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Abstract: In this paper, we study the h(z) Lucas polynomials
of order m and the U, matrix, whose elements are Lucas polyno-

mials, h(z)(> 0) being a polynomial with real coefficients. We also
establish the relations among the code matrix elements.
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1. Introduction

The Lucas numbers, L,,, see Stakhov (1977) are defined by the recurrence rela-
tion

Ly=Ly 1+ Lo, n>2 (1)
with initial conditions
Lo=2,L1=1. (2)
The Lucas numbers, L,,, and the golden mean,

. L, 1456
7= lim =

n—oo Ln—l 2

(3)

have been appearing in physics, chemistry, life sciences, information and cod-
ing theory etc., see Stakhov (2006), Prasad (2016), Mac Williams and Sloane
(1977), Basu and Prasad (2009), Esmaeli, Gulliwer and Kakhbod (2009), El
Naschie (2009), Blahut (1983), Cover and Thomas (1991).
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Tasci and Kilic (2004) defined order k generalization of the well known Lucas
sequence forn >0and 1 <i <k

Li=L% | +L o+ -+ L,
with initial conditions

_ 2 ifi=2-—mn,
L, = -1 ifi=1—-nforl—%k<n<0,
0 otherwise,

where LY is the nth term of the ith sequence.

Nalli and Haukkanen (2009) introduced h(z) Lucas polynomials, Ly ,(z)
(where h(z) is a polynomial with real coefficients), with the recurrence relation

Lins1(x) = h(2) (@) + Ly (@), 0> 1 (4)
and initial conditions
Lyo(z) =2, Lp1(x) = h(z). (5)

In this paper, we introduce h(z) (> 0) Lucas polynomials of order m,
L: (n,z), by the recurrence relation

L}'I(n, x) = h(x)L}I(n —1,z)+ L}l(n —2,z)+---+ L}I(n —m,x) (6)
with initial conditions

_ 2 ifi=2-—n,
Liyn,z)y=¢ -1 ifi=1—-nforl-—k<n<O0,
0 otherwise,

where h(z) (> 0) is a polynomial with real coefficients, and L (n, x) is the nth
term of the ith generalized Lucas polynomials.
The characteristic equation of h(z) (> 0) Lucas polynomials of order m is
y" = h(z)y" T =y T~y —1=0. (7)
At the same time, the characteristic equation of Lucas polynomials of order m
is
y" =y -y ey —1=0. (8)

The equation (8) has m roots and only one real positive root when m is even or
odd, but when m is even it has only one negative real root also. When m — oo,
then the positive real root is 2 and the negative real root is -1.
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We write
Li(n+1,x) Li(n,x)
Li (n,x) Li(n—1,x)
' =Qn ' ;
Li(n—m+2,z) Li(n—m+1,2)
where

hz) 1 1 11
1 0 0 0 0
0 1 0 0 0
=1 0 01 0 0
0 00 --- 10

In this paper, we define a new U,, matrix, whose elements are Lucas poly-
nomials of order m and we also study the properties of this U, matrix. In
2015, the present author published the paper Prasad (2015), which is based on
Fibonacci numbers. This paper is based on Lucas polynomials of order m for
the suitable initial conditions, so that U, matrix is applicable for coding and
decoding method.

2. Main results
2.1. The U, matrix and its properties

We define a new U,, matrix of order m, which is given by

Lyin—1,x Liin—1,z L*n—1,x
U, = " " , " - (9)
Li(ln—m+1,2) Lin—m+1,z) --- L"(n—-—m+1,2)
We will prove that U,, = szth
where

—h(z) 2h(x)—1 1 1 1
—1 2 0 0 O
0 -1 2 0 O
U = 0 0 -1 0 0
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Proof:
h(z) 1 1 1 1
1 0 0 0 0
0 1 0 0 0
Uh=1 0 01 0 0 [x
0 00 1 0
Li(n—1,2) Li(n—1,2) Ly (n—1,z)
Li(n—2,2) Li(n-2,x) Ly (n —2,z)
>< .
Li(n—m,z) Li(n—m,z) --- L™n—m,x)
= QhUnfl-
Therefore, we can write U, = Q1,(QnUp—2) = --- = Q) 'Uy.
Now
Li(1,x) L3(1,x) L (1,x)
L},(0,z) Lj,(0, ) Ly (0, )
U, = ' , '
L} (2—m,z) L3(2—m,x) L2 —m,zx)
—h(z) 2h(z)—1 1 1 1
-1 2 0 0 0
0 -1 2 0 0
= 0 0 —1 0 0 =U;.
0 0 0 -1 2

Hence U,, = szlUl.

THEOREM 1 For matriz Uy, in (9) and for n > 1 and m > 2, Det U, =
1 or —1.

Proof:
Det Un = Det (inlUl) = (Det Qh)nilDet U1 as Det Qh = (_1)m+1 for
m > 2 and Det Uy = (—1). Hence, Det U, = (=1)""~™m*t" =1 or — 1. ]
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2.2. Note

The code matrix, F is defined by the following formula: £ = M x U,,. According
to the matrix theory (see Hohn, 1973) we have

Det E = Det (M x U,) = Det M x Det U,. (10)

2.3. Relations between the code matrix elements for U, matrix of
order 2, V;

In this case, let the message, M be

mi; Mmo
ms My ’
Then the V4 coding of the message M is

M><V2=(m1 mg)

m3 My

L} (n,x) L3 (n,x) (e e _p
Liln—1,z) Lin—1,2) ) \es es )
Hence,

_ L} (n,z) L2 (n,x)
Ve = ( Lin—12) L(n—1,2) )

Det Vo =1 or —1.

The message, M, let be given, like above, as

M:(mlmz)
m3 My
Then, the V5 coding of the message, M, is

wa_(ﬁ 62)_E
€3 €4

and decoding of the message M is

B 1 [ e1 e —L,%(n—l,x) L,%(n,:v
M=ExV, _<e3 e4>< Li(n—1,2) —L}(n,x)
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_( —eli(n—1,z)+eLi(n—1,2) eiL}(n,z)—ealp(n,z)
T\ —esLi(n—1,2) +ealip(n—1,2) esli(n,x) —ealp(n,x) )

Since m1, me, ms, my are positive integers, we have

my = —e Li(n —1,2) + exLi(n —1,2) > 0, (12)
my = e1 L3 (n,x) — esL} (n, ) > 0, (13)
mg = —ezLi(n —1,2) +esLy(n —1,2) > 0, (14)
my = e3Li(n,z) —esL} (n,z) > 0. (15)

By (12), we get
Li(n—1,2) _ e

i AN LV 1
L?(n—1,x) ” ey’ (16)
By (14), we get
Li(n—1,2) _ e3
L (n—1,x) ~ eq’ (17)
By (13), we get
Li(n,x) e
<a 18
L}%(”ax) €2 ( )
By (15), we get
L} Lj(n, ) es
L2(n x) (19)
y (16) and (18) we get
L} (n,x) Lj(n—1,2)
212 2
L2(n,x) < Li(n—1,x) (20)
y (17) and (19) we get
Lyn.x) _ Ly(n—1,2)
—_ . 21
L%(n,x) :v) <L2(n—1x) 1)
Therefore, for the large value of n, we get
e1  h(@)+ V@) +4 es  h(z)+Vh(2) +4 (22)

€9 2 ’ €4 2

and when h(x) = 1, we have

e1 es 1+
— R T, — & T; where 7 =
€9 ey 2

15
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2.4. Relations among the code matrix elements for U, matrix of
order 3, V3

In this case, let the message, M, be

myp Mm2 m3
M = myg M5 Mg
mr mg My

Then, the V3 coding of the message M is

€1 €2 €3

M x ‘/3 = €4 €5 €Eg =F
€7 €8 €9
and
M=ExV!
er ey e3 L (n,z) L3 (n,x) L3 (n,z) !
=| es e5 e Li(n—1,2) Li(n—1,2) Li(n—1,z)
er es €y Li(n—2,z) L3(n—2,2) Li(n—2,z)
mi Mo M3
= mga M5 Mg
my Mg Moy
Det V3 = —1.
Det V3 = Lj,(n,x)[Li(n — 1,z)L}(n —2,2) — L} (n — 1,2) L} (n — 2,2)] +
Li(n,z)[L3(n—1,2)L}(n —2,2) — L} (n — 1,2)L3 (n — 2,2)] +
(23)
and
€1 €2 €3 A B C
M = es es5 eg D E F
er €g €9 G H I
where

A=L3(n—1,2)L3(n—3,2) — L3 (n —2,z)L3(n — 1,2),

B =L3}(n,z)L3(n—2,2) — L} (n,x) L} (n — 3, x),
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C=L3(n,z)L3(n—1,2) — Li(n—1,2)L3(n,x),

D=1L3(n—-1,z)L}(n—2,2)
E = L;ﬁh(n,x)Lp n(n—3,z)—

F=L},(n-1,2)L3,(n,x) -

G=L(n—1,2)L3(n—2,z) —

— L} (n—1,2)L3(n - 3,x),

Ly n(n,2) Ly, (0 = 2, ),

Ly n(n,x)L3 ), (n—1,2),

Li(n

-2,

H=L}(n,z)L}(n—2,x) — L} (n,z)L3(n — 2,z),

I'=L}(n,x)L2(n—1,2) — L}, (n— 1,2)L%(n, z).

z)Li(n—1,x

Since my, ma, ms, Mg, Mms, Mg, M7, Mg, Mg are positive integers, we have

my = e1[L}(n —1,2)L3 (n

es[L3(n —1,2)Li(n —2,2) —
63[Lllz(n - 1,I)L%(TL - 27$) -

3
me = e1[Lj,
1
h

(n, I)Li(n —2,x)—

es[L}(n,2) L3 (n — 3, z)

[Lz( ,CL‘)L}I(TL - 2755) - L;ll(n,

= ei[L(n,2)Ly(n — 1,2

) —
es[Lh(n —1,2)L3 (n,z) —

es[L}(n,2)Li(n—1,2) — L

my = eq[L}(n — 1,2)L3 (n

65[L2(n -1, :E)L,ll(n —2,x)—

eg[L,lI(n -1, ,T)L%(TL —2,x)

ms = eq[L} (n,z)L3(n — 2,7) —
1
h

—L}(n

es[Ly(n,2)L3(n —3,z)

= ea[Ly(n,2)Ly(n — 1,2

) —
es[Li(n—1,2)L3 (n,z) —

es[L)(n,2)Li(n —1,2) — L

1
h

- L
[Lz( ,CL‘)L}I(TL - 2755) - L;ll(n,

L
L

2
h
3
h

2
h
1
h

=

Li (n, aj)Lf’L(n —3,7)]

(n7 x)L}lL(n -2, CL‘)]

x)L

(n

2
h

(n—2,2)] >0,

—1,2)L} (n,z))

(n,
1,z)L%(n,z)] >0,

@)Lj(n—1,2)]

—3,2) = L} (n—2,2)L3(n —1,2)]
Li(n—1,2)L3 (n — 3,2)]
Li(n—2,2)L}(n—1,2)] >0,
Li(n, aj)Lf’L(n -3,z)] +
— L3 (n,xz)Li(n —2,2)] +
z)L3(n —2,x)] >0,
L}2L(n_ 17$)L?L(n’x)] +
Li(n,z)L3(n—1,z)] +
L(n—1,2)L%(n,2)] >0,
—3,2) = L} (n—2,2)L3(n —1,2)]

Li(n—1,2)L3(n — 3,2)]
—2,2)L3(n—1,7)] >0,

+
+

+
+

+
+

(24)

(26)

(27)

(29)
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mr = e7[Li(n —1,2)L}(n —3,2) — Li(n—2,2)L3(n—1,2)] +
es[Li(n—1,2)Ly(n —2,2) — Li(n—1,2)L3(n — 3,z)] +
eo[Ly(n —1,2)Li(n —2,2) — Li(n— 2,2)L3(n — 1,7)] > 0, (30)

mg = e7[L} (n,2)L3(n — 2,2) — Li(n,2)L3 (n — 3,2)] +
es[Li(n,2)Li(n —3,2) — Ly (n,2)Li(n — 2,2)] +
eo[L2(n,z)L} (n —2,2) — L} (n, )L (n —2,2)] >0, (31)

mg = e7[Li(n,2)Li(n —1,2) — Li(n — 1,2)L} (n,2)] +
es[Li(n —1,2)L3 (n,z) — Lj,(n,2)L3 (n — 1,2)] +
eo[L}(n,2)L3(n—1,2) — L} (n — 1,2)L%(n,z)] > 0. (32)
By (24), we get

elLi(n -1, I)Li(n —-3,z)+ 62[4}11(7’1, -1, x)L,P’L(n, x)+

+esl(n—1,2)L3(n—2,2) > e1Li(n—2,x)L3(n —1,2)+

+eaLy(n—1,2)L3 (n —3,2) +esLy(n — 2,2)Li(n — 1,). (33)
By (25), we get
e1Li(n,x)Li(n —2,x) + esLy (n, )Ly (n — 3,2) + e3Li(n,z)L},(n — 2,2) >
e1L2(n,z)L3(n —3,2) + esli(n,x) L} (n — 2,2) + e3L} (n,z) L3 (n — 2,2). (34)
By (26), we get
elLi(n, I)L%(TL —1,2)+ ezL,ll(n -1, I)L%(n, x) + egLi(n, aj)L,ll(n -2,z) >
elL,%(n -1, I)Li(n, x) + egL,ll(n, aj)Lf’L(n —1,2)+ egL,lL(n -1, I)Li(n, x).

(35)

)(> 0), of (34) by

Dividing both sides of (33) by ei1L?(n — 2,z)L3(n — 1,z
3(n,z)(>0) , we get

1

e1 L (n,z)L3 (n—3,2)(> 0) and of (35) by e; L3 (n—1,x)
es

61[

i—j[L,lL(n —1,2)L3(n —3,2) — L3(n — 1,2)LL(n — 2, )]+

[L3(n—1,2)L3(n —2,2) — Li(n — 1,2)L3(n — 3,z)], (36)

Bk = 2.0) L (n, ) — Lh(n, 0) L (0 — 2,)] <

2[L,?’I(n, x)L,lI(n —2,x) — L,ll(n, ,T)L%(TL —3,2)]+
€1

[L3(n,2)L3(n —3,2) — Ly (n,2) L3 (n — 2,2)], (37)
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Z—T[L,ll(n,x)L,%(n —1,z) = L} (n —1,2)L}(n,z)] >
o
[L3(n —1,2)L}(n,2) — Li(n, )L} (n — 1,2)]. (38)

Let
a=I[L}(n—1,2)L2(n—2,2) — L},(n —2,2)L3(n — 1, )],

b=[L}(n—2,2)L3(n,z) — L}(n,x)L3(n — 2, )]
and

c=[L}(n,x)L}(n—1,z) — L} (n—1,2)L%(n,z)].
Now 33 = 27 cases arise for a, b, c ; 0.

In this paper, we consider three cases and the rest of the cases can be anal-
ysed in similar ways.

Case 1 When a,b,c > 0.

For this case, by (36), we have

€ - where 1 — Q[L%(n 1,x)L§(n —3,z) — L?(n - 1,x)Lé(n - 2,:10)]
e1 er Ly(n—1,2)L;(n—2,2) — Ly(n—2,2)L;(n— 1,x)
L3(n—1,2)L3(n—2,x) — L?(n — 1,x)L}(n — 3, x)
Li(n—1,2)L3(n—2,z) — L} (n — 2,2)L2(n — 1, x)
(39)
By (37), we get
es es L3(n,z)L} (n—2,2) — L}, (n,x)L3 (n — 3,z)
=3 h -2
e1 < v wherew e [L}L(n —2,2)L%(n,x) — L} (n,z) L3 (n — 2,3:)] +
Li(n—2,2)L2(n,x) — L} (n,z)L%(n — 2,2)
By (39) and (40), we get
e1 . Li(n—2,x) )
—> = 23). 41
e ~ L?(n—2,x) using(23) (41)
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By (38), we get

es ea Li(n,x)L3(n—1,2) — L} (n—1,2)L3 (n,z)

J— h = —

e1 = wwhere w e1 [L,ll(n,x)L,%(n —1l,2)— L} (n— 1,x)L,21(n,x)] +
L} (n—1,2)L3(n,z) — Li(n,z)L3(n — 1,z) (42)
Lj(n,z)L3(n—1,2) — L},(n—1,2)L%(n,z)’

By (40) and (42), we get

e1 _ Li(n,x) .
— < s 23). 43
o < Li(n,x) , using (23) (43)

By (41) and (43), we get

L}(n—2,x) .a L} (n,x)

- —. 44

LI (n—2,2) e < L3 (n,z) (44)
Similarly, we get

Li(n—2,2) e Li(n,x) Li(n—2,2) e _ Li(n,x)

TR T ST) f2 SR\ g kT ST e )y

L} (n—2,x) < es < L} (n,x) an L} (n—2,x) < es < L} (n,x) (43)

Case 2 When a =0, b,c > 0.

By (36), we get

e1 _ Li(n—2,x) )
— > = =0. 46
o > T2(n=2.0) ,using a (46)

By (37) and (38), we get
er _ Ly(n,2)

o < m ,using(23) and a = 0. (47)

By (46) and (47), we get
Li(n—2,2) e _ Lj(n,z)

—_——— < — < = 48
Li(n—2,x)<eg<Li (48)

Similarly, we get

Lin—2,2) e Li(n,x) x
TE T < o < T TE Ty < o < Ty
Ly(n—2,x2) ez Lj(n,x) Ly(n—2,z) ez Lj(n,x)

Case 3 When a,b,c < 0.
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In this case, by (36), we have

—
=)
10O
. . ~
o~ o~
R 8|8
N o3|
(. [ ]!
ElE ElE
o melas
NN 1
| /|
K& &8[&
— N =
(. I
ElE ElE
N L=
N
(. [ ]!
Py P Py
BNR 8|8
M|l
(. [ ]!
ElE ElE
mlae aclas
NN 1
| /|
&R 88
17 17 17 17
(. I
ElE ElE
= N~
N
ol
I
> 15
e Q0
: :
W \'”
3 P~
vV =
>
&l & M

+

]

(n—2,z)

2
h

(n,xz)Lj(n—2,2) — L} (n,z)L3 (n — 3, )

3
h
Lj(n—2,z)L3(n,xz) — L} (n,x)L

L

€2
€1 [

> v where v

€3
€1

(51)

,21(71, a:)L%(n —-3,z) — %(n,x)L,%(n —2,x)

Mn—=2,2)L3(n,z) — L} (n,x) L3 (n — 2,2)

By (50) and (51), we get

(52)

i , using (23).

Li(n—2,x
L (n—2,x

€1
€2

By (38), we get

+

]

(n—1,z) — L},(n—1,2)L3 (n,z)

3
h
(n,x)L%(n—1,2) — L} (n—1,2) L% (n, )

1
h

Li(n,z)L
L

€2
€1 [

< w where w

€3
€1

(53)

,QL(n - l,x)Li(n,:zr) - i(n,x)Li(n —1,z)

Mn,z)Li(n—1,2) — L} (n—1,2)L2(n,x)

By (51) and (53), we get

(54)

L,ll(n, x)

€1

) using (23).

(n,z

e

€2

By (52) and (54), we get

(55)

Similarly, we get

Therefore, for the large value of n, we get

~ 1,2
~ e,

€1

e © and

€1

— R, —=

€2

€3

€3
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where
= h(3:v) B 23(—=3 — h*(x))

3[27 + 9h(z) + 2h3(z) + 3x/§(\/23 +18h(z) — h2(x) + 4h3(x))] 3

(274 9h(2) +20*(x) + 3v/3/23 + 18K(a) —2(x) + AR7(a))’}

1

3(2)s
Similarly, we get

€4 €5 €4 2
_%/J‘?_%/'Lu_zuaand

€5 €6 €6

(rd - €g - (rd o2

—RH, R, — R

€8 €9 €9

2.5. Generalized relations among the code matrix elements for U,
matrix of order m

In general, we can establish the relations among the code matrix elements as
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and

Ly(n—(m—1),)

Lr(n—(m—1),z)

Therefore, for the large value of n, we get

€m —

€1 ~ 1,2 €2 ~ ,,2 em—2 ~ ,,2

SRV, AR, e = RS

e_lzym717

em

where e, es, €3, - -
and

Li(n,z
v= lim AGIED where i =1,2,--- ,m — 1.

n—oo L’;L+1 (n, ZZ?)

e1 Lj (n,x)
em  Li'(n,x)

,€m_1, €m are the first row elements of the code matrix

We also find similar type of relations for second row elements, third row ele-

ments, - -

-, mth row elements.
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2.6. Error detection and correction

In 2016, Prasad (2016) showed how to detect and correct the errors in the code
message by using the Lucas coding and decoding theory. For m = 2, this method
also allows to correct 14 cases among (1C; +* Cy +4 C3 +4Cy) =22 -1 =15
cases similar to [these from]| Prasad (2016). It means that correct ability of this
method is 3 = 0.9333 = 93.33%.

Now we consider error detection and correction for case m = 3

mip me ms L} (n,x) L3 (n,x) L} (n,x)
M= ms ms me |,Va=| Li(n—1,2) Li(n—1,2) Li(n—1,1)
mry mg Mg Li(n—2,2) Li(n—2,2) Li(n—2,x)

E=MxV;=
mp Mmg ms L} (n,x) L3 (n,x) L} (n,x)
mg My Mg Li(n—1,2) Li(n—1,2) Li(n—1,1)
mry mg Mg Li(n—2,2) Li(n—2,2) Li(n—2,x)

The code matrix, F, may contain single, double, - - -, nine fold errors. Thus,
there are

0 49 0y 12 Cs 12 0y 12 C5 +2 Cs 49 Cr +2 Cs +9 0y = 23° — 1 =511

codes of errors in the code matrix, E. We use hypotheses from Prasad (2016)
for single error, double error, -- -, nine fold errors. The nine fold error of the
code matrix is not correctable so the ability to correct eight cases of this method

is 219 = 0.9980 = 99.80

In general, the correct ability of this method is

om* _ 9
om?> _ 1’

Therefore, for large value of m the correct ability of the method is

2

2m -2
——— ~ 1 =100%.
2m? — 1 i’
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3. Roles of polynomials in cryptography protection

Polynomials have a prominent position in mathematics. Day by day, its impor-
tance has become hihghly prominent in cryptography. The role of polynomials
is very important in encryption and decryption for security purposes. The se-
curity and complexity are increasing very fast when the degree of polynomials
is increasing.

4. Conclusion

The Lucas coding and decoding method is the main application of the h(x) Lucas
polynomials of order m and U,, matrix, whose elements are Lucas polynomials
of order m. The correcting and detecting abilities of this method are very high
in comparison to the classical algebraic coding and decoding method. When the
degree of polynomial h(x) increases, then the security and complexity of this
method also increases very fast. In the future, we hope that this method will
lead to hybrid cryptosystems, which are very fast and good in encryption and
decryption.
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