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INVARIANT PROPERTIES OF POSITIVE LINEAR
ELECTRICAL CIRCUITS

The invariant properties of the stability, reachability, and transfer matrices of positive
linear electrical circuits with integer and fractional orders are investigated. It is shown
that the stability, reachability and transfer matrix of positive linear systems are invariant
under their integer and fractional orders.
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1. INTRODUCTION

An electrical circuit system is called fractional if it is described by fractional
order differential equation. The fundamentals of fractional calculus and fraction-
al systems have been given in [23, 26-32]. The stability of fractional linear sys-
tems have been analyzed in [3-5].

In positive electrical circuits the inputs, state variables and outputs take only
nonnegative values. Examples of positive systems are electrical circuits, indus-
trial processes involving chemical reactors, heat exchangers and distillation col-
umns, storage systems, compartmental systems, water and atmospheric pollution
models. A variety of models having positive linear behaviour can be found in
engineering, management science, economics, social sciences, biology and med-
icine, etc. An overview of state of the art in positive systems theory is given in
the monographs [2, 6, 13].

The determination of the matrices 4, B, C, D of the state equations of linear
systems for given transfer matrices is called the realization problem. The realiza-
tion problem has been investigated in [12, 24, 25,27]. A tutorial on the positive
realization problem has been given in the paper [1] and in the books [6, 13]. The
positive realization problem for linear systems with delays has been analyzed in
[7, 8, 14, 20, 21, 27], for cone systems in [10] and positive stable realizations in
[9, 15-17]. The existence and determination of the set of Metzler matrices for
given stable polynomials have been considered in [11]. The realization problem
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for positive 2D hybrid systems has been addressed in [19]. For fractional linear
systems the realization problem has been considered in [18, 26].

In this paper the invariant properties of the stability, reachability and transfer
matrices of positive linear systems and electrical circuits with integer and frac-
tional orders will be investigated.

The paper is organized as follows. In section 2 the invariance of stability of
the positive linear electrical circuits with integer and fractional orders is
investigared. The invariance of the reachability of the positive linear systems is
analyzed in section 3 and the the invariance of positive electrical circuits in sec-
tion 4.The invariance of transfer matrices of positive linear systems is consid-
ered in section 5. Concluding remarks are given in section 6.

The following notation will be used: R — the set of real numbers, R"™" — the
set of nxm real matrices, R — the set of nxm real matrices with nonnegative

entries and R’ =R, M, — the set of nxn Metzler matrices (real matrices with
nonnegative off-diagonal entries), /,—the nxn identity matrix.

2. STABILITY INVARIANCE OF POSITIVE LINEAR
ELECTRICAL CIRCUITS

Consider the autonomous linear electrical circuit described by the differential
equation

©(t) = Ax(1), 2.1)

where x(¢) € R"is the state vector and 4 € R™".

As the state variables (components of the state vector) the voltages on the capac-
itors and the currents in the coils are usually chosen.

The electrical circuit described by (2.1) is called (internally) positive if x(¢) € R"
, >0 for any initial conditions x(0) e R’ .
A matrix 4=[a;]eR""is called the Metzler matrix if a; >0 for i # ;.

Theorem 2.1. [2, 6, 13] The electrical circuit (2.1) is positive if and only if 4 is
a Metzler matrix.
The positive electrical circuit (2.1) is called asymptotically stable (and the ma-
trix A Hurwitz) if

limx(¢#) =0 for all x(0) e R’ (2.2)
The positive electrical circuit (2.1) is asymptotically stable if and only if all real

parts of eigenvalues s, of the matrix 4 are negative, i.e. Res, <0 for k=1,...,n.

Theorem 2.2. [13] For the positive electrical circuit (2.1) the following condi-
tions are equivalent:
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1) The positive electrical circuit (2.1) is asymptotically stable (the Metzler
matrix 4 is Hurwitz).
2) All coefficients of the characteristic polynomial

det[/ s—A]=s"+a, s"" +..+as+a, (2.3)
are positive, i.e. ¢, >0 for i=0,1,...,n—1.
3) All principal minors M,, i=1,...,n of the matrix —4 are positive, i.e.

M, =|-a,|>0, M, =" T150, . M, =det[-4]>0. (2.4)
—dy  Tdy
4) There exists strictly positive vector A =[4 - 4,1, 4 >0, k=1,...n such
that
A1<0. (2.5)

Remark 2.1. From (2.5) it follows that the positive electrical circuit (2.1) is
asymptotically stable only if all diagonal entries of 4 are negative.
Consider the autonomous fractional linear electrical circuit described by
the equation
d*x(t)

t(Z

=Ax(t), O<a <1, (2.6)

where x(¢) e R" is the state vector and 4 € R™", and
dx@t) 1 j x(7)
dt” rd-a), (-~

is the Caputo definition of « order of x(¢).

dr, I'(x)= ]ge’tt"’ldt , 2.7
0

The electrical circuit (2.6) is called positive if x(f)e®R], r>0 for any initial
conditions x(0) R} .

Theorem 2.3. [23] The fractional electrical circuit is positive if and only if 4 is a
Metzler matrix.

The positive electrical circuit (2.6) is called asymptotically stable (and the ma-
trix A Hurwitz) if

limx(¢) =0 for all x(0) e R . (2.8)

The positive fractional electrical circuit (2.6) is asymptotically stable if and only

if the real parts of all eigenvalues s, of the matrix 4 are negative, i.e. Res, <0

for k=1,...,n[23].

Theorem 2.4. For the positive fractional electrical circuit (2.6) the following

conditions are equivalent:

1) The positive electrical circuit (2.6) is asymptotically stable (the Metzler
matrix 4 is Hurwitz).

2) All coefficients of the characteristic polynomial
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det[l s—A]=5"+a, 5" +..+as+a, (2.9)
are positive, i.e. ¢, >0 for i =0,1,...,n—1.
3) All principal minors M,, i=1,...,n of the matrix —4 are positive, i.e.

M, =|-a,|>0, M, =| " T™I50, ., M, =det[-4]>0. (2.10)
—dy —dyp
4) There exists strictly positive vector A=[4 -+ 4,1, 4 >0, k=1,..,n such
that
AL <0. (2.11)

Remark 2.2. From (2.11) it follows that the positive fractional electrical circuit
(2.6) is asymptotically stable only if all diagonal entries of 4 are negative.

From comparison of Theorems 2.1 and 2.2 with Theorems 2.3 and 2.4 we have
the following important collorary respectively.

Collorary 2.1. The stability of positive linear electrical circuits is invariant un-
der the their (integer and fracional) orders.

These considerations can be extended to positive linear electrical circuits with
delays in state vectors.

3. REACHABILITY INVARIANCE OF THE POSITIVE LINEAR
ELECTRICAL CIRCUITS

Consider the standard linear electrical circuit described by the equation
(1) = Ax(t) + Bu(t), (3.1)
where x(¢) e R", u(r) € R" are the state and input vectors and 4 € R, Be R"".
Definition 3.1. [13, 23] The linear electrical circuit (3.1) is called (internally)
positive if x(¢) e R} and allu(r)eR7, 1>0.
Theorem 3.1. [13, 23] The linear electrical circuit (3.1) positive if and only if
AeM,, BeR™ (3.2)
Definition 3.2. [13, 23] The positive electrical circuit (3.1) is called reachable in
the time [0,¢,], ¢, >0, if there exist an input u(z) e R for ¢ €[0,¢,]which steers
the state of electrical circuit from x(0)=0 to the given final state x, e R, i.e.
x(t,)=x,.
Theorem 3.2. [13, 23] The linear positive electrical circuit (3.1) is reachable in
the time [0, 7,] if and only if the reachability matrix

tf r
R(t,)= j e BB e" " (r)dr e R”" (3.3)
0

1S a monomial matrix.
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The input u(t) e RY, t €[0,¢,]which steers the state of system from x(0)=0 to

the given final state x, e ', is given by

u(r) = BTeAT(t-’fz)R’l(t/. )x, Ry, v€[0,1,] (3.4)
Consider the fractional continous-time linear system
d“x(?)
dt”
where x(r) e R", u(r) € R" are the state and input vectors and 4 € R™", B e R"™"

and the Caputo derivative of x(?) is defined by (2.7).
Definition 3.3. [13, 23] The fractional positive electrical circuit (3.5) is called

= Ax(t)+Bu(t), 0<a <1, (3.9)

reachable in the time [0,7,], ¢, >0, if there exist an input u(t) e R" for ¢ €[0,¢,]
which steers the state of electrical circuit from x(0)=0 to the given final state
x, eRYLie x(t)=x,.

Theorem 3.3. The fractional positive electrical circuit (3.5) is reachable in the
time [0,¢,] if and only if the reachability matrix

_ s
R(t;)= [ ®(z)BB @' (r)d7 € R}" (3.6)
0
w gk pkDa-]
is a monomial matrix, where ®(f)= > ————.
STk +1)a]
The input u(?#) which steers the state of the system from x(0)=0 to
x, =x(t,) e R"is given by
uz)=B'®" (1, )R (1,)x, eR", v€[0,¢,]. (3.7)
Proof. It is well-known [23] that Eil(tf) e R”" if and only if the matrix (3.6) is

monomial. Substituting (3.7) into
x(t,) = t]f O(t, —7)Bu(r)dr (3.8)
we obtain 0
x(t,) = f O, ~1)BB' D" (1, ~1)R (1, )x,dr = f ®(2)BB O (1)d7R (t,)x, = x,.(3.9)
Therefor(;, the input (3.7) steers the state of tile electrical circuit from x(0)=0 to
x(t,)=x,.0

Theorem 3.4. The fractional positive linear electrical circuit is reachable in the
time [0,¢,] if and only if the positive linear electrical circuit (3.1) is reachable in

the same interval [0,7,].
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Proof. Note that the reachability matrices (3.3) and (3.6) of the positive electri-
cal circuit (3.1) and of fractional positive electrical circuit (3.5) differ only by

the transition matrices e” for electrical circuit and ®(¢) (defined by 3.6) for the

fractional electrical circuit. Using the well-known Cayley-Hamilton theorem or
the Lagrange-Sylvester formula [12, 23] it is possible to write the transition ma-
trices in the forms

n-1

e =3 c (A" (3.10)
k=0

and

n—1_
D)= ce(t)4", (3.11)
k=0
where ¢, (1) and ck (t) fork=0,1,..,n—1 are nonzero linearly independent func-

tions of time 7 [22].

Therefore, the reachability matrix (3.6) is monomial if and only if the reachabil-
ity matrix (3.3) is monomial. By Theorems 3.2 and 3.3 the fractional positive
electrical circuit (3.5) is reachable in the time [0,¢,] if and only if the positive

electrical circuit (3.1) is reachable in the interval [0,7,]. O

Therefore, from Theorem 3.4 we have the following important collorary.
Collorary 3.1. The reachability of positive linear electrical circuits is invariant
under their (integer and fractional) orders.

In a similar way it can be shown [26] the observability of positive electrical cir-
cuits is invariant under their( integer and fractional) orders.

4. TRANSFER MATRIX INVARIANCE OF THE POSITIVE
LINEAR ELECTRICAL CIRCUITS

Consider the linear electrical circuit described by the equations
x(t) = Ax(t) + Bu(t), (4.1a)
y(t) = Cx(¢), (4.1b)

where x(t) e R", u(t) e R", y(r) R’ are the state, input and output vectors and
AeR™, BeR™, CeR™.
Definition 4.1. [13] The electrical circuit (4.1) is called (internally) positive if
and only if xeR], y(t)eR?, t>0 for any u(¢) e R}, t>0 and all initial condi-
tions x(0) € R} .
Theorem 4.1. [13] The electrical circuit (4.1) is positive if and only if

AeM,, BERT", CeR". 4.2)

Consider the fractional linear electrical circuit described by the equations
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d*x(t)
dt”
(1) = Cx(t) (4.3b)
where x(t) e R", u(t) e R", y(r) R’ are the state, input and output vectors and
AeR™, BeR"™, CeR” and the Caputo derivative of x(?) is defined by
2.7).
Definition 4.2. [13, 23] The fractional electrical circuit (4.3) is called (internal-
ly) positive if xe R, y(t) e R?, >0 for any u(t) e R”, >0 and all initial con-
ditions x(0) € R .
Theorem 4.2. The fractional electrical circuit (4.8) is positive if and only if
AeM, , BeR™, CeR, 4.4)

= Ax(t)+ Bu(t), O0<a <1, (4.3a)

n?o

The transfer matrix of the electrical circuit (4.1) is given by
T(s)=C[l,s—A]"'B. 4.5)

The matrices (4.2) called the positive realization of the transfer matrix T(s) if
they satisfy (4.5) and it is called asymtotically stable realization if the matrix 4 is
an asymptotically stable Metzler matrix (Hurwitz Metzler matrix).
Theorem 4.3. [6, 13, 23] The positive realization (4.2) is asymptotically stable if
and only if all coefficients of the polynomial

p(s)=det[l s—A]l=5"+a, s"" +..+as+a, (4.6)
are positive, i.e. @, >0 for i =0,1,....n—1.
The positive realization problem can be stated as follows. Given a proper trans-
fer matrix T'(s) find its positive realization (4.2).
Theorem 4.4. [27] If (4.2) is a positive realization of (4.5) then the matrices

A=PAP', B=PB, C=CP"' “4.7)

are also a positive realization of (4.5) if the matrix Pe R} is a monomial ma-
trix.
Now let us consider the positive fractional electrical circuit (4.3)
The transfer matrix of the electrical circuit (4.3) is given by

T(A)=ClA-A]"'B, A=5". (4.8)
The positive realization problem for fractional electrical circuit (4.3) can be stat-
ed in a similar way as for the positive electrical circuit (4.1) substituting A =s“.
Theorem 4.5. If the matrix 4 e M, is Hurwitz and BeR™, Ce R then all

coefficients of the transfer matrix (4.5) are positive.
Proofis given in [27].
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Example 4.1. Consider the positive linear electrical circuit shown in Fig. 4.1
with known resistances R;, R,, R; inductances L, L, and source voltages
e; = e((t), ex = ex(f). The currents i; = i1(¢), i, = ix(¢) in the inductances are chosen
as the state variables.

R1 R2
VWA >\W\
i
Lo 2k, L3
81 . eZ
Se—6

Fig.4.1. Positive electrical circuit

Using the Kirchhoff’s laws we may write the equations

i
e, =Ri,+L L1 Ry(i — 1)),

d;‘ (4.92)
e, =Ry, +1L, i‘FRs(iz —i)

ye ﬁ; 12 }m . (4.9b)

The equations (4.9) can written in the form

e}l 100

and we choose

y=CH, (4.10b)
I
where
_RHR R LI
L L L R 0
A= ' Yo, B=| " , C=|" . (4.10c)
R, R+R 0 L 0 R,
L2 L2 LZ

The matrix defined by (4.10c) is asymptotically stable Metzler matrix since its
characteristic polynomial

+R1+R3 R,
S+ — _3
det[IZS—A]= Ll L] =S2+[Rl +R3 +R2+R3JS+R1(R2+R3)+R2R3
_& s+ RZ * R3 Ll Lz Lle
L, L
(4.11)

has positive coefficients.
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The transfer matrix of the positive electrical circuit has the form
-1

LRER R 1,
-1 Rl 0 Ll Ll Ll
T(s) = Cllys— AT B = _
O RIRE S GRERE T, L 4
LZ L2 2

_ R(R,+R)+R,R,
$*+[(R +R)L, + (R, + R)L,1s + R (R, + R) + R,R,
Note that all coefficients of the transfer matrix (4.12) are positive. This confirm
the thesis of Theorem 4.3.
Example 4.2. Consider the positive fractional electrical circuit shown in Fig. 4.2
with known
resistances R, R,, R; capacitances Cy, C, and source voltage e = e(?).

Cﬂijw éR Czéjuz

Fig.4.2. Positive fractional electrical circuit

Using the Kirchhoff’s laws we may write the equations

d“u d” d“u,

u
e =RC —+u +R(C,—F+C,—2),
jj Zi Zi (4.13a)
u u u
=R,C,—2+u, + R,(C,—L+C. 2
e 22 u, L (G e 2 )
and we choose
y=u +u,. (4.13b)
The equations (4.13) can be rewritten in the form
d [”I}A[‘“}Be, (4.14a)
dt” | u, u,
U
y=C (4.14b)
u,

where
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'_ R, +R, R,
e GIR (R, +R)+ R,R;]  CR (R, +Ry)+ RyRy]
R, ~ R +R, ’
| GIR (R, + R+ RyR; ] GIR (R, +R)+R,R,]
- (4.14¢)
R2
B CGIR (R, +R)+R,R;] o= 1
Rl
| GIR (R, + Ry) + RyR; ]

The matrix A4 defined by (4.14c¢) is asymptotically stable Metzler matrix since its
characteristic polynomial

A+ R2+R3 3 R3
det[I,A - A] = GIR (R, + Ry) + R, Ry] CIR (R, +R)+R,R,] _
R R +R,
- A+
G,[R (R, +R,))+ R,R,] Cz[Rl(R2+R3)+R2R3]|
:lz{ R, +R, . R +R, ]/,H (R +R)(R, + R,)+ R
GIR (R, + R+ R,R;] C[R (R, + Ry)+ R,R] Clcz[Rl(R2+R3)+R2R3]2
(4.15)

has positive coefficients.
The transfer function of the fractional positive electrical circuit has the form
T(s)=C[l,A-A"'B=
. R, +R, ~ R, B R,
C[R (R, +R)+R,R,] C[R (R, +R,)+R,R,] C[R (R, +R)+R,R,] _
~ R, i R +R, R,
C,[R (R, +R,)+R,R,] CIR (R, + R)+R, R 1| | Co[R (R, + Ry)+ R,R,]
[R,C[R (R, + R)) + R,R;1+ R C,[R (R, + Ry + RyR 1| A+ (R, + R)R, + (R, + R)R, + R,R, + RyR,
COIR (R, + Ry) + RyR T 2% +[ ((Ry + Ry)C, + (R + R)) C[R (R, + R + RyRy]| 4 (Ry + R(R, +Ry) = Ry
(4.16)
All coefficients of the transfer matrix (4.16) are positive and this confirm the
thesis of Theorem 4.3 .
Example 4.3. Consider the positive electrical circuit shown in Fig. 4.3 with
known resistances R;, R,, R;, R4 inductances L,, L; capacitances C;, C, and
source voltages ey, e, es.

=[1 1]
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RS R2
C. jud C )u
L, T LZ%
E3 R4 e1 R1 eZ
N ()
N N
Fig. 4.3. Positive electrical circuit
Using Kirchhoff’s laws we may write the equations
du .
e =u;+R,C,—=, j=14
dt y (4.172)
1
+e =Ri +L —, k=273
€ te e Ty di
and we choose
y=u +i, +i (4.17b)
The equations (4.17) can written in the form
U U U
dlu u “ u
—| " *1=4| *|+Ble, |, y=C|* (4.18a)
dt| iy i, i,
. . =
] L L
where
R 0 0
RG
v |7g ©
A=diag{—L L5 ——3}, B=|*" , C=[1 0 1 1. (4.18b)
RG RCG L L 11,
L L
o L
L L L |

The diagonal matrix 4 is asymptotically stable since its characteristic polynomial
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R R
det[/,s — A] = det| diag| s + ! S+ ! s+—=% s+—=||=
RC, RC, L L

st (CR +CR)L Ly + (LR, + LR, )C R C,R, &=
RCR,C,L,L, (4.19)
L LL+ (LR +LR)GR + CR)+GRCRRR, 5 _
RCR,C,L,L,
" (GR +CR)RR, s+ R, R,
RCR,C,L,L, RC.R,C,L,L,
has positive coefficients.
The transfer matrix of the electrical circuit has the form
T(s)=C[l,s—A]'B =

oy o
Rl Cl
R ”RL 0 0
S0 1 1 diaglse—— st—— s+l o B 4C _
RC, R,C, L, L, 1o
L2 LZ
1, L
L L3 L3 i
1 1 1 1 1
= + + .
sRC/ +1 sL,+R, sL,+R, sL,+R, sL,+R,
(4.20)

All coefficients of the transfer matrix (4.20) are positive. This confirm the thesis
of Theorem 4.3.

5. REALIZATION PROBLEM FOR POSITIVE
ASYMPTOTICALLY STABLE ELECTRICAL CIRCUITS

The realization problem for positive asymptotically stable linear electrical
circuits can be stated as follows. Given transfer matrix 7(s) with positive coeffi-
cients, find positive asymptotically stable linear electrical circuit with matrices
(4.4) satisfying (4.5).

Methods for computation of positive realizations of linear systems for given
transfer matrix has been proposed in [8,9,15,16,28 ].

Example 5.1. Find the values of resistances R;, R,, R; and inductances L;, L, of
the positive electrical circuit shown in Fig. 4.1 with the transfer matrix

T(s):[ 1 11 } 5.1)

s2+13s+11 s +13s+11
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The comparison of the coefficients (4.12) and (5.1) yields the equalities
R (R, +R)+R,R, =11,

5.2
(R, +R,)L, +(R, +R,)L, =13. (5-2)

It is easy to check the equalities (5.2) are satisfied by
R1=1,R2=2,R3=3andL1=1,L2=2. (53)

The desired positive and asymptotically stable electrical circuit shown in Fig. 4.1

has the resistances and inductances given by (5.3).

The problem can be also solved by the method given in [26].

Theorem 5.1. There exists a positive asymptotically stable realization (4.2) of

(5.1) only if its coefficients are positive.

Proofis given in [26].

Similar results can be obtained for the positive fractional linear systems (4.8).

Theorem 5.2. If the matrix 4e M, is Hurwitz and BeR™, CeRY" of the

positive fractional system (4.8) then all coefficients of its transfer matrix (5.1)
are positive.

Theorem 5.3. [26] There exists a positive asymptotically stable realization (4.9)
of (5.1) only if its coefficients are positive.

Therefore, from the above considerations we have the following important
collorary.

Collorary 5.1. The positivity of the coefficients of the transfer matrices of the
positive linear continuous-time systems is invariant under their (integer and frac-
tional) orders.

Note that the above considerations can be easily extended to the standard and
positive when the output equation has the form

y(t) = Cx(t) + Du(t) 5.4)

where D e R™ .

6. CONCLUDING REMARKS

The invariant properties of the stability, reachability, and transfer matrices of
positive linear electrical circuits with integer and fractional orders have been
investigated. It has been shown that:

1) The stability of positive linear circuits is invariant under their integer and

fractional orders (Theorems 2.2 and 2.4).

2) The reachability of positive linear circuits is invariant under their integer and

fractional orders (Theorem 3.4 and Collorary 3.1).

3) The transfer matrix of positive linear systems is invariant under their integer

and fractional orders (Theorems 5.3 and Collorary 5.1).

The considerations can be extended to positive linear discrete-time systems.
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