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Heat transfer in compact cross-fl ow mini heat exchanger

Mateusz Prończuk*, Aleksander Pabiś

Department of Chemical Engineering and Technology, Tadeusz Kościuszko Cracow University of Technology, 
ul. Warszawska 24, 31-155 Kraków, Poland
*Corresponding author: e-mail: mateusz.pronczuk@pk.edu.pl

This paper presents the results of an analysis of heat transfer in a cross-fl ow mini heat exchanger (CFMHE). The 
purpose of the paper was to analyze the results of the experimental measurements presented in the previous work 
in order to determine dimensionless correlations that allow for the calculation of heat transfer coeffi cients for 
the CFMHE. Analyzed CFMHE consisted of a brass cylindrical core, in which 2 mm circular holes were drilled. 
A method based on an optimization procedure was used to determine the correlations describing the heat trans-
fer coeffi cients, allowing the correlations to be determined without the need of measuring the mini channel wall 
temperature. Overall heat transfer coeffi cients calculated using the proposed correlations typically did not deviate 
by more than ±10% from the corresponding experimental results, which was a signifi cant improvement in the 
quality of the fi t compared to the results presented in previous work.
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INTRODUCTION

  Miniaturization of devices and, in particular, heat and 
mass exchangers and reactors became possible thanks 
to inventions in electronics such as transistors and then 
integrated circuits and microprocessors. This enabled 
thousands or even millions of electronic components to be 
packed in a miniature silicon wafer with an area smaller 
than a fi ngernail. This was made possible through the use 
of microlithography, which involves sputtering thin fi lms, 
exposing them and etching them with reactive chemicals 
to create electrical circuits on the surface of a silicon 
monocrystals. The techniques used in electronics, after 
some modifi cations, were also used in the construction 
of micro-devices and, in particular, micro-exchangers. 
The main problem to be solved was the formation of 
micro channels and the joining of very thin wafers in 
which they were made.

Currently, the most common methods used to cre-
ate micro channels and form compact structures from 
machined wafers include1: micromachining, diffusion 
welding, stereolithography, chemical etching and X-ray 
treatment (limited ability for obtaining channel widths 
and depths up to a maximum of 10 μm). There are 
many different ways to classify channels based on 
their diameter available in the literature. Mehendale 
and co-workers2 classifi ed exchangers according to the 
hydraulic diameter of their channels into: micro heat 
exchangers (Dh = 1 – 100 μm), meso heat exchangers 
(Dh = 100 – 1000 μm), compact or mini heat exchang-
ers (Dh = 1 – 6 mm) and conventional heat exchangers 
(Dh > 6 mm).

Initially, miniaturization in the construction of ex-
changers was mainly of interest to the space industry 
and the military in the United States. Later, there were 
opportunities to use miniature devices in other fi elds 
as well, due to their unquestionable advantages. These 
include: favorable ratio of heat transfer surface area to 
occupied volume; operation in most cases in the laminar 
range; very high heat transfer coeffi cients in the order 
of 10 – 35 kW/(m2K), using channels with hydraulic di-
ameters of several to several hundred micrometers and 
ability to operate at high temperatures and pressures 
(for example, miniature heat exchangers from Heatric 

Ltd3 can operate at pressures up to 650 bar and in the 
temperature range from 4 to 1137 K).

The micro heat exchanger presented in the paper by 
Kang and co-authors4 illustrates well the advantages 
mentioned above. It was made of 26 silicon wafers and 
has 1625 channels on the side for each medium, each 
channel being 40 μm wide and 200 μm deep. The total 
heat transfer area on one side is 70.2 cm2 and the ratio 
of the area to the volume in which heat transfer oc-
curs F/V = 15295 m2/m3. For the heat fl ux exchanged 
of  = 5 kW an overall heat transfer coeffi cient of 
U =24.7 kW/(m2K)was achieved.

The mini heat exchanger presented in this article ad-
mittedly does not match the performance of the micro 
heat exchanger described above due to the diameter of 
the channels De = 2 mm. The original study of heat 
transfer in the investigated cross fl ow mini heat exchanger 
was described in the previous work5. Its advantages are 
relatively low pressure loss, higher overall heat transfer 
coeffi cients compared to classic shell-and-tube heat 
exchangers, less possibility of deposition of any impuri-
ties and, if they occur, ease of mechanical cleaning. In 
addition to the basic measurements, some individual 
heat exchange tests were also carried out in the follow-
ing systems: fl ue gas – cold water, steam – water, hot 
air – cold water. They confi rmed the advantages of this 
heat exchanger.

This paper mainly focuses on the analysis of the results 
presented in an earlier paper5. That paper presented the 
results of overall heat transfer coeffi cient measurements 
for an exchanger operating in a water-water system. 
Experimental values of overall heat transfer coeffi cients 
were determined, and a simple model was proposed to 
calculate the overall heat transfer coeffi cient for the 
investigated heat exchanger as a function of fl ow rates 
and initial temperature of hot water. However, the 
proposed model has signifi cant discrepancies between 
the experimentally determined overall heat transfer 
coeffi cient and the one calculated using that model, 
reaching up to several hundred percent in some cases.

The overall heat transfer coeffi cient can be deter-
mined with much better accuracy using dimensionless 
correlations that allow the calculation of heat transfer 
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coeffi cients for both fl uids circulating in the exchang-
ers. Such correlations are conventionally determined 
based on experimental measurements, during which, in 
addition to the temperature of the fl uid fl owing in the 
channel, the temperature of the wall of the channel 
must also be measured. The temperature difference 
between the wall and the fl uid core is the driving force 
behind the convective heat transfer process, and it can 
be used (knowing the amount of exchanged heat and 
the heat transfer area) to determine the heat transfer 
coeffi cient. By conducting a series of such experiments, 
it is possible to determine dimensionless equations link-
ing the exchanger’s operating parameters, the physical 
properties of the fl uid and the heat transfer coeffi cient. 
Unfortunately, for the heat exchanger under study, such 
an approach is not feasible, because the diameter of 
the smallest temperature sensors is comparable to that 
of the diameter of the channel, so such a sensor would 
signifi cantly impede or even block the fl ow of the fl uid.

A solution to this problem can be the use of an 
optimization procedure to determine correlations that 
combine the heat transfer coeffi cient (as a function of 
the dimensionless Nusselt number) with the dimension-
less Reynolds and Prandtl numbers. Such an approach 
has been successfully applied to the determination of 
heat transfer coeffi cients in a shell and tube mini heat 
exchanger (STMHE), as described in detail in the 
previous paper by Prończuk and Krzanowska6. In this 
method, instead of determining the respective values of 
heat transfer coeffi cients, the form of the dimensionless 
correlation describing the coeffi cient is assumed, and 
then the values of the parameters of this equation are 
adjusted with optimization methods so that the overall 
heat transfer coeffi cient calculated using them deviates 
as little as possible from the value of the heat transfer 
coeffi cient determined by experiments (which can be 
performed knowing only the temperatures and fl ow rates 
of the process media). This work presents the results 
of applying the optimization method to the analysis of 
heat transfer in the aforementioned cross fl ow mini heat 
exchanger (CFMHE). 

Experimental setup
The present work covers only the analysis of experi-

mental results originally presented in a publication by 
Pabiś5, photograph of the experimental setup and the 
schematic diagram of the test section are presented in 
the Fig. 1a-b, respectively. The aforementioned paper 
presented the results of the experimental determina-
tion of overall heat transfer coeffi cients for the cross 
fl ow mini heat exchanger (CFMHE) under study. This 
paper attempts to determine heat transfer coeffi cients 
for hot and cold media. The both of which were wa-
ter. The hot water loop consisted nh = 22 of channels 
of circular cross-section drilled into the brass core of 
the heat exchanger. The channels had a diameter of 
Dh = 2 mm and a length of Lh = 30.5 mm and were 
arranged in 4 rows, parallel to the axis of the cylindrical 
core. The cold water fl ow, on the other hand, consisted 
of nc = 18 circular channels with a diameter and length 
of Dc = 2 mm and Lc = 25.5 mm, respectively, and two 
rectangular channels along the side of the cylindrical part 
with a height of Hrc = 0.8 mm, width Wrc = 25.5 mm and 

length Lrc = 28.2 mm. Drawing of the cross-section of 
the CFMHE under study is shown in Fig. 2. Hot water 
was heated using a thermostatic vessel and supplied to 
the exchanger with a fl ow rate  of 
and initial temperature in the range of Tih = 40 – 70oC. 
This resulted in the Reynolds number for the hot water 
loop in the range of Reh = 1200 – 3800. Cold water was 
supplied directly from the water supply network with an 
volumetric fl ow rate in the range of  
and the initial temperature of about Tic = 8oC. For 
the cold water loop, the Reynolds number values was 
in the range of Rec = 60 – 1440. The amount of heat 
exchanged in the analyzed CFMHE was in the range 
of Q = 110 – 1190 W. The results of 1682 experiments 
were used to analyze the experimental results.

Materials
As mentioned earlier, both as a hot and cold medium, 

tap water was used. Measurements of thermal and physi-
cochemical properties for tap water showed that they 
did not differ signifi cantly from those of pure water (the 
measured differences were within the limits of measure-
ment error). Thus, the physicochemical properties of pure 
water (density, viscosity, heat transfer coeffi cient and 
specifi c heat) taken from tables were adopted, and their 

Figure 1. a) Picture of the test section, b) Schematic drawing 
of the test section: 1 – investigated heat exchanger, 
2 – thermostatic vessel, 3 – hot water valve, 4 – hot 
water rotameter, 5 – cold water inlet, 6 – cold water 
valve, 7 – cold water rotameter, 8 – water drain
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values for particular temperatures were approximated 
using polynomials. The core of the heat exchanger was 
made of brass. A constant value of thermal conductivity 
of brass equal to kw = 110 W/(mK) was adopted for 
the calculations. The heat exchanger shell was made of 
copper, and a layer of mineral wool 20 mm thick was 
used for insulation of the heat exchanger.

Methodology
During the experiments, measurements of the initial 

and fi nal temperatures in the cold water fl ow, the initial 
and fi nal temperatures in the hot water fl ow, and the 
fl ow rates of hot water and cold water were carried out. 
The fi rst step in determining the overall heat transfer 
coeffi cient was to determine the average temperature 
in each loop. The physical properties were calculated 
for the determined average temperature of the water 
in the given loop. Using the measured temperatures, 
fl ow rates and the determined physical properties, the 
amount of heat taken away by the cold water (1), , 
and the amount of heat given off by the hot water (2),  

 were calculated:

 (1)

 (2)

Where:  – volumetric fl ow rate, m3/s; – water den-
sity, kg/m3; cp – specifi c heat, J/(kg K); Ti, Tf, – initial 
and fi nal temperature, oC; c, h – indexes referring to 
cold or hot water.

The amount of heat transferred in the heat exchanger, 
, was determined as the average of the amount of heat 

transferred by the hot water and received by the cold 
water (3):

 (3)

The heat transfer surface area for the hot water loop, 
Ah, was determined based on the number of channels, 
their diameter and length (4). For the cold water circuit, 
the heat transfer surface area, Ac, was determined from 
the number of channels, their diameter and length, and 
from as well as the length and width of the two channels 
along the side of the cylindrical core (5):

 (4)
 (5)

Where: n – number of channels; D – channel diameter, 
m; L – circular channel length, m; Lr – rectangular chan-
nel length, m; Wrc – width of the rectangular channel, m.

The mean heat transfer area, A, was determined using 
the logarithmic mean (6):

 (6)

The average driving force of the heat transfer process 
was determined using average logarithmic temperature 
difference, ΔTm, as for the countercurrent fl ow (7):

 (7)

Since the media fl ow in the heat exchanger was not 
strictly countercurrent fl ow but cross-fl ow, the overall heat 
transfer coeffi cient calculation had to take into account the 
cross-fl ow correction factor, F, which was determined based 
on the temperatures of the media in the heat exchanger 
and the tabulated values of this correction provided in the 
book by Hobler7. The minimum value of this correction of 
F = 0.993 indicates that the cross-fl ow caused only a slight 
reduction in the driving force of the process. 

By knowing the heat transfer rate, , heat transfer 
surface area, A, the average driving force of the process, 
ΔTm, and the value of the correction to account for 
cross-fl ow of media, F, it was possible to determine the 
value of the overall heat transfer coeffi cient (8), Uexp:

 (8)

The experimentally determined overall heat transfer 
coeffi cients were used to determine the heat transfer 
coeffi cients for both water fl ows in the heat exchanger. 
To determine them, a method based on optimization 
was used, which was described in detail in a previous 
paper6. This method involves assuming the form of 
dimensionless equations that allow the determination 
of the values of heat transfer coeffi cients, followed by 
optimization-based adjustment of the parameter values 
for these equations. Such equations are often based on 
dimensionless Nusselt numbers, Nu, Reynolds numbers, 
Re, and Prandtl numbers, Pr. In this paper, the following 
forms of dimensionless equations were assumed for hot 
water fl ow (9) and cold water fl ow (10):

 (9)

 (10)

Figure 2. Drawings of the cross-sections of the analyzed CFM-
HE: a) perpendicular to the hot water channels, b) 
perpendicular to the cold water channels
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Where a, b, C, d are parameters of the proposed 
equations.

The forms of the equations were chosen to be similar 
to the most common forms of equations describing heat 
transfer. The Reynolds (11), Prandtl (12) and Nusselt 
(13) dimensionless numbers were defi ned as follows:

 (11)

 (12)

 (13)

Where: h – heat transfer coeffi cient, W/(m2K); De – 
equivalent diameter, m; k – heat conduction coeffi cient, 
W/(m K); u – mean fl ow velocity, m/s;  – liquid density, 
kg/m3; μ – dynamic viscosity coeffi cient, Pa s; cp – specifi c 
heat, J/(kg K).

For the hot water loop, which consisted solely of cir-
cular channels, the equivalent diameter was equal to the 
diameter of the channel (Deh = Dh = 2 mm). For the 
cold water circuit, due to the presence of rectangular 
channels along the side of the cylinder, the equivalent 
diameter, Dec, was calculated as (14):

 (14)

The calculated heat transfer coeffi cients can be used 
to calculate the overall heat transfer coeffi cient, Ucalc, 
using the equation (15):

 (15)

Where is the thickness of the wall through which heat is 
conducted. In the CFMHE studied, the distance between 
the rows of the hot and cold fl ow loops was s = 2 mm.

The aim of this study was to determine the values of 
heat transfer coeffi cients by selecting the parameters of 
equations (9) and (10) in such a way that the differences 
between the experimentally determined and calculated 
heat transfer coeffi cients are minimized, so we can defi ne 
the objective function as (16):

 (16)

Thus, we can outlie the optimization algorithm as 
follows:

1. Experimentally determine the overall heat transfer 
coeffi cients (eqs. (1)–(8)).

2. Assume the form of the equations describing heat 
transfer (eqs. (9)–(10)).

3. Randomly select of the parameters of eqs. (9)–(10) 
from the assumed variability range.

4. Determine the dimensionless Re, Pr and Nu numbers 
using eqs. (9)–(12).

5. Calculate heat transfer coeffi cients using Nu number 
defi nition (13).

6. Calculate the overall heat transfer coeffi cient using 
equation (15).

7. Determine the value of the objective function (16) 
and adjust the parameters of equations (9) and (10) 
using the optimization procedure until the minimum of 
the objective function (16) is achieved. 

Complex objective functions, especially those based on 
experimental data, may have several local minima. To 
fi nd the global minimum of the objective function, the 
optimization procedure was repeated a hundred times, 
and the set of parameters of equations (9) and (10) that 
yielded the lowest value of the objective function was 
considered as the fi nal result.

All calculations performed in this work were obtained 
using Matlab8 version 2021b. To fi nd the minimum of the 
objective function, the fmincon function was used, which 
allows for determining the minimum of the objective 
function with multiple variables and constraints of various 
types. Only the minimum and maximum bounds of the 
parameters of equations (9) and (10) were restricted 
in the optimization procedure. The optimized objective 
function had a total of up to eight variables, the values 
of which were selected by optimization. The calculations 
used default values of optimality tolerance (10–6) and step 
tolerance (10–10). Attempts were made to reduce these 
tolerances, however, they resulted in a signifi cant increase 
in computation time without a noticeable improvement 
in the accuracy of the obtained solutions.

The numerical procedure employed enabled the de-
rivation of correlations for calculating Nusselt number 
values based on Reynolds and Prandtl numbers, and 
subsequently, using the Nusselt number defi nition, heat 
transfer coeffi cients for both water fl ows. The obtained 
heat transfer coeffi cients were then compared with coeffi -
cients calculated using other correlations available in the 
literature. Thirteen correlations9–17 derived for different 
fl ow regimes and for different channel types were selec-
ted for comparison (equations (17)–(29)). Among the 
selected correlations, seven of them9–13 were developed 
for conventional channels (equations (17)–(23)), while 
the remaining six14–17 were derived specifi cally for heat 
transfer in mini and micro channels (equations (24)–(29)). 

For conventional channels, circular cross-section 
channels are the most common. However, in the case 
of heat transfer in mini and micro channels, often the 
cross-sectional shape of the channel differs from circular, 
such as rectangular or triangular. For the purpose of 
the comparison, it was decided to select the correlations 
specifi cally for circular cross-section channels. In the 
case of the hot water loop, this is fully justifi ed, since in 
this loop there were only channels with a circular cross-
-section. In the case of the cold water loop, however, 
we have both circular cross-section channels and two 
rectangular channels along the side of the cylindrical core 
of the heat exchanger. Correlations for the rectangular 
channels were omitted, though, because they required 
the width and height of the rectangular channel, so that 
the presence of parallel circular cross-section channels 
would be omitted. Instead, it was decided to consider 
all types of channels together, and their dimension was 
expressed in terms of equivalent diameter. A summary 
of all the correlations used for comparison purposes, 
along with their authors and applicability ranges, are 
summarized in Table 1.
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Uncertainty analysis
Temperature measurement was carried out using pre-

-calibrated T-type thermocouples. Analysis of the calibra-
tion curve determined the magnitude of the temperature 
measurement uncertainty equal to δT =0.19oC . Factory-
-calibrated rotameters were used to measure fl ow rates, 
for which the measurement uncertainty was defi ned by the 
manufacturer as ±5% of the measured fl ow rate value. 
When analyzing measurement uncertainties, the effect of 
temperature measurement uncertainties on the values of 
the determined physical properties was neglected, because 
with such small temperature measurement uncertainties, 
their value was at least an order of magnitude smaller 
than the other measurement uncertainties. Uncertainties 
for functions of multiple variables f(x1,x2,...,xn) were pro-
pagated to subsequent results using a function that allows 
calculation of the best approximation of uncertainty for 
independent measurements (30):

 (30)

RESULTS AND DISCUSSION

To assess the accuracy of the determined results, un-
certainties were determined for the overall heat transfer 
coeffi cients. The results are presented in Fig. 3. From 
the fi gure, it can be observed that approximately 9 out 

Table 1. Dimensionless correlations for the Nusselt number used for the comparison with the proposed dimensionless correlations

Figure 3. Histogram of the relative uncertainties of the overall 
heat transfer coeffi cient determined experimentally, 
Uexp

Table 2. Lower and upper boundary values of the equations (9) and (10) parameters

of 10 measurements carried out have a relative error 
of less than 10% (with a median 7.2%). It confi rms the 
acceptable accuracy of the obtained results. 

In order to determine the values of the parameters of 
equations (9) and (10) using optimization procedure, it 
was necessary to establish the boundary values of these 
parameters. The boundary values were selected based 
on other correlations of a similar type found in the 
literature. The boundary values of the coeffi cients are 
presented in Table 2.
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Many types of dimensionless equations for determining 
heat transfer coeffi cients are available in the literatu-
re7, 9–17. To calculate the most suitable set of parameters 
for equations (9) and (10), four series of calculations 
were performed. In some cases, the values of the selected 
parameters of equations (9)–(10) were fi xed instead of 
computed using optimization procedure. These cases 
will be designated with Roman numerals throughout the 
remainder of the article, and the assumptions for the 
calculations in each case were as follows:

Case I – all parameters of equations (9) and (10) were 
determined using the optimization procedure.

Case II – the value of the parameters bh and bc was set 
equal to 0.33, the remaining parameters were determined 
using optimization procedure.

Case III – the value of the parameters dh and dc was 
set equal to 0, the remaining parameters were determined 
using optimization procedure.

Case IV – the value of the parameters bh and bc was 
set equal to 0.33, the value of the parameters dh and 
dc was set equal to 0, the remaining parameters were 
determined using optimization procedure.

The values of the parameters bh and bc, i.e. exponents 
of the power of the Prandtl number, were set equal to 
0.33 in cases II and IV. This choice was based on the 
frequent occurrence of these exponents with this value in 
the literature9–10, 12, 14–15 (see equations (17)–(19), (21) and 
(24)–(27)), similar approach can be found in the other 
experimental studies14–15. In this study, unlike the value 
range of the Reynolds number, the Prandtl number values 
varied within a relatively narrow range (2.8–4.6 for the 
hot water and 5.6–10.6 for the cold water), so the effect 
of these parameters on the value of the heat transfer 
coeffi cient could not be suffi ciently determined using 
optimization algorithm. On the other hand, the parameters 
dh and dc are found only in a few dimensionless equations 
describing heat transfer12, 13, so omitting them from the 
calculations (setting their value equal to zero for cases 
III and IV) is justifi ed, since only a few researchers have 
found it necessary to take these parameters into account.

The results of the calculations performed for the four 
series of calculations are presented in Table 3. Addi-
tionally, the goodness of fi t between the determined 
models and the experimental results is illustrated in 
the graphs shown in Fig. 4. Along with the calculated 

Figure 4. Comparison of experimentally determined overall heat transfer coeffi cient, Uexp, versus calculated values of overall heat 
transfer coeffi cient, Ucalc, for the analyzed cases: a) I, b) II, c) III, d) IV. Solid blue line indicates Uexp = Ucalc, dashed blue 
line indicates ±10% deviation

Table 3. Calculated coeffi cients of equations (9) and (10). RMSE – Root Mean Squared Error of calculated overall heat transfer 
coeffi cient, Ucalc, compared to experimentally determined overall heat transfer coeffi cient, Uexp; * – coeffi cient was set to the 
specifi c value
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coeffi cients, the values of the root mean square error 
(RMSE) between the overall heat transfer coeffi cient 
values calculated using the optimization method and 
the overall heat transfer coeffi cient values determined 
experimentally were calculated using equation (31) and 
its values are provided in Table 3.

 (31)

When comparing cases I and II, it can be observed that 
setting the value of the exponent of the power of the 
Prandtl number to 0.33 results in a signifi cant increase 
in the RMSE (from 154.3 W/(m2K) to 167.3 W/(m2K)
for cases I and II, respectively), and thus indicating 
a deterioration in the model fi t to the experimental data. 
However, it should be noted that the value of the expo-
nent of the power of Prandtl’s number in many different 
dimensionless correlations is most often equal to 0.33 
(or 1/3). These correlations have often been derived for 
a variety of systems, by multiple different researchers, so 
this can be considered as generally accepted value. In 
the present study, only water was used as the medium, 
and the temperature range studied was relatively narrow, 
so that the value of the Prandtl number varied only 
within a narrow range. Therefore, despite the better fi t 
of the correlation to the experimental results, a more 
correct approach is probably to assume the value of the 
exponent of the Prandtl number. Similar assumptions 
were also adopted by other researchers14–15. Additional 
confi rmation of this assumption is provided by the cal-
culated value of the exponent , which is very close to 
zero, which means that the heat transfer coeffi cient for 
the hot water circuit practically does not depend on the 
value of the Prandtl number, which contradicts reports 
available in the literature.

When comparing cases I and III, it can be observed 
that the quality of the fi t, as determined by the RMSE, 
does not signifi cantly depend on whether the coeffi cients 
dh and dc are included in the optimization procedure or 
whether their values are set to zero (the RMSE changes 
from 154.3 W/(m2K) to 155.6 W/(m2K) for cases I and 
III, respectively). 

Setting the values of both the Prandtl number expo-
nents bh and bc to 0.33 and the coeffi cients dh and dc 
to 0 (case IV) does not cause a signifi cant change in 
the quality of the model fi t to the experimental results 
compared to case II, where only the values of the Prandtl 
number exponents were assumed (RMSE changes from 
167.3 W/(m2K) to 174.7 W/(m2K) for cases II and IV, 
respectively).

However, it is important to note that despite the 
deterioration of the RMSE, the qualitative fi t does not 
change signifi cantly. Analyzing Fig. 4a-d, it can be ob-
served that despite a signifi cant increase in the RMSE, 
the qualitative fi t remains relatively good, and most of 
the calculated overall heat transfer coeffi cients do not 
deviate by more than 10% from their experimentally 
determined values. 

At this point, it is also necessary to refer to previous 
results obtained by analyzing the same experimental 
data, which were presented in the previous study5. The 

aforementioned paper proposed a correlation based on 
the volumetric fl ow rates of hot water,  in dm3/h, cold 
water,  in dm3/h, and the initial temperature of hot 
water, Tih in oC (32):

 (32)

The overall heat transfer coeffi cients calculated using 
model (32) compared to the experimentally determined 
heat transfer coeffi cients are presented in Fig. 5. Upon 
analyzing the graph, signifi cant discrepancies between the 
calculated and experimentally determined heat transfer 
coeffi cients can be observed, and a signifi cant part of 
the calculated results have discrepancies much greater 
than ±10% (especially for the lower values of the heat 
transfer coeffi cient). The RMSE value for this model 
was much higher than for the models proposed in this 
paper, and was equal to 440 W/(m2K).

Figure 5. Comparison of experimentally determined overall 
heat transfer coeffi cient, Uexp, versus values of overall 
heat transfer coeffi cient calculated using correlation 
(19) from previous work5. Solid blue line indicates 
Uexp=Ucalc, dashed blue line indicates ±10% deviation

Finally, other attempts were made to analyze the 
experimental results. An investigation were conducted 
whether, when increasing the fl ow rate of the media, 
the fl ow regime changes, and thus changes the form of 
the dimensionless correlation describing heat transfer 
coeffi cients. A similar analysis was previously successfully 
carried out for a shell-and-tube mini heat exchanger6. 
For this purpose, it was assumed that for both the hot 
water loop and the cold water loop, we can distinguish 
two different correlations to be used for a different range 
of Reynolds number values. To this end, the optimiza-
tion procedure was extended to include a second set 
of dimensionless correlations of the form of equations 
(9) and (10), as well as critical values of the Reynolds 
number, representing the boundary between laminar 
and turbulent fl uid fl ow in the given loop. Unfortuna-
tely, the critical Reynolds number values determined 
through optimization procedure always fell outside the 
experimental range of Reynolds number variability for 
a given loop, so no change in the fl uid fl ow regime 
was found within the analyzed range of variability of 
heat exchanger operating parameters. Thus, the results 
obtained for the optimization procedure considering 
laminar and turbulent fl ow were then reduced to the 
results obtained for the procedure that did not consider 
the change in the fl ow regime.
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The results of comparing the heat transfer coeffi cients 
calculated using the obtained correlations and correla-
tions selected from the literature are presented in Fig. 6, 
for the hot water loop, and Fig. 7, for the cold water 
loop. The graphs illustrate the dependence of the calcu-
lated heat transfer coeffi cients as a function of Reynolds 
number. To accommodate multiple data series on a single 
graph, the results are shown for only one selected initial 
temperature of the hot water (Tih = 60oC), and for every 
tenth measurement point. In addition to the qualitative 

comparison, the RMSE between heat transfer coeffi cients 
calculated using the chosen literature correlations and 
all four analyzed cases for the entire measurement data 
set (1682 measurements). The results for the hot water 
loop and for the cold water loop are shown in Table 4.

One notable observation is that the correlations obta-
ined using the optimization procedure do not completely 
agree with each other for the different analyzed cases, 
depending on the adopted simplifi cations of the objec-
tive function being sought. These differences are not as 

Figure 6. Comparison of experimentally determined heat transfer coeffi cient for the hot water loop, h_h, and its values calculated 
using correlations from the literature (equations (17)–(29)) versus hot water Reynolds number, Reh, for the analyzed cases: 
a) I, b) II, c) III, d) IV

Table 4. Root mean squared error (RMSE) between heat transfer coeffi cients calculated using correlations from the literature (equ-
ations (17)–(29)) and correlations obtained using the optimization method (Cases I–IV). The best result for each case has 
been bolded
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pronounced for the case of the hot water loop (Fig. 6), 
but in the case of the cold water loop they become signi-
fi cant (Fig. 7). Analyzing the discrepancies between the 
functions obtained through optimization and the results 
obtained using literature correlations (expressed using 
RMSE, see Table 4.), we can conclude that the best fi t, 
depending on the case analyzed, for the hot water loop 
has correlations (17)–(20)9–11 intended for the description 
of heat transfer in conventional channels. On the other 
hand, for the cold water loop, the best fi t corresponds 
to correlation (28)16 proposed for heat transfer in mini 
channels. However, it should be noted that none of 
the mentioned correlations adequately reproduces the 
correlations obtained using the optimization method.

CONCLUSIONS

The analysis of the experimental results of heat transfer 
in the cross fl ow mini heat exchanger has led to deter-
mination of correlations that enable the calculation of 
heat transfer coeffi cients for both fl ows of the CFMHE, 
as well as the overall heat transfer coeffi cient. The 
utilization of the optimization method has signifi cantly 
enhanced the accuracy of determining the overall heat 
transfer coeffi cient compared to the previous work5. 

Figure 7. Comparison of experimentally determined heat transfer coeffi cient for the cold water loop, h_c, and its values calculated 
using correlations from the literature (equations (17)–(29)) versus cold water Reynolds number, Rec, for the analyzed cases: 
a) I, b) II, c) III, d) IV

The optimization-based method provides fl exibility 
in selecting the form of dimensionless equations that 
describe the convective heat transport. However, when 
analyzing the data, it is important to ensure that the 
range of variation of the operating parameters of the 
heat exchanger under analysis is suffi ciently wide. Intro-
ducing overly complex equations with a narrow range 
of operating parameters values can lead to correlations 
that appear to have a better fi t to experimental data, but 
may not generalize well to a broader range of operating 
parameters. Such a situation was also encountered in 
the present work, where the values of the exponents of 
the Prandtl number signifi cantly deviated from those 
generally accepted in other scientifi c works (0.33 or 
0.40). This deviation was likely due to the limited range 
of variability of Prandtl number. To further validate the 
obtained results, it would be advisable to extend the 
measurements to other process media and to increase 
the range of variability of such heat exchanger operating 
parameters as fl ow rates or initial temperatures of the 
media.

Unfortunately, the comparison of the correlations 
obtained in this study with those available in the litera-
ture was not successful. It was challenging to determine 
which of the selected correlations for comparison would 
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best represent heat transfer in the CFMHE under study. 
Several factors could have contributed to the discrepancy. 
Firstly, the relatively small length of the heat exchanger 
channels compared to their diameter might have hin-
dered the full development of velocity profi les due to 
inlet effects. Secondly, the presence of small chambers 
dividing and combining the streams fl owing through the 
various channels may have caused uneven distribution of 
the fl uid within the CFMHE under study. And thirdly, 
the unique design of the cold water loop, combining 
two different types of channels, was not found in similar 
heat exchanger designs documented in the literature.

However, the notable advantage of the optimization 
method used in this work is that it eliminates the need 
to know the temperature of the inner wall of the heat 
exchanger. The conventional method of determining 
heat transfer coeffi cients relies on the measurement of 
this temperature, since it is the temperature difference 
between the wall and the fl uid core that drives the 
convective heat transfer process. By using the optimi-
zation procedure, it is possible to bypass the need for 
direct measurement of this temperature, which would 
be impractical or impossible to achieve in apparatuses 
with such small channel diameters. The optimization 
method provides a viable approach for the analysis of 
heat transfer in the small form factor heat exchangers 
where direct measurement of the temperature of the 
inner wall is not feasible.
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