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Abstract. In this note we extend the well-known limiting formulas due to Bourgain—Brezis—
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1. INTRODUCTION

Let s >0 and N > 1, and denote by T the flat torus RY /Z~. We define the periodic
Sobolev spaces on TV (see [18,19]) as follows

1k-x
e
H(TV) = {u: cp—— € L*(TV) : [u)? = k%] ck |2 <+oo},
kezZ:N vV (2m)N keXZ:N
endowed with the norm
ull2 = @+ [EP)erl® = l[ullF2qgny + [ul,
keZN
where

o “hTdy (ke ZN)

1

are the Fourier coefficients of u. Clearly, H*(T%) is a Hilbert space with inner product
(u,v)s = Z (L+ [k[**)erdre = (u,v) g2y + Z k|25 cpdy
kezZN kezZN

for all u,v € H*(TY), where ¢, and dj are the Fourier coefficients of u and v,
respectively.
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We also introduce the following subspace of H*(T")

For any

we have the following Poincaré inequality

lullZamny = D lewl® < [ul?,
kezZN

from which we deduce that [u]s is a norm in H*(TV) and equivalent to the standard
one in H*(TN).
Our first main result can be stated as follows:

Theorem 1.1. Let s € (0,1) and N > 1. Then, for all u € H'(TN) it holds

lim [u]? = [u]}
s—1—
and
: 2 2
Jim [uls = Jluflze )

The above convergence results can be seen in some sense as an extension in
the Hilbertian periodic setting of the main results for W#P-Sobolev spaces (see
[9,15] for their definitions and properties) due to Bourgain—Brezis—Mironescu [5] and
Maz’ya—Shaposhnikova [13] who proved, respectively, that for a fixed p € [1, o)

AN,p/|Vu|de if u € WhP(RY),

° RN RN 4 A, / |VulPdz  if u € WHL(RYN),
RN
(1.1)
and

N+
50+ . |z — y|NFsp 0<s<1
X

_ p
lim s/ Mdzdy:BNyp/Mpdx if ue U WeP(RY), (1.2)
RN

for some suitable positive constant Ay, and By, depending only on N and p, and
A1, depending only on p. Later, the above results have been extended to Besov spaces
B;G(RN) by Kolyada and Lerner [10], and Milman [14] generalized (1.1) and (1.2) to
the setting of interpolation spaces, by establishing continuity of the real and complex
interpolation spaces at the endpoints.
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Moreover, motivated by [5], Ponce [16] established the following I'-convergence
result:

: 1,p N
B » /|Vu|pdx if u e WHP(RY),
- lim (1-y¢) / Ju(z) = uly)|” drdy = g~

s—1— ‘aj—y|N+SP
R xRN | Du|(RY) if u € BV(RM).
(1.3)
In the spirit of [16], we also have the following second main result of this work:

Theorem 1.2. Let s € (0,1) and N > 1. Then, for all u € H'(TN) it holds

I'— lim [u]? = [u]?.

s
s—1—

We note that in Theorem 1.1 and Theorem 1.2 the absence of the terms (1 — s)
and s is due to the choice of the norm in H*(T%). Indeed, in the case p = 2, it is
well-known that for all u € S(RY), where S(R”) denotes the Schwartz space of rapidly
decaying functions, it holds

ulxr) —u 2 _ s
/ mdwdyﬂ%fs / IC1** | Fu(¢)?dg,
RN xRN RN

where Fu denotes the Fourier transform of wu,

-1
— cos Cl
/ |<|N+25 )

. CNS 4N . CNS 2
lim = = and lim = ,
s—»1- s(1—38)  wn_1 30 s(1—5)  wn-1

and

where wy_1 stands for the (N — 1)-dimensional measure of the unit sphere SV=1; see

[9] for more details. We recall that the equivalence of the H®(RY) norms in terms of
Fourier transforms and integrals of differences of functions involving a weight has been
proved in [12].

Therefore, when p = 2, (1.1), (1.2) and (1.3) can be easily deduced from

Jim. / CPFuOP = [ IGPIFu(o) P (1.4
RN

tim [ PR P = [ 17u(0) P ws)
RN RN

and

r-tim [ ¢PIFOPG = [ 17u(0)Pdc (1.6)
RN RN
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On the other hand, in [4] the authors showed that for all u € H*(T), with s € (0,1),

it holds

u(z +y) — u(y)]
|z[NF2s

2
[u]? ~ Dy, dady,

Y x (=34
for some not explicit positive constant Dy s depending only on N and s.

Motivated by the above facts, the aim of the present paper is to prove that (1.4),
(1.5) and (1.6) still hold in the periodic framework. We emphasize that the proofs of
Theorem 1.1 and 1.2 are completely different from the ones obtained in [5,13] (see
also [14]) and [16]. Indeed, we only take advantage of the beautiful Fourier series
expressions of the norms in the periodic Sobolev space H*(T) to obtain some useful
estimates needed to achieve our main results. Moreover, we believe that the proofs
given here can be easily read by a wide audience which has just basic notions about
Fourier series.

2. PROOF OF THEOREM 1.1

In this section we give the proof of the first main result of this work.
Let u € HY(TY). Then,

where

Ck “RT e (ke zZN).

1
_ WT[ ul(z)e

Firstly, we aim to prove that

. 2s 2 _ 2 2
lim (Z |1 [cxl ) = > kPlexl”. (2.1)

kezZN kezZN

For this reason we look for

D (kP — [k exl?

kezN

Let us note that for all M > 1 we have

Do IR = kPl = D NIk — [l

kezZN kezN
= > R = kPl + DD R = Rkl
1<|k|<M |k|>M

where in the first equality we used the fact that ¢y = 0.
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Recalling that s € (0,1), it is clear that

161 = [k[?] = [k[* = [k[** < |K* VK] > 1,

so we get
DR = kPlerl® < Y0 KPRl + D kPl
kezN 1<|k|<M |k|>M

(2.2)

Since the first term on the right hand side in (2.2) is the sum of a finite number of

terms, we easily deduce that
lim > IR = [BPlexl? | =0.
I<|k|<M
Therefore,
lim sup ( > Ik - k|2|0k2> < D [kPlel.
5217 \gezn k| >M

Taking into account that v € H'(TV) implies that

> kPlex]” < 400,
kezZN

we obtain that

lim > kPlel? | =o0.

M—+
|k|>M

Putting together (2.2), (2.3) and (2.4) we see that

> (P — k) exl?

kezN

lim sup
s—1—

s—1— kezZN

and this ends the proof of (2.1).
Secondly, we prove that

1~ k?s 2 — 2.
Jim (Z K|kl > > el

kezZN kezN

Then, for all M > 1 it holds

Do R = len® = > (kP = e+ Y (1K~ el

kezN 1<|k|<M |k|>M

< lim sup ( Z Hk‘\QS - |k'2||ck|2> =0

(2.3)

(2.4)
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Noting that
[k = 1] = [k** = 1 < [k < K[> VIK] > 1,

we get

Do lRP = e < Y0 (R = e+ D (kP el (2.6)

kezZN 1<|k|<M |k|>M
As before,

lim > Ik = 1ffel? | =0,

s—0t
1<|k|<M

and consequently
lim sup ( DRI 1||ck2> < >0 EPlel (2.7)
520" \pezy K[> M
Letting M — +oo we find

> (P = Dlexf?

kezZN

lim sup
s—0t

< limsup ( Z ||| — 1||Ck|2> =0

+
s—0 keZN

and this shows that (2.5) is verified.

3. PROOF OF THEOREM 1.2

This last section is devoted to the our I'-convergence result. For more details on this
topic we refer the interested reader to [6-8].

Let (sp) C (0,1) be a sequence such that s,, — 1~ as n — 400, and we introduce
the following functionals 7, : L2(TV) — [0,00] and J; : L2(T) — [0, oc] defined as
W2 ifue Ho(TV),

S
400  otherwise,

T, (u) = {

and
jl(u)—{ [w]? if u e HY(TV),

+o00  otherwise.

We divide the proof of Theorem 1.2 into three steps.
Step 1. Let (us,) C H*"(TN) be such that [u,]2 < C for all n € N. Then there exists

Sn

a subsequence (Usn,.) that weakly converges in H'~¢(T™) for all € > 0 and strongly
in L2(TN).
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Denoting by ¢;" the Fourier coefficients of u,,, we have

D kPP = 30 KPP < € vne N,
|k|>1 kezZN

Since s,, — 17, for all ¢ > 0 there exists n. € N such that 1 — ¢ < s,, for all n > n,.
Therefore, for all n > n,

S0P P = Y ke < ©

k[ >1 Ik[>1

which implies that (us,) is bounded in H'=¢(T¥) for all ¢ > 0. Now, we prove that
H(TY), with a € (0,1], is compactly embedded into L?(T™). Assume that u; — 0
in H*(TV) as j — +o00. Accordingly, we see that

lim [c)?(k* +1)* =0 VkeZ", (3.1)
J—00
and 4
Y IGP(RP+1)*<C VjeN (32)
kezN

where cfc are the Fourier coefficients of u;. Fix € > 0. Then there exists v. > 0 such
that
(|k|> + 1)~ < & for k| > ve.

By (3.2), we have

doldlP= > lal+ Y 4P
kezZN |k|<ve |k|>ve
= > lalP+ D Pk + Dk + 1)
|k|<ve |k|>ve
< > P+ Ce

|k|<ve

It follows from (3.1) that

Z |c,’€|2 < ¢ for j large,

[k|<ve

and thus u; — 0 in L2(T%) as j — +o00. This proves the desired compact embedding.
Therefore, us, — u in H'=¢(TV) for all € > 0 and u,, — w in L*(T"). Moreover,
it holds that u € H(TN).

Step 2. Let (us,) € H*"(TN) be such that u,, — u in H*~¢(TV) for all £ > 0 and
us, — u in L2(TY). Then

s 2 5 1,2
lim influ,, J;, > [u]i.
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Denote by ¢, with k € ZY, the Fourier coefficients of u. We observe that the
strong convergence in L?(T¥) implies that

lesm| = |ex| as n — 00 Yk € ZN.
Indeed, for all h € Z", we obtain
lleim| = leall> < D lleg] = lexll?
kezN

< E g — e — 0 as n — +o0.
kezZN

Then, using the above information and Fatou’s Lemma we get

liminf[usn]fw :]im}rnf Z K[ |cin |2
n—+o00 g n—+o00
k[>1

> 3 [kPlenf? = [uf?

|k[=1

Step 3. It holds
I' - limsup Js, < J1.

n—-+oo
Let
S e € 1TY)
u = Clp——F/—=
/enN

kezZN
and consider the constant sequence v, = u for all n € N. Since co =0 and 0 < s, < 1
for all n € N, we infer that

— 1im < 2
5, = limsuplul;
n—+00 n—-+o00

lim sup|v,,]?

= lim sup Z k|25 |cg)?

n—+oo [k|>1

< lim sup Z |2 |cx|?

AR NS
= [u]}.
Collecting Step 1, Step 2 and Step 3 we conclude that I' — lim,_,,- Js = J;.

Remark 3.1. The above approach can be easily modified to prove the same conver-
gence results for the interpolation spaces considered by Lions and Magenes [11]:

H*(Q) = que LX(Q) : ul® = pidf < +o0

j=1
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where Q C RY is a smooth bounded domain, (¢;) denotes an orthonormal basis of
L?(Q) consisting of eigenfunctions of —A in Q with homogeneous Dirichlet boundary
conditions, associated with the eigenvalues (p;). Clearly, similar arguments hold when
TV is replaced by any compact manifold without boundary.

4. APPENDIX: SOBOLEV INEQUALITY ON T¥

In this appendix we deal with the fractional Sobolev inequality on the torus. It
is well-known that the fractional Sobolev spaces H®*(M), where M is a closed
N-dimensional manifold of class C*°, can be defined by use of local coordinates
and partition of unity (see [1,11,20]). Thus the fractional Sobolev embedding on M
can be easily deduced by the fractional Sobolev embedding in RY. Anyway, in this
paper we prefer to give a proof of the fractional Sobolev embedding in TV by using
only Fourier series.
We start with the following Hardy-Littlewood-Sobolev type inequality on T .

Lemma 4.1. Lets € (0,1) and N > 2s. Then there exists a constant C = C(N,s) > 0
such that

( > 1+ kIQ)_SIdk2> =11 = A) 72l 2eny < Clloll, e [y’ (4.1)

kezN

for any v € L[~ (TN), where d, are the Fourier coefficients of v. Here the Bessel

operator (1 — A)™3 is given by (for v € C>(TV))

dk ezk-z
(1+ k22 \/(2m)N

(1-2) (@) = )

kezN

Proof. Assume that v € C>(TV), v # 0, and fix p € [1, ¥). Define

keZN

5 ezk~m
et(Afl)v(I) — Z e—te—tlkl de = /Wt(x —y)v(y) dy (4.2)
TN

with

1k-x 2
_ —t k)2 © \m+2kw\
= ee T = ) % > e >0, (4.3)

kezZN kezN

where in the second equality we used the Poisson summation formula [17]. Taking into
account

_lz—y)?

/eidy—l Ve € RN, Wt > 0,
(47t) 2
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and (4.3), we have that

lz—y|?

T[Wt(x—y)dyz > T

RELN [ m)N —{2kr}

r (4.4)
= /e*t%dy:e*t <1 VzeTVVvt>o.
(4mt) =z
Then (4.2) and (4.4) yield
H(A—1) < ot
He v’ sy <€ Iolryy V>0 (4.5)

On the other hand, in view of integral test for series, we get

Z e_tlklze et (Z e_tlklz) (1 +2 Z e_tk )
kezZN kEZ keN
+oo

_t(1+2/e_t“'2 daz)N
1+—/ —= dx

< Ce ! %
St% Vit >0

where the constants C' depend only on N. The above estimate together with (4.2) and
(4.3) implies that

Het(Afl)vH < Ct™ % lvllperny  VE> 0. (4.6)

Loo(TN)

Now we observe that (see [18])

(1—A)"3u(z) = 71‘ / 37 1etA"Dy(g) dt,
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and that
(1 — A)*%UHU(TN) < vl pr e~y for all r € [1, 4o00]. (4.7
Let T > 0 to be chosen later. Thus, we write

(1-A)"2v(x) = Gr(z) + Hr(z),

where
T
Cr e /571 A=)y dt,
(3) 0
and
400
Hr(x) = .

= —— [ t57 1A Dy(a) dt.
o/

By (4.6), we have that
+oo

C s_ 1N
||HT||L00(TN) < Fis /t2 1 2p||’U||Lp(TN)dt
oF

N

= C|v]| poriy T2 2.
Given A > 0, we take T such that

A s_ N
5 = CH’U”LP(TN)T2 2p (48)

f

Hence,

HzeTV : |(1-A)"2u(z)| > A} < erTN Gy (2)] >

| >

A\ P »
< 5 ||GTHLP(']1‘N)

—p p
() [tgrenen]
2 s (%)

where in the last inequality we used Minkowski’s integral inequality and (4.5). In view
of (4.8) we obtain

[{z € T © |(1— A) Fu(@)] 2 A} < CA o] %, pmy. (4.9)

where g = N]\l’;p.
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Since C°°(T¥) is dense in LP(T"), we can see that if v € LP(T") then there exists
a sequence (vy,) C C*°(TV) such that v, — v in LP(TV). By (4.7), we deduce that

(1—-A)"2v, = (1 —A) %vin LP(TV)
which gives

HxETN S = A)"Bu(x)] > )\}’ < liminf |[{z eV : |(1-A) 2v,(x)] > )\}‘

n—-+o0o

Then we have that (4.9) is verified for any v € LP(T™). Hence, (1 — A)_f is a linear
operator of weak type (p, ¢) for all p € [1, %) In particular, (1 — A)~% is of weak type

(%, 2) and also of weak type (1, %) Applying the Marcinkiewicz interpolation
theorem (see [17]) we deduce that (1 — A)~% is of type (%, 2), that is (4.1) holds
true. O

Now we are ready to give the proof of the Sobolev embeddings for the fractional
Sobolev spaces on the torus.

Theorem 4.2. Let s € (0,1) and N > 2s. The inclusion of H*(TN) in LI(TV) is
continuous for any q € [1, N%N%] and compact for any q € [1, %)

Proof. Let

ezk‘a:
U= cp——= € C°°(TV),
kezzN V (27T)N
where
cr = ——— [ ulx)e**dx (keZV).

Take

k-

v = dp——
Z FVemN

Applying the Cauchy-Schwartz inequality and using Lemma 4.1 we see that

Z Cka

kezN

< 1 k2sc22 1 14;2750l2§
_<Z(+||)|k|> (Z(+|) |k> (410)

kezZN kezZN

€ LX(TY) c L= (TN).

D (AR EA+ k) Eerdy,

kezZN

|(uaU)L2(’J1“N)| =

-

2
<c ( >+ |k|2>8|ck|2> Il 2% gy

kezZN

< Cllull ol s gy

where we used the elementary inequality

(14 [k?)* < (14 |k|**) VkezZV.
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. N+42s g
Taking v = |u|¥=2s""u we get
N 2a
(w)sae] = Il T,
and
N+2s
o N-—2s
1ol s gy = I,
which combined with (4.10) yields
[l < Clulls- (4.11)

LN L5 (TN) —
Since C>°(T¥) is dense in H*(T"), we see that (4.11) holds for all u € H*(T"). This
means that H*(TV) is continuously embedded in L¥ % (T¥). Since L% % (TV) C

L™ (TN) for all r € [1, N2st} we obtain the desired continuous embedding.
Now, fix ¢ € (2, $25%5 ). By the interpolation inequality for LP-spaces and (4.11),

we deduce that

el oy < IlullZe ’]I‘N)”qu = o)

< Cllullz o llulls™

for some 6 € (0, 1). Since in Section 3 we proved that H*(T%) is compactly embedded
in L2(TV), we get that H*(T") is compactly embedded in L¢(T"). On the other
hand, ||ul|p-(rv) < Cllulp2epny for all r € [1,2]. Thus we conclude that H*(TV) is

compactly embedded in L(TV) for all ¢ € [1, 255-). O

Remark 4.3. It is also possible to give an alternative proof of the above continuous
embedding by combining the results in [2,3] and [11]. To prove it, we start by
identifying TV by [—m,7]Y. Then H*(T¥) can be seen as the closure of the set of
functions u € C*°(RY) which are 27-periodic in each variable and such that |jul|s < oo.
Denote by X35 the closure of the set of functions U € C*°(RY x [0, +0c0)) such that
U(z,y) is 2m-periodic in  and satisfies

+oo

Ole, = [ [0 (VU@ P + V) dody < e (412)

(777)7‘-)1\, 0

We recall that in [2,3] has been proved that there exists a linear trace operator from
X5 onto H*(TV).

Fix U € C°°(RY x [0,+00)) such that U(z,y) is 27m-periodic in x and fulfilling
(4.12). Take ¢ € C§°(RY) such that ¢(z) =1 in [—m, 7]V and supp(¢) C [—2m, 27]¥
and let n € C*°([0,400)) be such that n = 1 in [0,1] and n = 0 in [2,4+00). Then
V(z,y) = Ulx,y)d(x)n(y) € CF(RY x [0,+00)) and using the well-known results
in [11] we know that there exists a constant C' > 0 such that

+o00o
IV (0 e@n) < C / / BV (2, y)? + V2 (2, y)) dady.

RN O
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Since H*(RY) is continuously embedded in L~ % (RV) (see [11,19]) we deduce that

||V(70)||H5(RN) > CHV(,O)”LN{I\[“ (RN)
> Cl[V (., 0)]
= CllUC, 0]

2N
LN=% ((—mm)N)
2N .
LF=3 ((—mm)™)

On the other hand,

+oo
//yl_zs(IVV(x,y)F+V2(x,y))dwdy
RN O

+oo
- / /ﬁﬂ”wvaMam¢wM@»F+amaw¢mM@»%¢My

(=2m,2m)N 0O
+oo
1—2s 2 2
<c /' /y (VU (1) + U*(x, 1)) dady
(=2m,2m)N O
+oo
=C

(_ﬂ-rﬂ')N

Y (VU (2, y))? + U (2, y)) dady.

o

Consequently,

1UC 0, e , < ClU s, (4.13)

L= (= mm) ™

By density, we obtain that (4.13) holds true for any U € X3 _.
Now, let u € H*(TY) and denote by U € X35 its periodic extension in the cylinder
(=, )N x (0,4+00) (see [2,3]), that is U is the unique solution to

—div(y!=2VU) + m2¢172°U =0  in (-7, 7)Y x (0,00),
Ultzi=—ny = Ujfz;=n} on 9(—m,m)N x [0, 00),

U(-,0)=u on (—m,m)N x {0},

Thus, U satisfies
Vis|lulls = ||UHX§,r

for some constant ks > 0, and using (4.13) we deduce that

Jull 25, v < Clulle
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