assertion follows from the comparison
theorem for infinite systems of parabolic functional differential equations (see [2]).

Let ET =1[0,a] x (—b ,b"), where b’ € R} and b* > b.
Assumption Hy[A]. The functions f: Q =1, 8: HE — R, pp : Eop — 1> and
h € A are such that:

1) Assumption H[V] is satisfied,
2) for each p € N there exist the derivatives

Oqfu= 0q fus---,0q,fu) and Opfu = 1[0, fulij=1...n

on §, they are continuous with respect to (¢,r) and for P € Q
Or; fu(P) >0 for (i,j) € Juy, Op,fu(P)<0 for (i,j)€ Ju_,

3) there is Ag € 1°, Ag = {Ao..}, such that |<p§lr’m)| < Ag on Eyp,
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4) E;f C E* and the inequalities

1-23 50 f(P)+ 32 5o-10n, f(P) >0, (2.12)
=1

Ggres

n

0, 0(P) = D o fP - 0 F(P) 20, 1<i<n,  (213)

J= LJ#
hold with P € Q, where 0y, f = {0y, fu}, 1 < i <n, and the inequality

1
h;

1-) hiB(t,z) >0 (2.14)
j=1

holds on 9y F

Lemma 2.3. If Assumptions H[ Ty, |, H{oo| and Ho[ A| are satisfied then there exists
exactly one solution up, : E; — 1> of problem (2.7)~(2.9) and

|u2r’m)\§wg(t(r)) on Ep, (2.15)

where wo is the mazimal solution of (2.10).

To prove Lemma 2.3 we can use the techniques from [3] for quasilinear problems.
We need relations

5o ul’ (r m) Z 87“1] fH (7 m) [uh]) (Sljuh M

1,5=1

+ 37 0, f (P ) G+ fO (D, 20 Ty, 0,0),  peN,

i=1

where (t(”),x(m)) c E;L and P/Er,m)[uh] = ((r) 2(m) , Thttn, géu(rm)’gé(g (rm))
£ €(0,1), instead of (21) in [3].

3. CONVERGENCE OF DIFFERENCE METHODS

Now we formulate general conditions for the convergence of the method (2.7)—(2.9).
For p € I$° we define C,(E,1°) = {w € C(E,I®) : |w|q < p}.

Assumption H[o]. The function f : © — [°° is continuous, Assumption H[og] is
satisfied and

1) the sequence A € [5° is such that A > 0 and A > wy(a),
2) there exists o € C([0,a] x I, 1%°), 0 = {o,}, and L € I such that
(i) o is nondecreasing with respect to both variables, o(¢,0) = 0, ¢t € [0,a], and
o(t,p) < Lon [0,a] x I3,
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(ii) the function w(t) =0, t € [0, a], is the unique solution of the problem
W'(t) =o(t,w(t), w(0)=0,
3) the estimate
|t z,w,q,r) = f(t2,w,q,7) | < ot |w—wl)

is satisfied for (t,z) € E, ¢ € R, r € My« and w,w € C4(E,1*).

Assumption H;[A]. The functions f: Q — 1, 8: 0E — RS, ¢n : Egp — [°° and
h € A satisfy Assumption Ho[A] and

1) there is a sequence B € I° such that 3;(t,z) < Bon OE, 1< j <n,
2) there is a constant C' > 0 such that ||/||> < Chy.

Theorem 3.1. Suppose that Assumptions H[Ty|, Hi[A| and Hlo| are satisfied and

1) the function v : ET — 1, v = {v,}, is such that v(-,z) : [0,a] = I, = €
(=b",b"), is of class C*, v(t,-) : (=b",b") = I°°, t € [0,a], is of class C3 and
there are co,c1 € I such that

|02,2;0(t, x)] < coy  |Opz;a,0(t,x)] <1 on Et, 1<i,j,k<n,
and v is P-solution of (1.1)~(1.4) on E,

2) the function uy, : B;7 — 1%, wy, = {uy .}, is the solution of problem (2.7)~(2.9),
3) there exists a function vy, : A = 13° such that limy_,ov,(h) = 0 and

L™ = ot ™) | < vy (h) on Eo.
Then there is v : A — 15° such that limy_.oy(h) = 0 and

lu"™ — oD, 2™) | < y(h) o Ejf. (3.1)

We omit the proof of Theorem 3.1. The case of quasilinear problems is proved
in [3].

4. FINITE SYSTEMS OF DIFFERENCE EQUATIONS

The main task in investigations presented in this part of the paper is to find a finite
difference scheme corresponding to the original infinite problem (1.1)—(1.4). We will
apply the truncation method.

Fix £ € N. Let ¢ € C(E,I*), ¢ = {@,}, be such that § = ¢ on Ej. For
w:E— 1% w={w,}, we put

W]k.e ={w,}, where w,=w,forl <pu<k and w, =@, forpu>k.
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If DC Eand w: D — [®, w = {w,}, then the symbol w!*] denotes the function
w* D — R* given by w*l = (wy,...,w;). We will treat an element p € R,
p=(p1,...,Px), also as the sequence p = {p, } with p, =0 for p > k. Write

FIR) = (FM L, FRL),

E](t ) = fult, 2, [2]kg, Oz (t @), Qoo zu(t, ),

where 2z : E = RF 2= (21,...,21), 1 < u < k.
Consider the finite differential functional system

dyz(t,z) = FIFI[2)(t, x) (4.1)

with the initial boundary conditions

2(t,x) = np[k} (t,z), (t,x) € Ey, (4.2)
B, x) * 2(t,2) + Oy, 2(t, 2) = PF(t,2),  (t,x) € 9,4 F, (4.3)
5["'] (t, ) * 2(t,x) — Oy, 2(t, ) = w[k] (t,z), (t,x)€0;_E, (4.4)

where 1 < 5 < n.

To estimate the difference between the solution of the infinite problem (1.1)—(1.4)
and the solution of the truncated problem (4.1)-(4.4) we formulate additional as-
sumptions.
Assumption Hjo, ¢|. The functions f: Q — [°, 8 : §gFE — R satisfy Assumption
H[o] and the function ¢ € C'(Ey,[*) is such that there exists ¢ € C(E, 1), ¢ = {@,.},
with the properties:
1) @(t,z) = @(t,z) for (t,z) € Fy and |@|, < A with A = A,
2) the function @(-,z) : [0,a] — I°°, & € [=b,b], is of class C*, the function

@(t,) : [=b,b] = 1, ¢t € [0,a], is of class C? and there is d € I°, d = {d,}, such

that

|0z,2,(t,2)] <d, (t,z) e E, 1<i,j<n,

3) there is c € I§°, ¢ = {c,}, such that
|0:p(t,x) — Flp|(t,x) | <c for (t,z)€E,
and the maximal solution @ = {@,} of the problem
() =o(t,w(t) +¢, w(0)=0, (4.5)

exists on [0, a] and lim,—, @,(t) = 0 uniformly on [0, a],
4) the estimates

‘ Bj(t,.%‘) * (tb(t’x) + 891195(ta 37) - wj(tvx) | < B* ‘I}(t>7 (tvx) € aj‘JrEv

| B;(t,x) * G(t,x) — Dy, p(t,x) — i (t,x) | < bxa(t), (t,x) € d;_E,
are satisfied for 1 < j < n.
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Remark 4.1. If we assume that the function ¢ satisfies the initial boundary condi-
tions (1.2)—(1.4) and for each 4 € N there are A, B, € Ry such that for (t,z) € E

|fu(tv z, Q, 89395#(157 x)arr¢u(ta {E))| < Aua |5t§5#(t, :U)| < BH

and lim, o0 4, = lim, Bu = 0, then the conditions 3) and 4) of Assumption
Hlo, ¢] are satisfied.

Remark 4.2. Let a,; € Ry, i, j € N, be such that the series S, = Z;’;l auj, b €N,

are convergent and the sequence S = {S,} tends to zero. Fix the sequence p € I,
p = {p.}, such that p, > 0 for p € N. Put I[p] = {p el :p< }5}. Then the

function o : [0,a] x I3 = 1$°, 0 = {0,}, given by

Oﬂ(tvp)zzaujpj’ pEI[ﬁ]a and O-M(tvp)zzaujﬁj’ pelf\l[ﬁ]’
j=1 j=1

where ¢ € [0,a], p € N, satisfies the required conditions.
The following lemma will be useful in the sequel.

Lemma 4.3. If Assumption Hlo, ] is satisfied and the function v : E — [ is
P-solution of (1.1)—(1.4) then

lo(t,z) — o(t,x)| <w(t), (t,z)€E,
where @ is the maximal solution of the problem (4.5).
Proof. Define v : E — 1>, v = {0,}, by ¥ = v — ¢. Let the function G = {G,} be
defined on E x C;(E,1°) x R™ x M, in the following way
Gu(t,z,w,q,r) = fu(t,z,w+ @,q + 0x@u(t, x)r + Opappu(t, x)) — Orpu(t, x),
where ¢ € N and r = [ry;]; j=1,...n. Consider the infinite differential functional system

Ozy(t,x) = Gu(t,x, 2,052, (t, ), Opazu(t, @), peEN, (4.6)

where z = {2, }, Or22y = [Oz,2; 2ui,j=1,...,n- It follows that the function © is a parabolic
solution of (4.6) such that ¥(t,z) = 0 on Ey and
| B;(t, ) * 0(t, ) + 9y, 0(t,x) | <bx@(t) on 9;4+E,

| Bj(t,x) * 0(t,x) — Ox;0(t,x) | <bx@(t) on 0;_F,
where 1 < j < n. The following estimate
|Gu(t,z,w,0,0)] <
< fut 2w+ @, 0:@u(t, 1), Ouapp(t, ) — fult, 2, 8, 0upp(t, ), Onau(t, )|+
+|FP[3] - 8ipu(t @) <
< ou(t, |wl) +cu
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is satisfied for (t,z) € E, w € C4(E,1*°) and p € N. It follows from the comparison
theorem (see [2]) that
[0(t,z)] <@(t) on E.

The proof is complete. O

For a function w € C(E,RF), w = (w1, ..., wg), we write |wl; = (Jwils, ..., [wkle),
t € [0,a]. Put C;(E,R*) = {w € C(E,R¥) : |w|, < A}, where A € I*° is given in
Assumption Hlg, ¢].

Lemma 4.4. Suppose that Assumption H[o, | is satisfied and:

1) the function v: E —1*°, v = {v,}, is P-solution of (1.1)-(1.4),
2) for each k € N the function ul®l : E — RF, ulFl = (u[lk], e 7ugf]), s the parabolic
solution of (4.1)—(4.4).

Then there exists wl¥l € C([0,a], RY) such that
¥ (¢t 2) — ulkl(t, 2)| < F(t), (t,2) € E,

and limy_, o0 || (1)|| 0o = 0 uniformly on [0, a).

Proof. Let k € N be fixed and let the function /! : E — R* be given by 9k = y*] —
vlkl. We define the function H : ExC 5(E,RF)xR" x M, »,, — R¥, H = (Hy, ..., Hy),
as follows:

Hﬂ(ta z, ’UJ, Qa T) =
= fu(ta z, [’UJ + U]k.(,57 q—+ a;cvu(ta 1:)7 T+ axacvu(ta ZE)) - fu(ta €, v, axvu(ta 13)7 ax:cvu(ta .Z’))

Consider the differential functional system

Orzu(t,x) = H,(t, o, 2,002, (¢, ), Onzzu(t, ), 1< <k, (4.7)
where z = (z1,..., 2x), with the homogeneous initial boundary conditions
z(t,z) =0 on E, (4.8)
5][,k] (t, ) * 2(t,x) + 0z, 2(t,x) =0 on 0, E, (4.9)
ﬁgk] (t,z) * 2(t,r) — Op;2(t,x) =0 on 0;_F, (4.10)

where 1 < j < n. The function #*! is a parabolic solution of the problem (4.7)—(4.10).
We use the comparison theorem for systems of differential functional equations to
estimate the values of ¥

We need the following additional notation. For p € I*°, p = {p,}, we denote by
0y, the sequence {p,} such that p, =0 for 1 < u < k and p, = p, for p > k. Let

ol [0,a] x RE — Rk, okl = (ng], .. .701[5]), be given by

ol (t,p) = oult:p), 1<p<k. (4.11)
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We observe that
[fu(t,z, [w+ v]k.g, 020, (t, ), Opavp(t, ) — fu(t, x,v, 00, (¢, ), Opavpu(t, x))| <

< U;[Lk] (t, [wle) + ou(t, Op.ar))

with (t,z) € E, w € C;(E,RF), 1 < i <k, where & is the maximal solution of (4.5).
Then
| (t, 2,0,0,0)] < o} (¢, [wle) + o]

with ozﬂc] = 0,(a,05.5()), 1 < p < k. Write ol¥ = (oz[lk], el ozgf]). It follows that
58t 2)| <w(t) on E,
where wl¥! is the maximal solution of the problem
W'(t) = o®(t,w(t) + o™, w(0) = 0. (4.12)

Since limy,_ o0 ||| o = 0, we have that limg_, o [|w* ()]|ec = 0 uniformly on [0, a].
This finishes the proof of Lemma 4.4. O

Now we construct the difference problem related to (4.1)—(4.4). For z : E}f — R¥,
z=(z1,...,25), we write

k k k
FPE = (R FL D),
FfEkL [2] ™) = fu(t(r), z(m) [Thzlk.5r 52;(;”-,m), 5(2)Z£r»m))
on Ej, 1< u<k. For (" (M) € 9yE),, s € S(™ we put

n n
k 7 ,Mm.,s k T m . m S rm—s k ™ m
g0 = 237 2yl (1) 200 — (o (rmrs) o (rm=)) 5 3 g2y g () 5 0m,
j=1 j=1

Consider the difference functional problem

502(7",’!17.) — F]Ek] [Z] (r,m) on E;N (4.13)
L) (e o Ry (4.14)
Z(r,m-{-s) _ Z(nm—s) — ng] [Z](T’m7s) on a(]Eh; s € S(m) (4]_5)

We formulate the main theorem in this part of the paper.

Theorem 4.5. Suppose that Assumptions H[o, @], H[Tn], Hi[A] are satisfied, the

function v : E — 1> is P-solution of (1.1)-(1.4) and for each k € N:

1) the function ul¥) : EY — R¥* is such that uF1(-,2) : [0,a] — RF, 2 € (=b",b"),
is of class C*, ulFl(t,.) : (—b+,b+) — RF, t €[0,a], is of class C* and there are
¢y el € RE such that

\(‘%izju[k] (t,z)| < cgc], |8xixjxku[k] (t,2)] < c[lk]7 (t,z) e BT, 1<i,5,k<n,

and ulF] is the parabolic solution of (4.1)~(4.4) on E,
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2) the function uLk] : B;7 — R s the solution of (4.13)—(4.15),

3) there is 73“] : A = RY such that limy_o %[Dk}(h) =0 and

[nh) ) = ), ) < AL (R) on Eop.
Then there exist yIFI 1 A — Ri and £lF € Ri such that
(ulyrm) ] @) o my) < A () 4 M on B, (4.16)

and limy,_0 YH(h) = 0, limp_ o0 ||e/]| 0 = 0.

Proof. Let us fix k£ € N. Using the methods from the proof of Theorem 3.1 we can
prove that
|(u£f])(r,m) — B 2y < @}[L’f] ™) on Ej

where of),[lk] is the maximal solution of the problem

/(1) = o™ (1 w(t) +3M (R, w(0) =97 (h),
with 'S/[k},’y([)k] : A — R satisfying condition limy,_,0 ¥ (h) = limp_o 'y([)k}(h) =0 and
with ol¥l given by (4.11). It follows from Lemma 4.4 that

[ulFl () 2y — Rl (1) (M) < WF(1M)Y on B,

where w!*! is the maximal solution of (4.12). Thus we obtain the assertion (4.16) with
AFl(h) = wgﬂ] (a) and el*l = Wl¥l(q). O

5. NUMERICAL EXAMPLES

We consider two examples of functional differential infinite problems. All assumptions
of Theorem 4.5 for these problems are satisfied and we show that numerical calculated
error estimates are consistent with the theory.

Example 5.1. Let E = [0,a] x [—1,1]? with a = 0.25. Suppose that
fu(t7 z,w,dq, T) = a‘rCtan(rll + 1o — g(t7 x)wu(ta T2, .T]))+
+ (23 — 1)(23 — Dw,(t, x) + gu(w(t, 2)),

where
g(t,x) = 4t?22 (23 — 1) + 4t%22(2? — 1)? 4 2ta? + 2ta3 — 4t,

4 2
g+ 10p2 + 5
91(p) =0, 9u(p) = Pus1 +pu—1 — 24° T2 —1p Pw K2 1.

Consider the functional differential system

Orzy(t, ) = fult,x, 2,002, (t, ), Opazu(t, x))
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with the initial boundary conditions

5

zu(t,x) =p~° on Ey,

(1+4t(1 - :L'?,)_j)) zu(t,x) £ 28mjzﬂ(t,x) =75 on 0;+F,
where ;1 € N and j € {1,2}. The exact solution is v, (t, ) = p~° exp[t(z} —1) (23 —1)].

We take @, (t,z) = u=° on E for u € N. Let u[f] be the solution of the difference
method (4.13)—(4.15) with ¢;, = ¢. The following Table 1 shows maximal error values

I eglk] lloc Where e%f] = |u£lk] — vlF |y, for several steps h = (hg, h1, hs) and system
sizes k.
Table 1
k| ho | hi=h el oo —logy [l e

4 | 277 272 0.96312739241933 - 10~2 | 10.01998574424679
8 | 27° 273 0.26850755315921 - 1073 | 11.86274970753216
16 | 271 24 0.06917975692011 - 10~2 | 13.81929052997669
32 | 2718 270 0.01741260986243 - 10~3 | 15.80950801909845

Example 5.2. Let £ = [0,a] X [—1, 1] with a = 0.25. Suppose that

fu(tv z,w,dq, T) =
put1

= arctan (r - Z dntay, (t)by_1(z)[(4n + 1)2% — 3])—|—
n=2

0.5(—z+1)
+ / (w1 — w,)(t, ) ds + gu(t, @),
0.5(—z—1)
where
+1
_ tauga(t) (3NES ois N ouis S
auta) = —ge 5 (3) (@) = ) 4 3 e b (o)

B(x) = 32> —1+22 for we[—l,%} and p(z)=0 for xe(él],

v(z) =0 for xe{fl,f%) and B(z) =3z> —1-2z for xe{fl,l],

n 4" —4 n—1

We consider the integral differential problem

an(t)

bo(z) = z(2® — 1)%", n>2.

Oz (t,x) = fult, @, 2,052,(t, ), Ogazu(t,x)) on E,
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zu(t,x) =0 on Ejy,
2u(t, ) £ 0p,2,(t,2) =0 on 0+ F,
where ¢ € N and j € {1, 2}.
The exact solution is z,(t,z) = St b an (t)bn(x), 1€ N. We take, for € N,

n=2
1
@u(t,z) = 8wsin? <§t(ac2 - 1)) on E and ¢,(t,z)=0 on EyUOE.

We apply the interpolating operator T}, : F(E;",R) — C(E,R) given in [5]. Then the
integrals are calculated by the use of trapezoidal rule. The following Table 2 shows

maximal error values || eglk} loo, Where egf] = |u£f] — olF |,y and ugf] is the solution
Table 2
kb | M el —logy || € [|oc

4 | 279 | 272 | 0.88806256460348 - 10~* | 13.45897915544746
8 | 278 | 273 | 0.24163663270311-10% | 15.33680128710483
16 | 2719 | 27% | 0.06391724973343 - 10™* | 17.25536323679841
32 | 2712 | 27° | 0.01597374728806 - 10~* | 19.25586577443758
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