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Abstract. A non-homogeneous system being the composition of burn wound and healthy
tissue is considered. The heat exchange between sub-domains and environment is described
by the system of partial differential equations (the Pennes equations) supplemented by the
assumed boundary conditions. Additional problems associated with sensitivity analysis
with respect to thermal parameters occurring in the mathematical model are formulated.
Both the basic problem and additional ones concerning the sensitivity with respect to
selected parameters are solved using the boundary element method. In the final part of
the paper the results of computations are shown.
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Introduction

In the paper the heterogeneous domain being the composition of burned and
healthy layers of skin tissue is considered. The temperature distribution in the
domains is described by the system of two Pennes equations [1-4] with the differ-
ent thermophysical parameters. In the healthy layer the metabolic and perfusion
heat sources are taken into account, while the burned layer is dead and the blood
perfusion and metabolism do not occur in this region [5]. The system of equations
is supplemented by appropriate boundary conditions.

Thermophysical parameters occurring in the presented mathematical model
differ significantly because they are an individual feature of a person. Thus, the aim
of the research presented is to estimate the temperature changes due to changes
in these parameters. So, the governing equations are differentiated with respect to
the parameters considered [6-8]. In this way, additional problems are formulated,
whose number corresponds to the number of the parameters analyzed. To solve the
basic problem and additional ones the boundary element method is used [4, 9-11].
In the final part the results of computations are shown.
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1. Governing equations

The domain of healthy tissue and burn wound, as shown in Figure 1, is consid-
ered. The steady temperature field in burned tissue is described by the Laplace
equation

xeQ: MVT(x)=0 (1)

where 4, is the thermal conductivity of burned tissue, 77(x) is the temperature and
x = {x1, x,} are the spatial coordinates.

The temperature field in healthy tissue is described by the Pennes equation [1-3]
xeQy: MV (0)+Gyey [T, - TL,(0)]+0,, =0 )

where T»(x) is the tissue temperature, A, is the tissue thermal conductivity, Gy is
the blood perfusion rate, cp is the specific heat of blood, T} is the arterial blood
temperature, O, is the metabolic heat source.
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Fig. 1. Domain considered

On the surface between sub-domains the continuity of heat flux and temperature
field is assumed

L 25, 9L
xel'.: on on 3)
Ti(x)=T,(x)

where 0T, /0n, e = 1, 2 denotes the normal derivative and n = [cosa,, cOsa,].

On the internal surface I';, (cf. Fig. 1) the Dirichlet condition is taken into account

xel',,: L(x)=1I, 4

mn
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Heat exchange between the domain considered and the environment is determined
by the well-known Robin condition

xel, xag(x) a[T;(x)-T,] (5)

where o is the heat transfer coefficient, 7}, is the ambient temperature.

For the other boundaries the no-flux conditions are assumed

OT, (x)

xellulLbul;ul',: =4,
) on

=0 (6)

2. Sensitivity analysis

In this chapter the sensitivity analysis of the process discussed with respect to
the thermophysical parameters appearing in mathematical model (1)-(6) is presented.
Let p1=A pp =Xk, p3=Gp and py= Oy Equations (1), (2) are differentiated
with respect to the parameter p,, s =1, 2, 3, 4. So

5 op,
and
Oy 2| 0Ty(x) | 95 Oh(x) 90,
—2V’T,(x)+ 1,V + ey [Ty —L(x)]-Gyey +—=" =0 (8)
op, op, . oD,
Information resulting from equations (1), (2) is of the form
VAT (x)=0 ©)
and
1
VT (0 ==~ Gyey [Ty ~ 0]+ Oy | (10)
2
Introducing (9) into equation (7) and (10) into equation (8), one has
MV2U,(x)=0 (11)

and

VU, (%)~ GyeyUs, () + Ry, =0 (12)
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where
0.0 ="29 g, (- T2 (13)
are the sensitivity functions, and
o, 1 G Ope
R, = _6_1223,7»_2[(;3 Cp [TB - Tz(x)] + Ot ] +6_p[jc3 [TB - Tz(x)] +% (14)

Next, the boundary condition (3) is differentiated with respect to p;

9 0T, @ {87}()6)}_87»2 L), @ {8T2(x)}
(15)

op, On "on o p, _8p3, on *on 0 p,
xel,: : : :
0T(x) 0T,(x)
apS apV
or
oA, 0T (x) oU,(x) 0O\, 0T,(x) oU,,(x)
_ - - A

xel,: op, On on op, On > on (16)
Uy, (x) = Uy, (x)

Boundary conditions (4), (5) and (6) are also differentiated, namely

xel',,: U, (x)=0T,/0p, =0 17
ver, . -9M L™, 00K _opy (s (18)
op, On ‘

ok, 0T, (x) xaUes(x)_
op, On  on

xel,ul,ul,uT,: - 0 (19)

Equations (16), (18), (19) can be written in the form

1/ 2y Ok 10 pygy (x) + W (x) = =17k Oy / O pyg, (x) =W, (x)
xel',: ' : ' (20)
Uls(x):UZS(x)
el M=ol -2 () @)
’ }\‘l ap;
1 O\,
xel, UT, UT, UT, : W, (x)= ———< g (x)=0 (22)

A, O

e s
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In this way, the equations (11), (12) supplemented by boundary conditions (17),
(20)-(22) create additional problems associated with sensitivity analysis with
respect to the successive parameters p;.

3. Boundary element method

The basic problem and additional ones connected with the sensitivity analysis
have been solved using the boundary element method [9-11]. The boundary inte-
gral equation corresponding to the equation (1) is the following:

BEE) = [ (0T (€ x)dT + [ T (x)g; (& x)dT (23)
T I

where & is the observation point, the coefficient B(&) is dependent on the location
of source point & 7' (&, x) is the fundamental solution, ¢," (& x)=-1,07; (&, x)/ on
is the heat flux resulting from fundamental solution, g, (x)=-4,07, (x) / On is the
heat flux. The fundamental solution of the problem discussed is of the form

1

T (&x) = 5 Lol (24)

A, F

where r is the distance between the points & and x.

For healthy tissue (equation (2)) the boundary integral equation is as follows:

B(&)T, (& J’ a0 (x x)dl' = J’ 7(x)g (& x dr+QjT x)dQ (25)

I'n I'n

where Q= Ggcp Ty + Opers qz* (&, x) =-\, aTz* (&, x) /on» 4, (X) =-), 07T, (x) /on.

The fundamental solution in the case discussed has a form
. 1 Gyep
T, (&, x)= K r 26
> (6) 27, 0( A J (26)

where K (*) is the modified Bessel function of second kind and zero order [9, 10].

To solve the equations (23) and (25) the boundary I' is divided into NV elements
I';=1,2,...,N and the interior €, is divided into L internal cells, as shown in Figure 2.
Next, the integrals in the equations (23), (25) can be replaced by the sums of inte-
grals over these elements. So

Ny Ny
BEOTE =Y. [ a5 (A, + 3 [ T,(x)q (x0T, @7)

J=1 r; Jj=1 r;
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and

BOLE)+ Y [ (6 x)dr, -

J=Ni+1T

> [ 1(3)a) (5 x)dr, + 0 [ T (6 x)dey

J=Ni+lr; =1 ¢,

(28)

where N, is the number of elements on the boundary limiting domain €2;.

After the mathematical manipulations one obtains the following systems of
algebraic equations corresponding to the burned tissue

Gq,=HT (29)
and healthy sub-domain
G,q, =H,T, +P (30)

The way of calculation of matrix G, H;, G,, H,, P elements is described in
detail in [10].

24 23 22 21 20 1918 1716 15 14 13 12 11 10 9 8 7 6 5 4
25

26

e e s B |
[ N - |

e VA »
T3 80 81 82 83 B4 B85 86 87 88 89 90 91 92 93 94 95 96 97 98 99

Fig. 2. Discretization of boundaries and interior €2,

For the needs of further considerations concerning the temperature field computa-

tions the following denotations are introduced (cf. Figs. 1 and 2)

- T, T, T q, q;, q are the vectors of functions 7 and ¢ at the
boundary I'yUI',UT',, of domain Q,

- T,, T,, q,, q, are the vectors of functions 7 and g on the contact
surface I, between sub-domains ; and Q,,

- T, T, T. qi, q;. q. are the vectors of functions 7 and ¢ at the

boundary I';UIl’y LT, of domain €.

The condition (3) can be written in the form

qdq =42 =95 Tcl = TCZ =T (3 1)
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Using the above symbols, one obtains the following system of equations [11]

-H; oG{"-H" -H} -H, G, 0 0 0 | T /| | oG,
0 0 0 -H, -G, -H Gy -Hi| ¢ GIT, +P
T,
q;
T, |

(32)

The system of equations (32) allows one to find the “missing” boundary values.
In the case of an additional problems solution (associated with the sensitivity anal-
ysis) the procedure is similar. The systems of equations corresponding to equations
(11), (12) and resulting from the boundary element method application have the
following form for the burned tissue

GW, =HU,; (33)
and healthy sub-domain
G,W, =H,U, +R,, 34
or
Wi, U,
ex Wi ex Uy
(Gl G G G, |=[w B oW oW, ! (35)
“]ls Uls
Wcls Uclx
and
Wc2s Uch
3 U3,
(G, G G Gi]| ™ |=[H, W Hy Hi] ' |+R, (36)
WZs U2s
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Taking into account the dependence (31) the boundary condition (20) can be
written as

WC2S = _Wcl.v - (1_ akl + L%jq

xel,: M Op, A\, Op, 37
Ucls = Uc2s = Ux
Introducing (21), (37) into (35), (36) one obtains
WIIS UL
bt P g o
(Gl 67 G} G,| " wmop ' |=[H B H H,| "|G8)
les IIJJIS
L Wcls | )
and
W, - 1 Ok, +1_8X2 q
' M Opy, 'k, Op;
6. 6 6 Gi] W, -
W
i W), | (39)
U,
U
H, H H’ H!| *|+R
[ 2 2 2 2} ur 2
U,

After the introduction of remaining boundary conditions (17), (22) the systems
of equations (38) and (39) take a form

LU
Ui 1 O\
[Hl oGP -H -H] H, G |=- 5, Gra @0
1 s
US
_Wcls
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and
_ v, _
Wcls
I:_HCZ _G(;Z _Hg G]2n _H§:| Ugs [1 89\‘ +1_%]Gc2 +R (41)
" M Op, A, Op,
W2s
LW, |
Equations (40), (41) coupling gives
_ U}S _
Uy
U,
-H; oG-H{ -H} -H, G, 0 0 0 |U [
0 0 0 -H, -G, -H GY -H;| W
U3,
' (42)
W
U5,
1 87\’1 GL)C L)C
k op,
1_%4_1_% G62q+R23
)\’l aps }\’2 aps

It should be pointed out that the main matrix of the system of equations (42) asso-
ciated with the sensitivity functions is the same as in the case of the basic problem
solution (cf. equation (32)).

4. Results of computations

The domain of dimensions 0.04 m x 0.02 m has been considered. The following
input data have been assumed: thermal conductivity of burned tissue A, = 0.1 W/(mK),
thermal conductivity of healthy tissue A, = 0.2 W/(mK) [5], blood perfusion rate
Wy = 0.5 kg/(m’s), specific heat of blood ¢ = 4200 J/(kgK) arterial blood tempera-
ture 73 =37°C, metabolic heat source O, =200 W/m®, heat transfer coefficient

=10 W/(m’K), ambient temperature 7, = 20°C.

Figure 3 illustrates the temperature distribution in the domain considered, while
Figures 4-7 show the distributions of sensitivity functions with respect to the suc-
cessive parameters.
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Fig. 4. Distribution of sensitivity function with respect to the parameter p; = A,
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Fig. 5. Distribution of sensitivity function with respect to the parameter p, = A,
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Fig. 6. Distribution of sensitivity function with respect to the parameter p; = Gy



Temperature field in burned and healthy tissue - sensitivity analysis with respect to the thermal parameters 57

002 .

T T T [l T
— T 0otz — ooz — 0007 —
A5
0.018f 00my, % — s R
0.0y Qoud
0.016F T ¢ P15 — 0ogpis — 0000 Qoo T
000 o~ O
0014 | 0.09, @ 4
7,
& ™~ 00pgqg — oo0M®
.02 4
001} 4
0.008 - 000Ms — 00008 000018 — 000018 —— 0.0001g 4
0.006 |- _ 4
f—— 0.00p15 — 000016 — 0.00015 0.00012 — 000015

0.004 & 0.00012 — 000012 — 0.00012 — 000012 — (Q0pQ12 — =
—— 000009 — 000009 — 000009 — 0QOCDS — 000008 —
0002 pooops — 0000DE — 0.000068 — 0QO00ODE — 000DDE ——
0— UI.UUUU3 _ 0.00003 I_ D.DDDD:% - D.DQDDS - Q.DDDDS ]

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

Fig. 7. Distribution of sensitivity function with respect to the parameter py = O,/

Conclusions

The application of sensitivity analysis methods gives essential information con-
cerning the influence of thermophysical parameters perturbations on the changes of
temperature field on the homogeneous or heterogeneous tissue domain. In this way
one can estimate which parameter significantly affects the final result and is insig-
nificant in regards to which one. For example, the results presented above show the
visible influence of thermal conductivity of burned tissue, while on the other hand
the value of metabolic heat source capacity has a little importance for the tempera-
ture distribution. Such knowledge can be useful at the stage of bioheat problems
modeling.
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