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Abstract

Introduction and aims: This paper presents a power in some model of tweisional percola-
tion on hexagonal lattice for various frequenciéfocce voltage in matrix notation. Main aim is
some determination of current characteristics feated model of percolation in dependence of
shorted bounds in accordance with a right algorithm

Material and methods: Taking into account the current characteristics atlter parameters
some phase characteristics of percolation modet een determined for various frequencies.
Analytical and numerical methods in MathCAD prograsre shown in the paper.

Results: Percolation current increases together with soroeease of number of shorted-bounds.
The characteristics of percolation current for frelgqcy from 50Hz to 5000Hz have the similar
form and increasing trend@he value of active power of percolation model @ases during some
increase of the number of shorted-bounds and hasvakie in percolation threshold. The charac-
teristics of active and reactive power for frequefrom 50 Hz to 5000 Hz have the similar form.
For frequency 10 Hz the graphs of reactive powersgmmetrically placed in relation to x-axis.
Conclusion: Presented percolation model on hexagonal latésebieen verified taking using nu-
merical values of percolation threshold.
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MOC W MODELU DWUWYMIAROWEJ PERKOLACJI
NA SZESCIOK4TNEJ SIECI ELEKTRYCZNEJ

Streszczenie

Wskp i cele: W artykule przedstawiono w zapisie macierzowym woeodelu dwuwymiarowej
perkolacji okrélonej na sz&iokgtnej sieci dla rénych cestotliwasci napiecia. Gtéwnym celem
jest wyznaczenie charakterystykgu dla utworzonego modelu perkolacji w Zal@ci od zwie-
rania wigzani sieci zgodnie z przstym algorytmem.

Materiat i metody:Biorgc pod uwag charakterystyki prdowe i wartgci parametrow niektore
cechy fazowe modelu perkolacji wyznaczone zostatyodnych cestotliwasci prgdu. Zastoso-
wano metod analityczno i numeryczrprogramie MathCAD.

Wyniki: Prgd perkolacji wzrasta rownocgaie ze wzrostem liczby zrywanychyzei:. Charakte-
rystyki pidu perkolacji dla cgstotliwasci od 50Hz do 5000Hz mapodobne grafy i trend wzra-
stagcy. Wart@é mocy czynnej w modelu perkolacji wzrasta réwnérieeze wzrostem liczby
zrywanych wjzai oraz ma wart&’ zero w progu perkolacji. Charakterystyki mocy cmjn
i biernej dla cestotliwasci od 50 Hz do 5000 Hz mgpodobne grafy. Natomiast dlagstotliwo-
sci 10 Hz charakterystyka mocy biernej jest pota symetrycznie wzglem osi OX.

Whniosek: Pokazany model perkolacji na heksagonalnej siesiat zweryfikowany z uwzghie-
niem wartgci liczbowych progu perkolacji.

Stowa kluczoweMoc, model dwuwymiarowy, perkolacja, charakterystyka faz
(Otrzymano: 01.10.2012; Zrecenzowano: 15.08.20Hakeeptowano: 30.08.2013)
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1. Introduction

Percolation theor{lat. percolare — to percolatejontains some statistical and geometrical
models. It was created by mathematician J.M. Harslagin 1957 [7]. Percolation theory is
used for description of very disordered systemssithtions with stochastic geometry.

That theory is very interesting because it has somelental elements in mathematical
modelling and good defines a model of random serfaocesses.

In practice aspect percolation theory is concermigd some effects of changeable range of
reciprocal interactions in disordered topologicgstems. Moreover in disordered systems
with interactions, density, packing or concentnatiiacreasing suddenly occur some long-term
ranges.

Sudden occurring of long-term ranges is definedaase percolation transition. There are
two kinds of percolation on lattice structures. fEhis some percolation on bounds and perco-
lation on nodes.

The bound is some connection between two nodesndoccurring is defined by some
probability p, where 0< p < 1. Moreover when there is not any bound, thanodatility is
defined in the form (% p).

Increase of some concentratiprmeans some sudden occurring of percolation thiésho
pc. Occurring of percolation threshofgk means some existing of unlimited and expanded
percolation cluster. In the other hand percolatluster means a set of bounds or nodes con-
nected with adjacent ones.

The models of two-dimensional percolation are te@an some lattices. As a rule, that

kind of model is defined by percolation threshotihg boundg. and sitesp; .

The percolation thresholds for selected latticdsiciv create above models, are shown in
the table 1 [16].

Table 1. Percolation thresholds for bounds ates if selected lattices

Co-ordinating  Percolation Percolation

No. Kind of Dimension number threshold  threshold
lattice d q Pe pi
1 Triangular 2 6 0,3473 0,5000
2 Square 2 4 0,5000 0,5930
3 Cagomeé 2 4 0,4500 0,6527
4 Hexagonal 2 3 0,6527 0,698

The authors did not find in literature a problefipower for two-dimensional percolation
model on lattice with series bounBsandC in matrix form by using the complex numbers.
Moreover, the authors did not find in literaturer@current and phase characteristics of per-
colation model on some lattices in complex notation

Thus the main aims of this paper are:

* modelling of two-dimensional percolation on hexagolattice in matrix notation with
bounds, which include some series connection ohehsR andC,

» determination of current characteristics for cedgtercolation model,
» determination of percolation threshold in peraolaimodel on hexagonal lattice,
 determination of power characteristics for cregteatolation model.
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2. Physical interpretation of power in percolationmodel on hexagonal electrical lattice

Model of percolatior{stochastic and geometrion some hexagonal lattice was created on
the base of surface of VH polymer insulators (Aig. The VH polymer insulators surface
erode in acting of electric filed in determinedthg surroundings conditions.

The VH polymer, which is some space structureaymper chains, may be modelled by
square lattice [6], [11].

The authors decided to make the right modellinggughe hexagonal lattice. Taking into
account fact that surface conductivity of insulasomore bigger from the inner conductivity
— the polymer insulator in cylinder form may be ralbed by a lattice in a ring form in 3D
system (Fig. 2). Evolving that ring, we obtain @ with bounds on hexagonal lattice in 2D
system.

The bounds situation and simulation of their degion (i.e. shorted-bound) is defined in
the following form:

» polymer bounds represent some real dielectricsglwadditional scheme may be used as

a series connectiofx k= R + 1/(jwC) ) of the elementR andC [3], [4],
 shorting of insulator polymer bounds means somguiities occurring with big conduc-

tance and also carbonized places on surface [9], {. shorted-bound has some imped-

ance(Z= 0),
« bound destroying occurs as a uniform process.
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Fig. 1. Model of polymer insulator: Fig. 2. Model of polymer insulator with square itzdt
1 - insulator cylinder surface, - insulator electric circuit,
2 - upper electrode, 3 - lower electrode, 1 - upper electrode, 2 - lower electrode
L- insulator length@- insulator diameter Source: Elaborated by the Authors

Source: Elaborated by the Authors
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3. Analytical form of power in percolation model onhexagonal lattice in matrix notation
3.1 Definition of percolation threshold

Percolation threshold. of two-dimensional percolation model created ondgexal lat-
tice during short-bounding is defined by the follogrformula:

> Nz,
p. = '=1—n (1)
Zw, + > N,
i=1
where the symbdN; means the number of lattice boundss(il< n), Nz; - the number of lat-
tice short-bounds &i < m <n), Zw; — one bound of inner impedance of voltage soue, f
m, n U N.
During the shorting bounds of lattice with appliteaforced voltage sudden occurs a perco-

lation threshold. The specific quality of perca@atthreshold (1) is a sudden increase of cur-
rent, which tends to infinity.

3.2 Power characteristics of percolation model ondxagonal lattice

Model of two-dimensional percolation on hexagoladiice contains twenty one meshes
(i.e. unit cells).Mesh structure of lattice is created by some bras@.e. bounds)which re-
fer to polymer chains. But bounds of meshes aratedeby some real dielectrics presented by
some series connections of the elem&&ndC. The analysed model can be described by
some method of Maxwell mesh currents [1], [2]. Tigeire 3 shows some structure of two-
dimensional percolation model.

ZQn+4 &

|om b <
72:]2n ; n12k1, jfzzmzkm 2n-12n1 AL
. Iom x |omy iQi """"" <
2

Fig. 3. Model of percolation on hexagonal lattiagwalgorithm of bounds destruction:
1 — upper electrode, 2 — lower electroe; electromotive force, AL — algorithm of boundsttac-
tion Ih — percolation currenp. - percolation thresholde, , mesh currents fde=1,2,...,m<n, nON,
Zw — impedance of polymer bounds
(i.e. series connections of elemeRtandC, Z, =R + 1/(jwC) fork =0, 2,4, 6, 8, .).
Source: Elaborated by the Authors
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The structure of two-dimensional percolation madelescribed by the matrix equation:
Zo o =Eo, (2)

where the symboZo means matrix of mesh impedance for percolation modeich de-
scribes some structure of bounds on square latbcepne-column matrix, which is created
by the vector of mesh current of percolation maalelhexagonal latticeEo - one-column
matrix, which is created by the vector of electrone mesh forces of percolation model on
hexagonal lattice. Matrice®o, lo andEo are defined by the following formulae:

_Zl,l 'Zl,z 'Zl,i 'Zl,n
'Zz,l Zz,z 'Zz,i 'Zz,n
Ihl = : : : : | 3
'Zi,l -Li, 'Zi,i 'Zi,n
__an _Zn,2 _Zm _Zn,n_
_|Ol_
lo,
o=| " | (4)
lo,
1o, |
_Eol_
Eo,
Eo = )
Eo,
| Eo, |

Left-sided multiplying the equation (2) by the @mge matrix(Zo)™ to impedance mesh
matrix Zo we obtain the following matrix equation:

(Zo)™ [Zo Oo =(Zo) *[Fo. (6)
Taking into account the formula (6) and followimgtrix properties
(Zo)™?@o =1 and | Oo=lo (7

wherel - identity matrix. We obtain some one-column matri mesh currents in the form:
lo = (Zo) 0Eo . (8)

In the case of shorted bounds for hexagonal é&aiticthe sequence defined by AL algo-
rithm, shown on the figure 1, the one-column matifixnesh currents describes the following
matrix equation:

lo(Nh) = [Zo(Nh)] 'CEo (9)
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where the symbdilh means some vector of shorted-bounds number afdatt

The current of two-dimensional percolation modelcreated on hexagonal lattice (Fig. 1), is

equal to mesh currei;. The mesh curreno; refers to the first row of mesh current vector.
For one-column matriX:

1
0
x=|" (10)
_O_
we obtain the one-row transpose makix which has the following form:
X" =11,0,...,0] (11)

Left-sided multiplying the matrix equation (9) byatrix (11), we obtain the currel in
the following matrix notation:

lh = X" gZo(Nh)]"*(Eo (12)
where
lh = X" Oo(Nh) (13)

and the symbaoK™ means, in the other hand, some neutralizatioroveétmesh currents.
3.3 Power for percolation model on hexagonal electricdhttice

One-column matrix of impedance for two-dimensigrexrcolation model created on hex-
agonal lattice (i.e. series structure of bouRdsndC) is defined from the 2-nd Kirchoff's law
in the following matrix form:

lh-(Zh +Zw) =E (14)

where the symbafh — means a one-column matrix of impedance for patiosi model cre-
ated on hexagonal latticky — one-column matrix, which creates a current veot@ercola-
tion model on hexagonal latticé,— one-column matrix, which rows are some valuesledt-
tromotive force of percolation model created ondg®mnal latticeZw — one-column matrix,
which creates some inner impedance of electromédinee of percolation model.

Left-sided multiplying the matrix equation (14) Inansverse matrix of the matrik; to
the current matrix of percolation model we obt#ie tollowing matrix equation:

(Ih)*h Zh + Zw) = (Ih) & . (15)
Thus we obtain:
zZh +Zw = (Ih)'E. (16)

After both-sided subtraction of the matéw, we totally obtain a one-column impedance
matrix of percolation model in the following form:

Zh = (Ih)E - Zw . (17)

Power, in matrix notation, for percolation model lkexagonal lattice is determined from
the following matrix equation [3]:

Sh(Nh) = 1h1[Zh1dh* = Ph + jQh (18)
where
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lh, 0 0 0
0 Ih, 0 0
|h1: . : : .
0 0 - Ih - O (19)
(0 0 - 0 - Ih,]|

means a diagonal matrix of currents for percolatimdel, and

'Zhl o - 0 - 0]
O zh, - 0 - O
Zh1 = . . . .
O 0 - zh - O (20)
0 0 - 0 - Zh,|

shows a diagonal matrix of impedance, and a ongrooimatrix
i Reth) + (_J) Im(lhl) |
Re(h,) +(=j)Im(lh,)

Ih* = (21)

ReMm)+éﬂNnKmJ

| Re(h,,) + (=) Im(ih,) |

is some vector of coupling currents.
Taking into account the matrix equation (1iBj)s possible to determine the active power
Ph of percolation model on hexagonal lattice fromfiblowing relation:

Ph = RgSh(Nh)] 22)
where
Re(Sh,) |
Re(Sh,)
"= Regsh) @3)
Resh,) |

is the one-column matrix as a vector of active powe
Also using the matrix equation (18) it is possitedetermine the reactive pow@h of
percolation model from the following relation:
Qh = Im[Sh(Nh)] (24)
where
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[Im(Sh,) ]
Im(Sh,)

Qh = Im(éhi) (25)

_Im(éhn)_

is the one-column matrix as a vector of reactivegro

4. Numerical analysis of power and currents for peeolation model on hexagonal lattice

4.1 Characteristics of current in complex notation

Obtained current characteristics of percolationdetoon hexagonal lattice for series
bounds of the elemenk (i.e. resistorsyandC (i.e. condensersh dependence from method
of shorted-bounds for frequenty0 = 10 Hz,f50 = 50 Hz, f100 = 100 Hz,f200 = 200 Hz,
f5000 = 5000 Hz, calculated by using the formula (21) are showrhe figure 4.

Fercolation current I [A]

Mumber of shorted bounds N

Fig. 4. Current characteristib in [A] of percolation model on hexagonal lattieg frequency of
forced voltage 10 [HZz], 50 [HZz], 100 [Hz], 200 [Hahd 5000 [Hz] vs. Number of shorted bouhds

Source: Elaborated by the Authors
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4.2 Characteristics of active and reactive power icomplex notation

Obtained characteristics of active and reactive ggosi percolation model on hexagonal
lattice for shorted-bounds of the elemeRt§.e. resistorsandC (i.e. condensersh depend-
ence from method of shorted-bounds for frequei€y= 10 Hz, {50 = 50 Hz, {100 = 100
Hz, f200 = 200 Hz, {5000 = 5000 Hz calculated by using the formulae (23) and (2%®) a
shown on the figure 5.
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Fig. 5. Characteristics of active powRe(Shy) in [W] and reactive powdm(Shy) in [var]
of percolation model on hexagonal lattice for frexey of forced voltage
10 [Hz], 50 [Hz], 100 [Hz], 200 [Hz] and 5000 [Hv}.
Number of shorted boundi$
Source: Elaborated by the Authors

5. Verification of simulation results

Taking into account the simulation results of ceedgpercolation model on various lattices
were determined percolation thresholds for boursilsguthe formula (1). The calculation re-
sults are shown on the table 2.

Table 2. Numerical values of percolation threshaleiermined for selected lattices by the formu)a (1

No. Kind of lattice Dim((ajnsion C?]-Sr:ngr;?(;ing tzfégﬁl(igg?
1 Triangular 2 6 0,3333
2 Square 4 0,5000
3 Hexagonal 3 0,6720
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6. Conclusions

» Percolation current increases together with someease of number of shorted-bounds. It
impetuously increases in percolation threshold. Tharacteristics of percolation current
for frequency from 50Hz to 5000Hz have the simitam and increasing trend.

* The value of active power of percolation modef@ases during some increase of the num-
ber of shorted-bounds and has zero value in pdroolthreshold. The characteristics of ac-
tive and reactive power for frequency from 50 H6@®0 Hz have the similar form. But for
frequency 10 Hz the characteristics of reactive groare symmetrically placed in relation
to x-axis.
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