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Abstract 
 
This paper presents a method of FPGA-oriented synthesis of multiple-
valued logical networks. A multiple-valued network consists of modules 
connected by multivalued signals. During synthesis the modules are 
decomposed into smaller ones. For this purpose the symbolic 
decomposition is applied. Since the decomposition of modules strongly 
depends on the encoding of multiple-valued inputs and outputs, the result 
of synthesis depends on the order, in which the consecutive modules are 
implemented. Experimental results showed that our approach significantly 
reduces the cost of implementation.  
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1. Introduction 
 

Complex logical functions of digital systems usually are 
specified as a network of simpler functions. High-level 
specification of a digital system may contain variables represented 
by enumeration types. Moreover, the high-level synthesis process 
creates new variables, representing state variables, conditions and 
control signals, which may also be multivalued (MV). During 
synthesis, all symbolic values should be encoded using binary 
patterns and all logic functions should be minimized and 
decomposed, to find the best implementation of the system [1].  

In [2], we proposed the symbolic functional decomposition of 
multi-valued logic (MVL) functions, targeted at FPGA 
implementations. We showed that integrated encoding and 
functional decomposition gives significant improvement in FPGA 
implementation of the function, as far as the cost of 
implementation is concerned. We proposed efficient methods for 
functions with MV inputs, outputs and finite state machines. In the 
case of MV networks, modules share MV signals and it is not 
possible to find optimal encoding for all functions sharing the 
same MV variable. Thus, it is necessary to decide for which 
function encoding should be optimized. It is determined by the 
proper ordering of modules subjected to decomposition. 

The implementation of logic functions in LUT-based FPGAs 
consists of logic synthesis and technology mapping. The most 
efficient synthesis method for LUT-based FPGAs is the functional 
decomposition based on the blanket algebra [3] or on the theory of 
information relationship measures [4]. The blanket algebra was 
also generalized to MVL functions [5] and the symbolic 
decomposition [2] for MVL functions was proposed. The method 
was successfully applied to logical functions with MV 
inputs/outputs and FSMs[6] giving significant improvements in 
the cost of FPGA implementations. It was also observed that the 
symbolic decomposition minimizes the number of logic levels [2]. 

In this paper, we propose the method for determining the 
optimal or suboptimal order of modules that are decomposed 
during FPGA-oriented synthesis of MV-networks. The order is 
optimized using developmental genetic programming (DGP) [8]. 
During optimization the cost estimation function is used to 
evaluate the quality of each solution. Finally, the MV-network is 
decomposed according to the order determined by the best 
solution.  

The paper is organized as follows. The next section presents the 
problem of FPGA-oriented synthesis of MV networks. Our 
approach is described in Section 3. Section 4 presents  
experimental results. Conclusions are presented in Section 5. 
 
 
 

2. Symbolic synthesis and MVL networks 
 

Let F be a MVL function, such that Y=F(X), where X is a set of 
binary/MV inputs and Y is a set of binary/MV outputs. The 
function may be decomposed in a parallel or in a serial fashion. 
The parallel decomposition expresses function F through functions 
G and H with disjoint sets of output variables. The serial 
decomposition expresses F(X) through functions G and H, such 
that H(U, G(V)), where UV=X. 

Assume that Xi/Yi is an MV input/output. During the 
decomposition the variable may be encoded with variables Xi ' and 
Xi''. Both variables may be separated during the decomposition. It 
was observed [2] that the proper encoding of MV variables leads 
to significant improvement of decomposition efficiency, i.e. result 
functions are more simplified.  

The efficiency of decomposition has the most influence on the 
result of synthesis. Fig. 1 presents the sample MVL network, 
where A, B, C, D, E, F and G are MV signals, FS4, FS7 and FS8 
are state variables, xi and yi are binary signals. The synthesis may 
be performed by decomposing the consecutive modules until all 
modules can be implemented in one LUT cell. But since modules 
share variables, the encoding optimized for one module may not 
be optimal for others. For example in Fig. 1, the encoding of 
variable A may be performed during the decomposition of F1 or 
F4 (but not both). Thus, the order of synthesis of modules has  
a great influence on the final result. 
 
 

 
 
Fig. 1.  Sample MVL network 

  
To find the best FPGA-based implementation of MVL network, 

we should find the optimal order in which all modules will be 
decomposed. Implementation of one module may reduce the 
possibilities of optimization for other modules. It should be noted 
that it is a typical optimization problem.  Since for n modules we 
have n! possible orders, thus for a large network only heuristic 
optimizations may be performed. One approach to this problem 
was presented in [7], but to obtain good results more sophisticated 
heuristics should be applied.  

The synthesis of FSM modules is the most complex one. 
Moreover, the result of optimization also strongly depends on 
what MV variables are shared with other modules. The most 
interesting is a case when two or more FSMs are connected to 
each other – it happens in the circuit (Fig. 1) between modules F4, 
F7 and F8. First, assume that the synthesis of F8 will be 
performed before optimization of modules F11 and F7 (variables 
E and FS8 were optimized to minimize the cost of F8 – encoding 
of these variables was obtained using symbolic FSM synthesis 
[2]). In this case, the cost of implementation is 16 LUT cells.  
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Second, assume that the synthesis of module F8 will be 
performed after optimization of modules F7 and F11. In this case, 
the input E and output F will be encoded binary before 
optimization of F8. In this case, the total cost of implementation 
for such encoding equals to 21 LUTs. Finally, consider the case. 
where module F8 is optimized before module F11 and after F7. In 
this case, input E is encoded during symbolic decomposition of 
module F7. In this case, the total cost of synthesis of F8 was equal 
to 17 LUT cells, therefore it is very close to minimal.  

The above discussion showed that the results of synthesis of 
MVL network strongly depend on the order of modules subjected 
to decomposition. Since MV variables are shared by modules, we 
should decide which module should be optimized by the encoding 
of shared variables.  
 
3. Scheduling of modules for optimal 

decomposition 
 

Genetic programming (GP) creates computer programs using  
a genetic algorithm (GA). In the developmental genetic 
programming (DGP) [8],  methods creating solutions evolve 
instead of computer programs. In this method, the genotype and 
the phenotype are distinguished.  The genotype is a procedure that 
constructs the solution of a problem. The phenotype represents the 
target solution.  

In our method, genotypes are represented by binary trees 
specifying the decomposition strategy. Each node (gene) specifies 
the symbolic decomposition of one module, selected by the 
strategy corresponding to a type of the gene. Then, the rest of the 
network is divided into 2 subnetworks passed to offspring nodes 
for further symbolic decomposition.  

Tab. 1 presents the description of all genes, where: SI /BI is the 
number of MV/binary inputs, SO/BO is the number of MV/binary 
outputs, SS is the number of states, O(X), O(Y), O(S) are sums of 
symbolic values for all MV inputs/outputs and state variables. 

 
Tab. 1. Criteria for selection of the module 
 

Type Rules I Rules II Rules III 
C1 Maximal SI+SO Maximal O(X)+O(Y) Maximal BI+BO

C2 Minimal SI+SO Minimal O(X)+O(Y) Minimal BI+BO

C3 Maximal SI Maximal O(X) Maximal BI

C4 Minimal SI Minimal O(X) Minimal BI

C5 Maximal SS Maximal O(S) Maximal SI+SO

C6 Minimal SS Minimal O(S) Minimal SI+SO

C7 FSM with minimal SS Minimal O(S) Minimal SI+SO

C8 FSM with maximal SS Maximal O(S) Maximal SI+SO

C9 Maximal SO Maximal O(Y) Maximal BO

C10 Minimal SO Minimal O(Y) Minimal BO

   
First, the set Rules I is applied. When more than one module 

meets the criterion, then the set Rules II is concerned for these 
modules. If still several modules meet the criterion, the criterion 
from set Rules III is applied. Finally, any module satisfying all 
three criteria is chosen. 

We assume that the module chosen according to the specified 
criterion will be decomposed, therefore all of its inputs/outputs 
will be encoded. Next, the module is removed and the rest of the 
network is cut into 2 subnetworks using the min-cut algorithm.  

The initial generation consists of individuals generated 
randomly. The “embrion” (root of the genotype tree) corresponds 
to the randomly selected module. In this way, the module which 
does not meet any of the criteria from Tab. 1, may also be 
decomposed first. In the most DGP approaches, the root node has 
a special meaning i.e. it builds the embrion. It cannot narrow the 
search space. In our approach, the decomposition may start from 
any module. The evolution will eliminate “wrong” embrions.  

 

The size of the genotype should be attuned to the complexity of 
the network.  Therefore the number of levels L in each genotype is 
calculated according to the formula    1log 2  NL , where N is 

the number of modules in the network. 
We assume that the synthesis of modules is performed by 

traversing the genotype tree in the depth-first order and choosing 
the modules according to the corresponding criteria. The 
phenotype is a final order of modules.  

Two exceptions are possible: first, the node has successors but 
further ordering is not necessary, second, the node is a leaf but the 
MVL network requires further ordering. In the first case, the 
processing of a given subnetwork is not continued and useless 
nodes are removed from the genotype tree. In the second case,  
a leaf corresponds to an MV network, modules are synthesized 
starting from inputs towards outputs.  

A sample genotype, describing the synthesis of the network 
from Fig.1, is shown in Fig.2. The embrion g0 corresponds to 
decomposition of module F7. Next, the network is divided into 
subnetworks passed to offspring nodes. Since F7 will be 
synthesized first, signals FS4, FS7 and E will be binary in the 
subnetworks.  Gene g1 selects module F1 (according to C5) and 
divides the network into subnetworks {F2,F3} and {F4,F5}. Gene 
g2 chose module F8 (C9),  and so on. Finally, this genotype 
constructs the following phenotype [F7,F1,F8,F3,F5,F9,F10, 
F11, F2, F4,F6].  

 
 

 
 
Fig. 2.  Sample genotype 

  
Since evolutionary optimization requires numerous individuals 

to evolve, it would not be efficient to perform full decomposition 
for each solution. Thus, we decided to apply a simplified and fast 
method for evaluation of the quality of each solution. This method 
is based on the probability of optimization. According to our 
previous research [2] we observed that the optimization 
possibilities are higher for functions with a greater number of MV 
variables and for variables where the set of symbolic value is 
larger. First, for each module Fi the best implementation I opt

i is 

found. Next, for each MV variable vi a minimal encoding length 
Lmin(vi) is computed. Finally, the probability of optimization for 
module Fi with MV inputs i0,...,ik-1, state variable sk and outputs 
ok+1,...,om is computed as: 
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where Ei=1 if variable vi  is binary encoded, otherwise Ei=0.  

The expected implementation cost of the module is estimated as
EICi= I opt

i / Popt
i . We assume that without optimized encoding 

the cost of the implementation will be 2 times higher, on average. 
The goal of optimization is to find such an order of synthesis that 
the total expected implementation cost will be as small as 
possible.  

During the decomposition of adjacent modules of Fi, shared 
variables will be binary encoded. Hence, Popt

i may decrease. 

Thus, it is very difficult to find the optimal order of modules, 
because optimization of one module decreases the probability of 
optimization of other modules. This is a classical optimization 
problem, where greedy approaches may not be efficient. 
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Each generation contains the same number of individuals. The 
size of the generation depends on the number of modules (N) of 
the MVL network. Thus the number of individuals is calculated 
using the formula: 

 NG                                         (2) 
 
where Ω is a genetic parameter defined by the user. 

Genotypes are ranked according to the expected implementation 
cost of the corresponding phenotypes. Solutions that require less 
LUT cells for implementation (lower EIC) have a higher position 
in the ranking. All genotypes are evolved randomly with the Pi 
that depends on the quality of the solution given as formula:

     1/2  GGRGP ii , where Ri is the position in the 

ranking. It is similar to the roulette selection but instead of the 
fitness the rank position is taken for computing the probability. 
Reproduction and mutation operators are implemented in similar 
ways as in other DGP approaches [9]. 

A new generation is created using the above operations in the 
following way: r=α*G individuals are reproduced, c=β*G 
individuals are created using cross-over, and m=γ*G individuals 
are created using mutation. G (using formula (2)), and α, β and γ 
are the DGP parameters, that are tuned experimentally. The 
following requirement must be fulfilled α + β + γ=1.                                        
If the algorithm does not find any better solution in λ succeeding 
generations, the evolution stops. Parameters Ω  and λ determine 
the time of the evolution process. They are determined by the user.  
 
4. Experimental results 
 

As an example, the synthesis of a sample network (Fig. 1) will 
be presented. Since there are no standard benchmark sets for MVL 
networks it is difficult to compare our approach with other 
methods. But the complexity of the example given in Fig. 1 is 
enough to show the advantages of our methodology.  

Tab. 2 presents the results of separate synthesis of each module 
using symbolic synthesis (assumed as Iopt during DGP 
optimization) and Quartus II. The columns contain the number of 
4/1 LUTs required for implementation.  
 
Tab. 2.  Cost of implementation of modules 
 

Tool F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11

Symb Dec 6 3 6 7 4 9 4 16 4 3 7

Quartus II 10 3 12 31 11 7 26 36 18 3 17

 
Tab. 3. Cost of implementation of the MV network 
 

Tool Order Result 

DGP 

B1 F6,F3,F9,F4,F8,F10,F11,F2,F7,F1,F5  47

B2 F3,F6,F9,F2,F8,F10,F11,F4,F7,F1,F5  48

B3 F2,F8,F11,F6,F10,F4,F9,F3,F7,F1,F5  48

B4 F2,F6,F9,F4,F8,F10,F11,F1,F3,F5,F7 46

B5 F8,F10,F11,F6,F9,F3,F4,F1,F2,F5,F7  47

M1 F1,F6,F10,F2,F8,F9,F11,F3,F4,F5,F7 51

M2 F10,F6,F9,F2,F7,F8,F11,F1,F3,F4,F5 52

M3 F4,F8,F9,F3,F6,F10,F11,F1,F2,F5,F7 52

M4 F9,F3,F8,F1,F2,F5,F10,F4,F6,F7,F11 52

M5 F6,F1,F10,F4,F8,F9,F11,F2,F3,F5,F7 51

W1 F5,F3,F11,F1,F2,F7,F9,F4,F6,F8,F10 59

W2 F7,F4,F11,F5,F8,F9,F10,F1,F6,F2,F3 61

W3 F5,F1,F11,F2,F10,F3,F7,F8,F9,F4,F6 57

W4 F5,F7,F10,F1,F2,F9,F11,F3,F4,F6,F8 62

W5 F5,F3,F7,F1,F2,F10,F11,F8,F9,F4,F6 56

Manual F1,F2 F3,F4,F5,F7,F8,F6,F9,F10,F11 66

Symbolic synthesis Sum of costs of modules synthesized separately 69

Quartus II Cost of MV- network 163

 

Next, we performed the optimization of the synthesis of MVL 
network from Fig. 1 using DGP method (DGP parameters: Ω = 50, 
α = 0.05, β = 0.7, γ = 0.25, λ = 10). Tab. 3 presents the results 
represented by the final generation of solutions (obtained in 5 
trials). Each time, the best EIC was found not later than in the 10th 
generation, thus the algorithm stopped after about 20 generations. 
To verify the effectiveness of our estimation method, the results of 
synthesis for some best solutions (B1-B5) as well as middle (M1-
M5) and worst (W1-W5) ones are given – the method seems quite 
accurate: the best results were obtained for the orders ranked as 
the best ones. We also performed the synthesis using a manual 
method as well as the synthesis in Quartus II. In both cases, the 
results were significantly worse than those obtained using the 
DGP optimization. 
 
5. Conclusions 
 

This paper presents the method of FPGA-based optimization of 
MVL networks, which determines the optimal or suboptimal order 
of modules that are synthesized using the symbolic synthesis. For 
this purpose the developmental genetic programming was applied. 
To increase the efficiency of our approach, a new method for 
estimation of FPGA implementation was developed. The 
experimental results showed that our approach minimizes the cost 
of the implementation in LUT-based FPGAs. For the sample MVL 
network, a reduction by 72% in comparison with a commercially 
available tool was obtained. Also the computation time for each 
synthesis was less than 5 seconds (on 1.7GHz CPU). These results 
showed that the symbolic decomposition with optimized ordering 
of modules is very efficient for the FPGA-based synthesis of MV 
logic networks.  
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