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Abstract: Isopropyl nitrate (IPN) is a component of propellant fuel. 
High concentrations of IPN can still produce detonation. To date, very limited 
literature is  available regarding high concentrations of  IPN detonations. 
The detonation pressure is related to the equivalence ratio and density of IPN/
air mixtures. These two factors have opposing effects on the detonation of an IPN/
air mixture. The detonation characteristics of gaseous IPN/air mixtures at high 
concentrations (300-4000 g/m3) have been studied numerically. The results showed 
that when the IPN concentration is 300-600 g/m3, density played a dominant role 
on detonation. The maximum detonation pressure, 2.81 MPa, and the maximum 
detonation velocity, 1890 m/s, occurred at a concentration of 600 g/m3 (equivalence 
ratio Φ = 2.15). When the IPN concentration was increased from 300 to 600 g/m3, 
the peak overpressure and velocity increased by 19.6% and 6.2%, respectively. 
When  the  IPN concentration is  higher than  600  g/m3, the  equivalence ratio 
is  extremely large and  the  detonation properties were  seriously degraded. 
An  analysis of  the  detonation products illustrated the  burn-off rate of  high 
concentrations of  IPN and  the  influence of  the  detonation product CH3CHO. 
At a concentration of 600 g/m3, the IPN/air mixture can achieve optimal detonation 
properties and fuel economy.
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Nomenclature:
a	 Absorption coefficient
E	 Total energy [J]
fd	 Diffuse fraction
F
→

	 External body force [N]
gi	 Gravitational vector in the i direction [N]
Gb	 Turbulence kinetic energy due to buoyancy [J]
Gk	 Turbulence kinetic energy due to the mean velocity gradients [J]
h	 Sensible enthalpy [J]
I	 Radiation intensity [W/m2]
Jj
→

	 Diffusion flux
k	 Thermal conductivity [W/m·K]
Mw,i	Molecular weight of species i [g]
n	 Refractive index
p	 Static pressure [Pa]
Prt	 Turbulent Prandtl number (0.85)
r	 Radial coordinate
r→ 	 Position vector
Ri	 Net rate of production
R̂i,r	 Arrhenius molar rate of creation of species i in reaction r
s	 Path length [m]
s→ 	 Direction vector
s→' 	 Scattering direction vector
Sh	 Heat of chemical reaction [J]
Si	 Rate of creation
Sm	 Mass source
T	 Local temperature [K]
vn	 Particle velocity normal to the wall [m/s]
vr	 Radial velocity [m/s]
vx	 Axial velocity [m/s]
vy	 Swirl velocity [m/s]
x	 Axial coordinate
Yi	 Local mass fraction
YM	 Fluctuating dilatation [1/K]
ρ	 Fluid density [kg/m3]
μ	 Molecular viscosity [mPa·s]
ε	 Rate of dissipation
εw	 Wall emissivity [W/m2·K4]
σ	 Stefan-Boltzmann constant (5.669 · 10–8 W/m2·K4)
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σS	 Scattering coefficient
Ф	 Phase function
Ω′	 Solid angle

1	 Introduction

Isopropyl nitrate (IPN, C3H7NO3) is a component of propellant fuel. It is widely 
used in petroleum, aerospace and other fields. At present, many applications, 
such as a propellant fuel  [1] or a  fuel additive  [2] for detonation propulsion 
systems, have been developed. As a high-performance fuel, IPN is known for 
its non-toxicity, non-corrosiveness, low  cost, high  explosion sensitivity and 
wide explosion concentration limit (2-100%) [3]. These physical and chemical 
properties make IPN important as an ignition [4] or detonation promoter [5]. 
However, when the vapour of the fuel is mixed with air and reaches a certain 
concentration during transportation or emission, it is very likely to burn or even 
explode  [6]. The  low security of  IPN hinders its industrial  use. Based  on 
the isopropyl nitrate explosion accident in a Danish factory, Hedlund et al. [7] 
summarized similar accidents that have occurred in the last 15 years. This study 
showed that a high concentration fuel/air mixture is likely to be formed during 
production and transportation, confirming the strong detonation properties of high 
concentrations of IPN. Therefore, a study of the detonation characteristics of high 
concentrations of  IPN has  an  important guiding significance for  evaluating 
fuel properties, optimizing fuel efficiency and improving production safety.

Many experiments and numerical simulations have  been  carried  out 
on  the  detonation of  IPN/air mixtures. Ambekar  et  al.  [8] experimentally 
studied the combustion and detonation characteristics of monopropellant IPN. 
The effect of ambient pressure and  the burning rates of  IPN was elucidated. 
Liu  et  al.  [9]  studied and analyzed the characteristics and stages of the 
deflagration-to-detonation transition (DDT) in IPN/air mixtures. The minimum 
DDT concentration of  the  mixture was  determined to  be  450  g/m3. 
Sheffield  et  al.  [10] studied the  detonation process of  IPN and  predicted 
the Hugoniot state of IPN. The IPN detonation wave produced super detonation 
at  the  initial impact stage and  finally developed into stable detonation. 
Nassim et al. [11] used Kissinger’s method, Equation of State (EOS) method 
and Maxwell’s approximation method to calculate the detonation parameters 
of mixtures with different concentrations of IPN. The lower explosive limit [12] 
and  minimum ignition energy  [13,  14] of  IPN have  also been  discussed. 
Most of the above researches used the minimum free energy and the Chapman-
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Jouguet (CJ) detonation theory in their calculations. The IPN discussed in these 
studies was  at  a  relatively low concentration  (around the  stoichiometric 
concentration). However, IPN can also detonate at high concentrations and there 
are few studies of this.

For a high concentration of IPN, the detonation parameters depends 
on the equivalence ratio and the density of the IPN/air mixture. With an increase 
in  density, the  detonation properties will  be  increased correspondingly  [15]. 
However,  when the  concentration is  higher than the  stoichiometric 
concentration (285 g/m3), the matching relationship between combustible elements 
and oxygen elements deteriorates. The detonation properties cannot  increase 
continuously due to oxygen deficiency [16]. Fuel density and equivalence ratio 
have different effects on detonation. Determining  the critical values of  these 
two factors is helpful for fuel optimization. In the present study, the detonation 
process of  IPN/air mixtures is  numerically simulated. The  detonation 
characteristics of gaseous IPN at high concentrations were determined by CFD 
numerical calculation.

2	 Governing Equations

In this study, the continuous phase model was used to solve the Navier-Stokes 
equation of 2D compressible reaction flow. The discrete ordinates (DO) model 
was adopted. The governing equations were chosen with their axisymmetric form.

(1) Mass conservation equation [17]:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 − 𝑌𝑌𝑀𝑀     (7) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐶𝐶1𝜀𝜀

𝜀𝜀
𝑘𝑘

(𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜀𝜀𝐺𝐺𝑏𝑏)− 𝐶𝐶2𝜀𝜀𝜌𝜌
𝜀𝜀2

𝑘𝑘
   (8) 

 

∇ ∙ [𝐼𝐼(𝑟𝑟, 𝑠𝑠)𝑠𝑠] + (𝑎𝑎 + 𝜎𝜎𝑠𝑠)𝐼𝐼(𝑟𝑟, 𝑠𝑠) = 𝑎𝑎𝑛𝑛2 𝜎𝜎𝑇𝑇
4

𝜋𝜋
+ 𝜎𝜎𝑠𝑠

4𝜋𝜋 ∫ 𝐼𝐼4𝜋𝜋
0 �𝑟𝑟, 𝑠𝑠 ′�Φ�𝑠𝑠, 𝑠𝑠′�𝑑𝑑𝛺𝛺′    (9) 

 

𝑒𝑒𝑛𝑛 = 𝑣𝑣2,𝑛𝑛
𝑣𝑣1,𝑛𝑛

            (10) 

 

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑀𝑀𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 105
1×22.4+3.25(1+3.76)×22.4

× 103   ≈ 285 g/m3    (12) 

 

𝑐𝑐𝑣𝑣𝑣𝑣𝑣𝑣,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑉𝑉𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 1
1+3.25(1+3.76)   ≈ 6.07 vol/%      (13) 

� (1)

(2) Momentum conservation equations [18]:
The axial and radial momentum conservation equations are given by:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 − 𝑌𝑌𝑀𝑀     (7) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐶𝐶1𝜀𝜀

𝜀𝜀
𝑘𝑘

(𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜀𝜀𝐺𝐺𝑏𝑏)− 𝐶𝐶2𝜀𝜀𝜌𝜌
𝜀𝜀2

𝑘𝑘
   (8) 

 

∇ ∙ [𝐼𝐼(𝑟𝑟, 𝑠𝑠)𝑠𝑠] + (𝑎𝑎 + 𝜎𝜎𝑠𝑠)𝐼𝐼(𝑟𝑟, 𝑠𝑠) = 𝑎𝑎𝑛𝑛2 𝜎𝜎𝑇𝑇
4

𝜋𝜋
+ 𝜎𝜎𝑠𝑠

4𝜋𝜋 ∫ 𝐼𝐼4𝜋𝜋
0 �𝑟𝑟, 𝑠𝑠 ′�Φ�𝑠𝑠, 𝑠𝑠′�𝑑𝑑𝛺𝛺′    (9) 

 

𝑒𝑒𝑛𝑛 = 𝑣𝑣2,𝑛𝑛
𝑣𝑣1,𝑛𝑛

            (10) 

 

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑀𝑀𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 105
1×22.4+3.25(1+3.76)×22.4

× 103   ≈ 285 g/m3    (12) 

 

𝑐𝑐𝑣𝑣𝑣𝑣𝑣𝑣,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑉𝑉𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 1
1+3.25(1+3.76)   ≈ 6.07 vol/%      (13) 

� (2)
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𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 − 𝑌𝑌𝑀𝑀     (7) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐶𝐶1𝜀𝜀

𝜀𝜀
𝑘𝑘

(𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜀𝜀𝐺𝐺𝑏𝑏)− 𝐶𝐶2𝜀𝜀𝜌𝜌
𝜀𝜀2

𝑘𝑘
   (8) 

 

∇ ∙ [𝐼𝐼(𝑟𝑟, 𝑠𝑠)𝑠𝑠] + (𝑎𝑎 + 𝜎𝜎𝑠𝑠)𝐼𝐼(𝑟𝑟, 𝑠𝑠) = 𝑎𝑎𝑛𝑛2 𝜎𝜎𝑇𝑇
4

𝜋𝜋
+ 𝜎𝜎𝑠𝑠

4𝜋𝜋 ∫ 𝐼𝐼4𝜋𝜋
0 �𝑟𝑟, 𝑠𝑠 ′�Φ�𝑠𝑠, 𝑠𝑠′�𝑑𝑑𝛺𝛺′    (9) 

 

𝑒𝑒𝑛𝑛 = 𝑣𝑣2,𝑛𝑛
𝑣𝑣1,𝑛𝑛

            (10) 

 

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑀𝑀𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 105
1×22.4+3.25(1+3.76)×22.4

× 103   ≈ 285 g/m3    (12) 

 

𝑐𝑐𝑣𝑣𝑣𝑣𝑣𝑣,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑉𝑉𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 1
1+3.25(1+3.76)   ≈ 6.07 vol/%      (13) 

� (3)

(3) Energy conservation equation:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 − 𝑌𝑌𝑀𝑀     (7) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐶𝐶1𝜀𝜀

𝜀𝜀
𝑘𝑘

(𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜀𝜀𝐺𝐺𝑏𝑏)− 𝐶𝐶2𝜀𝜀𝜌𝜌
𝜀𝜀2

𝑘𝑘
   (8) 

 

∇ ∙ [𝐼𝐼(𝑟𝑟, 𝑠𝑠)𝑠𝑠] + (𝑎𝑎 + 𝜎𝜎𝑠𝑠)𝐼𝐼(𝑟𝑟, 𝑠𝑠) = 𝑎𝑎𝑛𝑛2 𝜎𝜎𝑇𝑇
4

𝜋𝜋
+ 𝜎𝜎𝑠𝑠

4𝜋𝜋 ∫ 𝐼𝐼4𝜋𝜋
0 �𝑟𝑟, 𝑠𝑠 ′�Φ�𝑠𝑠, 𝑠𝑠′�𝑑𝑑𝛺𝛺′    (9) 

 

𝑒𝑒𝑛𝑛 = 𝑣𝑣2,𝑛𝑛
𝑣𝑣1,𝑛𝑛

            (10) 

 

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑀𝑀𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 105
1×22.4+3.25(1+3.76)×22.4

× 103   ≈ 285 g/m3    (12) 

 

𝑐𝑐𝑣𝑣𝑣𝑣𝑣𝑣,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑉𝑉𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 1
1+3.25(1+3.76)   ≈ 6.07 vol/%      (13) 

� (4)

(4) Chemical species transport equation [19]:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 − 𝑌𝑌𝑀𝑀     (7) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐶𝐶1𝜀𝜀

𝜀𝜀
𝑘𝑘

(𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜀𝜀𝐺𝐺𝑏𝑏)− 𝐶𝐶2𝜀𝜀𝜌𝜌
𝜀𝜀2

𝑘𝑘
   (8) 

 

∇ ∙ [𝐼𝐼(𝑟𝑟, 𝑠𝑠)𝑠𝑠] + (𝑎𝑎 + 𝜎𝜎𝑠𝑠)𝐼𝐼(𝑟𝑟, 𝑠𝑠) = 𝑎𝑎𝑛𝑛2 𝜎𝜎𝑇𝑇
4

𝜋𝜋
+ 𝜎𝜎𝑠𝑠

4𝜋𝜋 ∫ 𝐼𝐼4𝜋𝜋
0 �𝑟𝑟, 𝑠𝑠 ′�Φ�𝑠𝑠, 𝑠𝑠′�𝑑𝑑𝛺𝛺′    (9) 

 

𝑒𝑒𝑛𝑛 = 𝑣𝑣2,𝑛𝑛
𝑣𝑣1,𝑛𝑛

            (10) 

 

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑀𝑀𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 105
1×22.4+3.25(1+3.76)×22.4

× 103   ≈ 285 g/m3    (12) 

 

𝑐𝑐𝑣𝑣𝑣𝑣𝑣𝑣,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑉𝑉𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 1
1+3.25(1+3.76)   ≈ 6.07 vol/%      (13) 

� (5)

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 − 𝑌𝑌𝑀𝑀     (7) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐶𝐶1𝜀𝜀

𝜀𝜀
𝑘𝑘

(𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜀𝜀𝐺𝐺𝑏𝑏)− 𝐶𝐶2𝜀𝜀𝜌𝜌
𝜀𝜀2

𝑘𝑘
   (8) 

 

∇ ∙ [𝐼𝐼(𝑟𝑟, 𝑠𝑠)𝑠𝑠] + (𝑎𝑎 + 𝜎𝜎𝑠𝑠)𝐼𝐼(𝑟𝑟, 𝑠𝑠) = 𝑎𝑎𝑛𝑛2 𝜎𝜎𝑇𝑇
4

𝜋𝜋
+ 𝜎𝜎𝑠𝑠

4𝜋𝜋 ∫ 𝐼𝐼4𝜋𝜋
0 �𝑟𝑟, 𝑠𝑠 ′�Φ�𝑠𝑠, 𝑠𝑠′�𝑑𝑑𝛺𝛺′    (9) 

 

𝑒𝑒𝑛𝑛 = 𝑣𝑣2,𝑛𝑛
𝑣𝑣1,𝑛𝑛

            (10) 

 

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑀𝑀𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 105
1×22.4+3.25(1+3.76)×22.4

× 103   ≈ 285 g/m3    (12) 

 

𝑐𝑐𝑣𝑣𝑣𝑣𝑣𝑣,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑉𝑉𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 1
1+3.25(1+3.76)   ≈ 6.07 vol/%      (13) 

� (6)

(5) Standard k-ε model [20]:
The turbulence kinetic energy (k) and its rate of dissipation (ε) are given by:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 − 𝑌𝑌𝑀𝑀     (7) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐶𝐶1𝜀𝜀

𝜀𝜀
𝑘𝑘

(𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜀𝜀𝐺𝐺𝑏𝑏)− 𝐶𝐶2𝜀𝜀𝜌𝜌
𝜀𝜀2

𝑘𝑘
   (8) 

 

∇ ∙ [𝐼𝐼(𝑟𝑟, 𝑠𝑠)𝑠𝑠] + (𝑎𝑎 + 𝜎𝜎𝑠𝑠)𝐼𝐼(𝑟𝑟, 𝑠𝑠) = 𝑎𝑎𝑛𝑛2 𝜎𝜎𝑇𝑇
4

𝜋𝜋
+ 𝜎𝜎𝑠𝑠

4𝜋𝜋 ∫ 𝐼𝐼4𝜋𝜋
0 �𝑟𝑟, 𝑠𝑠 ′�Φ�𝑠𝑠, 𝑠𝑠′�𝑑𝑑𝛺𝛺′    (9) 

 

𝑒𝑒𝑛𝑛 = 𝑣𝑣2,𝑛𝑛
𝑣𝑣1,𝑛𝑛

            (10) 

 

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑀𝑀𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 105
1×22.4+3.25(1+3.76)×22.4

× 103   ≈ 285 g/m3    (12) 

 

𝑐𝑐𝑣𝑣𝑣𝑣𝑣𝑣,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑉𝑉𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 1
1+3.25(1+3.76)   ≈ 6.07 vol/%      (13) 

� (7)

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 − 𝑌𝑌𝑀𝑀     (7) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

��𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜀𝜀
� 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝐶𝐶1𝜀𝜀

𝜀𝜀
𝑘𝑘

(𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜀𝜀𝐺𝐺𝑏𝑏)− 𝐶𝐶2𝜀𝜀𝜌𝜌
𝜀𝜀2

𝑘𝑘
   (8) 

 

∇ ∙ [𝐼𝐼(𝑟𝑟, 𝑠𝑠)𝑠𝑠] + (𝑎𝑎 + 𝜎𝜎𝑠𝑠)𝐼𝐼(𝑟𝑟, 𝑠𝑠) = 𝑎𝑎𝑛𝑛2 𝜎𝜎𝑇𝑇
4

𝜋𝜋
+ 𝜎𝜎𝑠𝑠

4𝜋𝜋 ∫ 𝐼𝐼4𝜋𝜋
0 �𝑟𝑟, 𝑠𝑠 ′�Φ�𝑠𝑠, 𝑠𝑠′�𝑑𝑑𝛺𝛺′    (9) 

 

𝑒𝑒𝑛𝑛 = 𝑣𝑣2,𝑛𝑛
𝑣𝑣1,𝑛𝑛

            (10) 

 

𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑀𝑀𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 105
1×22.4+3.25(1+3.76)×22.4

× 103   ≈ 285 g/m3    (12) 

 

𝑐𝑐𝑣𝑣𝑣𝑣𝑣𝑣,𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑉𝑉𝐼𝐼𝐼𝐼𝐼𝐼
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

= 1
1+3.25(1+3.76)   ≈ 6.07 vol/%      (13) 

� (8)

The model constants had the following values: C1ε = 1.44, C2ε  =  1.92, 
σk = 1.0, and σε = 1.3.

(6) The DO radiation model [21]:
The DO radiation model can solve the radiative transfer equation for heat 

transfer and reflection on the wall. The equation is written as:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 𝜌𝜌𝑣𝑣𝑟𝑟
𝑟𝑟

= 𝑆𝑆𝑚𝑚        (1) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑥𝑥) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� + 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
�� + 𝐹𝐹𝑥𝑥     (2) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑥𝑥𝑣𝑣𝑟𝑟) + 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑟𝑟𝑟𝑟𝑣𝑣𝑟𝑟𝑣𝑣𝑟𝑟) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝜕𝜕
��  

+ 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝑟𝑟 �2 𝜕𝜕𝑣𝑣𝑟𝑟

𝜕𝜕𝜕𝜕
− 2

3
(∇ ∙ 𝑣⃗𝑣)�� − 2𝜇𝜇 𝑣𝑣𝑟𝑟

𝑟𝑟2
+ 2

3
𝜇𝜇
𝑟𝑟

(∇ ∙ 𝑣⃗𝑣) + 𝜌𝜌 𝑣𝑣𝑧𝑧2

𝑟𝑟
+ 𝐹𝐹𝑟𝑟     (3) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + ∇ ∙ �𝑣⃗𝑣(𝜌𝜌𝜌𝜌 + 𝑝𝑝)� = ∇ ∙ �𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒∇𝑇𝑇 − ∑ ℎ𝑗𝑗𝐽𝐽𝚥𝚥��⃗𝑗𝑗 + (𝜏̿𝜏 ∙ 𝑣⃗𝑣)�+ 𝑆𝑆ℎ    (4) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝑌𝑌𝑖𝑖) + ∇ ∙ (𝜌𝜌𝑣⃗𝑣𝑌𝑌𝑖𝑖) = −∇ ∙ 𝐽𝐽𝚤𝚤��⃗ + 𝑅𝑅𝑖𝑖 + 𝑆𝑆𝑖𝑖       (5) 

 

𝑅𝑅𝑖𝑖 = 𝑀𝑀𝑤𝑤,𝑖𝑖 ∑ 𝑅𝑅�𝑖𝑖,𝑟𝑟
𝑁𝑁𝑅𝑅
𝑟𝑟=1            (6) 

 

𝜕𝜕
𝜕𝜕𝜕𝜕

(𝜌𝜌𝜌𝜌) + 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) = 𝜕𝜕
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If  is the amount of radiative energy incident on  the  opaque  wall, 
then the following general quantities may be computed for opaque walls:

–	 Emission from the wall surface = n2εwσTw
4

–	 Diffusely reflected energy = fd(1 – εw)qin

–	 Specularly reflected energy = (1 – fd)(1 – εw)qin

–	 Absorption at the wall surface = εwqin
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(7) Boundary condition [22]:
The boundary condition solves the momentum loss and reflection on the wall.
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� (10)

(8) Chemical reaction:
It was assumed that the air in the detonation tube is composed of 21% oxygen 

and 79% nitrogen by volume. In the oxygen-rich state, the combustion of IPN 
can be simplified as an overall one step reaction [23]. The chemical reaction 
of a gaseous IPN/air mixture with a stoichiometric volume fraction is as follows:

C3H7NO3 + 3.25(O2 + 3.76N2) → 3.5H2O + 3CO2 + 12.72N2� (11)

The fuel mass concentration and volume fraction of IPN under the conditions 
of chemical equivalence Ф = 1 are shown as follows:
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For IPN in an oxygen-rich reaction, the specific parameters are listed in Table 1.

Table 1.	 Simulation parameters of IPN in an oxygen-rich reaction
Parameter Units Value

Molecular weight [kg/kmol] 105
Activation energy [24] [J/kmol] 1.24 · 108

Pre-exponential factor [25] [kmol/(m3·s)] 5 · 1010

Standard state enthalpy [26] [J/kmol] –1.8408 · 108

Standard state entropy [27] [J/kmol·K] 3.74 · 105

Specific heat ratio [28] – piecewise linear of temperature

However, for high concentrations of IPN, the oxygen in the combustion 
reaction is  insufficient. Beeley  et  al.  [29]  studied the  IPN reaction under 
oxygen-poor  conditions. They  detected the  intermediates and  found that 
under any  experimental conditions, cleavage  of  the  (CH3)2CHO–NO2 
bonds was  the  only way to  react in  the  first  step. Zeng  et  al.  [30]  showed 
that the  cleavage of  (CH3)2CHO–NO2 bonds is  the  main reaction of  IPN 
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thermal  decomposition. The  isopropoxy group is  then split to  form CH3 
and  CH3CHO. Therefore,  the  decomposition of  IPN produces a  large 
number of gaseous intermediates, which has a large impact on the detonation 
characteristics. The  following intermediate reaction processes also need 
to be considered in the numerical calculations: 

(CH3)2CHONO2 → (CH3)2CHO + NO2� (14)

(CH3)2CHO → CH3 + CH3CHO� (15)

For IPN in an oxygen-poor reaction, the specific parameters are listed in Table 2.

Table 2.	 Simulation parameters of IPN in an oxygen-poor reaction
Parameter Units Value

Activation energy [31] [J/kmol] 1.77 · 108

Heat of formation [32] [J/kmol] –1.91 · 106

Decomposition rates [33] [kmol/(m3·s)] 2.309 · 109

Specific heat ratio [34, 35] – piecewise linear of temperature

3	 Model

It was assumed that gaseous IPN is uniformly mixed with the tube air 
before  ignition. The  diameter and  length of the detonation tube were  0.06 
and  1.00  m, respectively. The  tube was  closed at  both  ends. According 
to  the  axisymmetric property of  the model, half  of  the flow field was  taken 
as  the  computing domain. The  simplified two-dimensional axisymmetric 
model and nine monitoring points are shown in Figure 1. The ignition region 
is a semicircle with a radius of 1.5 cm at the left end of the tube, with an ignition 
pressure 10 MPa and an  ignition temperature 3000 K. The remaining region 
was at standard atmospheric pressure and temperature. A boundary of a rigid 
and adiabatic wall was adopted.

Figure 1.	 Computational model of the detonation tube
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In this study, the detonation characteristics of IPN were calculated 
for a range of concentrations, from 300 to 4000 g/m3. To facilitate comparison 
of  the  numerical results, Table  3  lists the  mass concentrations and  fractions 
of the fuel/air mixtures at different equivalence ratios.

Table 3.	 Mass concentrations and mass fractions of the IPN/air mixtures
Mass 

concentration
[g/m3]

Mass fraction 
[%]

Volume fraction 
[%]

Equivalence 
ratio Φ

Oxygen ratio 
[%]

300 20.00 6.43 1.08 26.84
600 33.33 12.06 2.15 31.17
1000 45.45 18.61 3.59 32.52
2000 62.50 31.40 7.18 36.19
4000 76.92 47.79 14.35 39.47

3.1	Verification of grid independence
In order to determine the required resolution for simulations of IPN/air mixtures, 
three different numerical grid sizes were adopted to test the grid independence. 
The grid sizes were 0.1, 0.05, and 0.01 mm, respectively. In this verification, 
the IPN concentration in the tube was 300 g/m3. Monitoring points were set at 0.3, 
0.6 and 0.9 m from the left end, respectively. Figure 2 plots the overpressure 
time-history curves for the three grids.

Figure 2. 	 Overpressure time-history curves for the three grids
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The simulated overpressures for the three grid sizes tend essentially 
to  a  constant value of  the  CJ  pressure and  the  experimental results of  IPN 
detonation [9]. Table 4 lists the comparison of the peak overpressures. The results 
show that when the grid size is reduced to 0.05 mm, the peak overpressure tends 
to be stable. To balance calculation accuracy and efficiency, the 0.05 mm grid, 
consisting of 12,000,000 quadrilateral cells, was used in the calculations.

Table 4.	 Comparison of peak overpressures for the three grids
Grid size 

[mm] Grid quantity Peak overpressure 
[MPa]

Discrepancy from 
the 0.01 mm grid [%]

0.1 3,000,000 2.336 0.89
0.05 12,000,000 2.351 0.25
0.01 300,000,000 2.357 –

3.2	Verification of the numerical method
For verification of the numerical method, the IPN/air mixture previously 
studied by Liu et al. [9] was simulated under the same experimental conditions. 
The experimental tube was 199 mm in diameter and 28 m long. The specific 
experimental parameter settings are listed in Table 5.

Table 5.	 Experimental parameters [9]
Parameter Unit Value

Ignition energy [J] 40
Ignition radius [mm] 1.5
Initial temperature [K] 294
Initial pressure [MPa] 0.14
IPN concentration [g/m3] 400/473/590

The detonation process of IPN/air mixtures at three different concentrations 
was  simulated. Figure  3  shows the  detonation pressure curves obtained 
by experiment and simulation. The peak overpressures obtained by simulation 
were 2.31 MPa (400 g/m3), 4.45 MPa (473 g/m3) and 4.01 MPa (590 g/m3). 
The experimental data were slightly lower. The peak overpressures were 2.10, 
4.30 and 3.90 MPa, respectively.
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Figure 3.	 Comparison of simulated overpressure with experimental data

The maximum errors of the simulated overpressure curves were 9.1% (400 g/m3), 
3.4% (473 g/m3) and 2.7% (590 g/m3) compared with the experimental data. 
The curvilinear trend matched well. In the experiment, IPN fuel was not as evenly 
distributed in  the container as  in  the simulated case, and  there was a certain 
fuel loss. Therefore, it is reasonable that the peak values of the curves obtained 
by  simulation were  slightly higher than the  experimental  data. The  errors 
are within the acceptable range, so the numerical model and solution method 
can be considered to be accurate.

4	 Results and Discussion

4.1	 Detonation pressure
Figure 4 shows the overpressure propagation process of  the  IPN/air mixture 
at a concentration of 300 g/m3 exploding along the tube axis. The dark coloured 
area on the right of the wave front represents the unburned zone, and the light 
coloured area on the left represents the reaction product zone. After ignition, 
the  explosion overpressure propagates stably until it  reaches the  right  end. 
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A  high pressure region behind the  wave exists for  a  short  time. The  red 
coloured area represents the high pressure  region, and  its  peak overpressure 
is within 2.4 MPa. There is a certain loss of energy on the wall. The detonation 
overpressure attenuates along the  r-axis. The surface of  the detonation wave 
is  curved. The  detonation velocity is  highest on  the  central  axis. As  time 
increases, this  phenomenon becomes more  obvious. Other  concentrations 
of  the  mixture exhibited similar propagation  processes. As  a  strong ignition 
source ignites the premixed gases, leading shock waves are generated in the early 
stage of  detonation, which  will  eventually develop into a  stable  detonation. 
The phenomenon is quite consistent with the earlier literature [36].

Figure 4.	 Overpressure propagation process of the IPN/air mixture (300 g/m3)

Figure 5 shows the detonation pressure of mixtures with  different 
concentrations of IPN/air. The maximum peak overpressure reached 2.81 MPa 
at  a  concentration of  600  g/m3. The  peak overpressure obtained 
at 1000 g/m3 was slightly lower, at 2.47 MPa. The peak overpressures obtained 
at 300 and 1000 g/m3 were very close. The peak overpressure of 4000 g/m3 
was  the  lowest, only 1.72 MPa. It can be found that when the concentration 
is increased from 600 to 4000 g/m3, the concentration is increased by 567%, 
while the pressure is decreased by 1.09 MPa, about 39%. Moreover, the peak arrival 
time of the 4000 g/m3 mixture was the latest, followed by the 2000 g/m3 mixture. 
The peak arrival times of the other concentrations were close.
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Figure 5.	
D

etonation pressures of IPN
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Figure 6.	 Detonation pressure from experiments and simulation

Figure 6 shows the detonation peak overpressures at different concentrations. 
The results show that the maximum detonation overpressure of IPN in the tube 
does not occur at the stoichiometric concentration (285 g/m3), but at a higher 
concentration (600 g/m3, equivalence ratio Φ = 2.15). When the concentration 
is between 300 and 600 g/m3, the increase in fuel density provides a large amount 
of reactant for the thermal decomposition reaction. A large amount of IPN produces 
high-temperature and  high-pressure gas  (mainly  CH3CHO). The  detonation 
overpressure continues to rise with concentration. When the concentration is higher 
than 600 g/m3, the  fuel-rich state dominates and  the detonation overpressure 
begins to drop. The reaction of IPN is inhibited at very high concentrations.

The results can be compared with the experimental detonation pressure [9, 37] 
and the CJ detonation pressure. The simulated pressures are about 0.2 MPa higher 
than the experimental pressures reported by Liu et al. [9]. This is because the fuel 
and oxygen in the simulation are evenly mixed in the tube. The chemical reactions 
in the simulation are more complete than those in the experiment, and the pressures 
obtained are higher. It is worth noting that both the simulated and experimental 
pressure peaks occur around Φ = 2. Compared with the CJ detonation pressure, 
these trends in the pressure peaks are consistent. At the same time, the simulated 
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pressure is more than twice the combustion pressure, which proves the strength 
and  reliability of  the  simulated detonation  process. The  simulated pressures 
are in good agreement with the experimental pressures.

Figure 7.	 Detonation pressure at different radius distance

Figure 7 shows the detonation pressure at different radius distances along 
the tube. Due to the influence of the wall, the detonation pressure near the wall 
is slightly lower than the pressure in the center of the tube. This phenomenon 
is  more obvious at  the  beginning of  detonation. At  0.1  m x-axis distance, 
the maximum pressure difference reaches 0.16 MPa. Furthermore, the pressure 
at r = 0.01 m is more stable.
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Figure 8.	 Relationship between oxygen ratio and peak overpressure

IPN contains oxygen in its molecular structure. The oxygen ratio 
from Table  3 can  be  used to  analyze the  change in  peak overpressure  [38]. 
Figure  8  shows the  relationship between the  oxygen ratio and  the  peak 
overpressure. When the IPN concentration is  less than 600 g/m3, the oxygen 
ratio curve rises  rapidly, and  the  peak overpressure increases  accordingly. 
When the IPN concentration is higher than 600 g/m3, the slope of the oxygen ratio 
curve decreases, the oxygen ratio increases more slowly at a relatively steady rate, 
and the peak overpressure begins to decline. It can be predicted that as the IPN 
concentration continues to  increase, the  oxygen ratio will  begin to  decrease 
and  eventually stabilize at  23-24%. This  is  because when the  concentration 
is too high, the amount of oxygen in the air is negligible, and the oxygen ratio 
will only represent the amount of oxygen in the molecular structure of the IPN. 
The lack of oxygen directly inhibits the reaction. The results show that when 
the  oxygen ratio rises rapidly from  23% to  30%, IPN  can  maintain a  high 
intensity detonation.
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4.2	 Detonation temperature
Figure 9 shows the detonation temperature of different concentrations 
of IPN/air mixtures. For an oxygen-poor IPN/air mixture, the detonation peak 
temperature of the 300 g/m3 mixture is the highest, reaching 3440 K. The detonation 
peak temperature of  the  4000  g/m3 mixture is  the  lowest, at  only  2580  K. 
During this interval, the concentration has increased by 567% and the temperature 
has decreased by 25%. The peak temperature of the 600 g/m3 mixture is also high, 
reaching 3370 K. The peak temperature of the 1000 and 2000 g/m3 mixtures 
decreases successively, the values being 2980 and 2650 K, respectively. The time 
when the maximum detonation temperature for  the 300 g/m3 mixture passes 
the 0.5 m point is only later than for  the 600 g/m3 mixture, and earlier than 
for any other concentration.

Figure 10 shows a comparison of the detonation peak temperatures 
at different concentrations. When Φ = 1-3, the simulated temperature exhibits 
the same decreasing trend as the experimental temperature [39]. When the fuel 
concentration is  higher than its  stoichiometric concentration, the  detonation 
temperature of the IPN/air mixture begins to decrease. The detonation temperature 
drops rapidly in  the  range of  600-2000  g/m3. From  the  perspective of  heat 
release by  combustion, the  energy released by  IPN’s complete combustion 
is  154.81  kJ/mol, and  the  energy released by  IPN’s thermal decomposition 
is  175  kJ/mol  [40,  41]. For  high concentrations of  IPN, the  lack of oxygen 
has  a  strong inhibiting effect on  IPN  combustion. The  heat released caused 
by  decomposition of  the  rich fuel is  not  enough to  compensate for  the  loss 
of  combustion heat caused by  the deterioration in  the matching relationship 
between combustible elements and oxygen elements.
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Figure 10.	 Comparison of detonation peak overpressure and peak temperature

4.3	 Detonation velocity
After the IPN/air premixed gas is ignited at  the  leftmost  end, it  gradually 
develops into a stable detonation in the tube and propagates at a constant speed. 
The detonation velocity can be calculated according to the time the detonation 
wave arrives at each monitoring point. Figure 11 shows the detonation velocity 
of mixtures with different concentrations of the IPN/air mixtures. The detonation 
velocity here is the average velocity of the nine monitoring points. 

The results show that the detonation velocity of the 600 g/m3 IPN mixture 
is the highest, reaching 1890 m/s. The detonation velocity of the 300 g/m3 mixture 
is only lower than the 600 g/m3mixture, and higher than any other concentration. 
The detonation velocity decreases rapidly in  the concentration range of 600-
4000  g/m3. The  detonation velocity of  the  4000  g/m3 mixture is  the  lowest, 
only 1525 m/s. This trend is consistent with the changes in detonation overpressure. 
In the concentration range of 300-600 g/m3, fuel density plays a dominant role. 
The increased concentration means more fuel to react, releasing more energy 
to support the detonation wave. When the concentration is higher than 600 g/m3, 
the equivalence ratio is extremely  large. The energy provided for detonation 
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wave propagation is reduced, and the detonation velocity drops. 
The results can also be compared with the experimental detonation velocity. 

It  can  be  found that the  simulated velocities are  in  good agreement 
with the experimental velocities. Both the simulated and experimental velocity [42] 
reaches the  maximum detonation velocity at  almost the  same concentration 
of 600 g/m3. Other reported experimental velocities [9, 37] are slightly lower 
than the simulated velocities. The maximum experimental velocity (1810 m/s) 
has  a 4.42% difference with  the  simulation  results. The  simulated velocities 
also exhibit the same trend as the CJ detonation velocities when Φ = 0.5-2.5. 
In the numerical simulations, fuel loss can be ignored [43]. At the same time, 
the  detonation velocity at  the  center of  the  tube is  slightly higher than that 
at the edge. Therefore, the simulated detonation velocity is slightly higher than 
the experimental data.

Figure 11.	 Comparison of simulated and experimental detonation velocity
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4.4	 Detonation products
When the detonation wave arrives, the mass fraction of  IPN and  oxygen 
will  decrease  rapidly. With  the  progress of  the  chemical reaction, the  mass 
fraction of  each reaction product will  increase. When  oxygen is  sufficient, 
IPN will be fully burned to produce CO2 and H2O. At this time, most of the energy 
released by IPN combustion is used to support the detonation wave propagation. 
When  oxygen is  insufficient, IPN  cannot  be  fully burned, and  its main 
product is  CH3CHO. Figure  12  shows the  species mass fractions before 
and  after the  chemical reaction at  the  0.5  m monitoring  point. As  shown 
in Figure 12(a), when the IPN concentration is 300 g/m3 (Φ = 1.08), combustion 
is  relatively  efficient, and  a  large amount of CO2 and  H2O are  generated, 
while only a small amount of CH3CHO is generated. At 600 g/m3, the outputs 
of CO2, H2O and CH3CHO are very large, which indicates the formation of a large 
number of  gaseous  products. With  a  further increase in  IPN  concentration, 
the output of CH3CHO increases, but the output of CO2 and H2O starts to decrease 
significantly, and  the  IPN surplus starts to  increase. It  is worth noting that 
when the IPN concentration is below 600 g/m3, almost all of the fuel burns out. 
At the concentration of 1000 g/m3, the fuel leaves 11% unburnt. At 4000 g/m3, 
the fuel surplus reaches 32%.

(a)
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(b)

(c)
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(d)

(e)
Figure 12.	 Species mass fraction at the 0.5 m monitoring point for IPN/air at: 

(a) 300, (b) 600, (c) 1000, (d) 2000, and (e) 4000 g/m3
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By comparing the detonation products at  different IPN concentrations, 
it is obvious that the fuel density plays a dominant role when the concentration 
is 300-600 g/m3. With the increase of IPN concentration, the mass of gaseous 
products also  increases. When  the  concentration increases by  100%, 
CO2 and H2O decrease slightly, but the output of CH3CHO increases by 1400%. 
When the IPN concentration is higher than 600 g/m3, the matching relationship 
between combustible elements and  oxygen elements deteriorates  seriously, 
and the oxygen-poor state dominates. When the concentration increases from 600 
to 4000 g/m3, CH3CHO increases by less than 100%, but CO2 and H2O decrease 
by more than 200%.

5	 Conclusions

♦	 Through preliminary simulation of the highly sensitive fuel  IPN, it was 
determined that a stable detonation can be achieved in the detonation tube. 
The  detonation characteristics of  high concentrations of  gaseous IPN 
were studied by a two-dimensional numerical simulation.

♦	 The peak values of the IPN detonation characteristics do  not  occur 
at  the  stoichiometric concentration, but  at  a  higher  concentration. 
When Φ = 2.15, the maximum peak overpressure was 2.81 MPa. The peak 
overpressure of  4000  g/m3  (Φ  =  14.35) was  1.72  MPa, which  is  61% 
of the maximum. The peak overpressures of 300 and 2000 g/m3 were close, 
but these concentrations differs by 566%. Therefore, in the use of IPN fuel, 
by  making the  concentration between 300 and  600  g/m3 both excellent 
detonation properties and low economic cost can be achieved.

♦	 The detonation temperature decreased with the increase in IPN concentration. 
The  detonation temperature was  3440  K at  300  g/m3, and  was  reduced 
to 2580 K at 4000 g/m3. Detonation velocity and detonation pressure exhibit 
similar behaviour. The maximum detonation velocity 1890 m/s was achieved 
at 600 g/m3 and decreased to 1525 m/s at 4000 g/m3.

♦	 In the fuel-rich state, the incomplete reaction product of IPN is mainly CH3CHO. 
The formation of a large number of gaseous products results in a sudden 
increase in  pressure. When  the  concentration was  increased from  300 
to 600 g/m3, CO2 and H2O decreased slightly, but the output of CH3CHO 
increased by 1400%. Moreover, when  the  fuel concentration was above 
600  g/m3, more  than  11% of  fuel surplus is  produced. At  4000  g/m3, 
the  fuel surplus can  reach  32%. Therefore,  making the  concentration 
between 300 and 600 g/m3 can achieve both excellent detonation properties 
and no fuel waste.
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