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Based on analytical and numerical solutions of the rate equations system and the heat conductivity
equation, the model of the quasi-three-level passively Q-switched YAG:Yb/YAG:Cr microchip la-
ser is developed. The obtained results are used for its optimization, i.e., for the determination of
the output mirror reflectivity, the pumping beam radius, the thickness of the absorber and the pho-
totropic centers concentration maximizing the energy in the laser pulse. The influence of the ther-
mal load on the spatial parameters of the laser beam is also determined.
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1. Introduction
Recently the passively Q-switched microchip lasers are widely investigated and devel-
oped as compact sources of the relatively high-power radiation for the systems of com-
munications, ranging, medicine, robotics, etc. Such a laser consists of the generating
medium, the saturable absorber and the mirrors formed on the laser crystal edges.
The submillimeter length of these lasers allows to ensure the single-frequency and sin-
gle-mode generation. The yttrium-aluminium garnet Y3Al5O12 (YAG) crystal doped
by Nd is often used as the active medium of microchip lasers. At the same time, the
YAG crystal doped by Yb is characterized by the number of advantages that make it
attractive for using in the Q-switched lasers in comparison with YAG:Nd. Particularly,
it is characterized by a wider absorption band in the pumping region [1], lower Stokes’
losses, higher lifetime of the upper laser level [2], the insignificance of the concentra-
tion quenching [3], the wide emission band that allows frequency tuning and short puls-
es generation [4], the absence of the upconversion and excited state absorption (ESA)
processes [5]. The effective laser transition cross-section of YAG:Yb is relatively low:
it is equal to 2.1×10–20 cm2 for the wavelength of 1030 nm and to 0.31×10–20 cm2 for
1050 nm [3]. However, it may be the advantage in the case of Q-switched lasers be-
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cause the relatively low amplification allows to increase the energy in the laser pulse
due to an increase in the inversion before irradiation.

Pumping of YAG:Yb is carried out on the wavelengths of 940–941 nm [6, 7] or
968–970 nm [1, 8]. Here we assume that the laser is edge pumped by laser diodes on
940 nm and generates on 1030 nm that corresponds to the laser investigated in [6].

The main difference between the microchip lasers based on YAG:Nd and YAG:Yb
is the quasi-three-level generation scheme of YAG:Yb (Fig. 1a).

The upper sublevels of the ground manifold 2F7/2 is placed on the distances of 565,
612 and 785 cm–1 from the lowest Stark’ sublevel and the upper sublevels of the man-
ifold 2F5/2 – on 297 and 352 cm–1 from its lowest sublevel. At the room temperature
the occupations of the sublevels of the 2F7/2 manifold are about 87.5%, 5.8%, 4.7%
and 2.0% from the total quantity of Yb3+ ions. An increase in temperature on 100 K
leads to a decrease in the lowest sublevel occupation on ~10%. So the influence of heat-
ing on the parameters of YAG:Yb is not too significant, what allows to describe
the laser action in the frames of the fourth-level models as it is realized in [6, 9, 10].
However, such an approach is obviously doubtful in all possible cases. So the aim of
our work is developing of the YAG:Yb/YAG:Cr microchip laser model taking into ac-
count the quasi-three-level character of the generation scheme as well as the elabora-
tion of the optimization procedure of YAG:Yb/YAG:Cr microchip laser analogous to
the one proposed earlier for the fourth-level microchip lasers [10].

2. Modeling of the YAG:Yb/YAG:Cr microchip laser
The model of YAG:Nd/YAG:Cr laser based on solutions of the rate equations is well
known [11, 12]. However in the case of YAG:Yb/YAG:Cr it should be generalized by
taking into account the thermal occupations of the levels as well as the non-radiative
transitions between the levels of an absorber that, in turn, allows to determine the ther-
mal load and its influence on the parameters of radiation. Designating the concentra-
tions of Yb3+ ions on 2F7/2 and 2F5/2 manifolds as Ngl

 and Ngu
, the concentrations of
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Fig. 1. Energy levels of Yb3+ ions (a) and phototropic centers – Cr4+(d) ions (b) in YAG. The solid and
the dashed lines correspond to the radiative and non-radiative transitions, respectively.
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Cr4+(d) ions on the corresponding levels (see Fig. 1b) as Na0
, Na1

, Na2
, Na3

 and the quan-
tity of photons in as q, one can obtain the expressions for their temporal changes: 

(1a)

(1b)

(1c)

(1d)

(1e)

(1f)

(1g)

Here, Eqs. (1a) and (1b) describe the changes of the 2F5/2 manifold occupation due
to spontaneous and stimulated transitions as well as to pumping with the rate R =
= Pa(Alg hνp)–1, where  is the pumping beam cross-section, wp is the pump-
ing beam radius, Pa  is the pumping power absorbed in the active medium connected with
the pumping power falling into the crystal Pi by expression Pa = Pi[1 + exp(–αg lg +
– 2αa la)][1 – exp(–αg lg)], αg, αa are the absorption coefficients in the generating me-
dium (g) and the absorber (a), Pa ≈ Pi[1 – exp(–2αg lg)] if the absorber is isolated
from the generating medium by reflecting coat, αg = σp Ngtotal, σp  is the absorption
cross-section at the pumping wavelength, σp = 8×10–21 cm2, Ngtotal

 is the concentration
of the Yb3+ ions, lg is the generating medium thickness, hνp is the energy of the pumping
quantum, τg  is the lifetime of the upper laser level, τg = 0.951 ms, σg  is the cross-sec-
tion of the laser transition, σg = 3.27×10–20 cm2. Equations (1c)–(1e) describe the pro-
cesses in the absorber, i.e., the absorption and the spontaneous transitions between
the levels. The last equation describes the process of photons accumulation in the res-
onator. Here V' = (l' /lg)Vg is the effective mode volume, l' = n(lg + la) is the resonator
optical length, la is the absorber thickness, usually la ~ 10–250 μm, Vg is the mode vol-
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ume in the generating medium, Vg = 0.25πw2lg, w is the radius of the laser beam waist,
Natotal is the concentration of the phototropic centers, i.e., the Cr4+ ions occupying
the tetrahedral (d ) positions in garnet lattice, Nai , τai are the concentration of the Cr4+(d )
ions on the i-th level (see Fig. 1b) and its lifetime correspondingly, σa1 and σa2 are
the cross-sections of transitions between the levels of Cr4+(d ), σa1

= 2.4×10–18 cm2,
σa2

= 2.8×10–19 cm2, tr = 2l' /c0 is the time of the double passing of the resonator,
τc = l' /c0γ, γ = γi + 0.5(γ1 + γ2) are the losses, γ1, γ2 are the losses on mirrors connected
with their reflectivities R1, R2 by expressions γ1 = –ln(R1), γ2 = –ln(R2) (further γ1 = 0),
γi = α l is the loss in the active medium, α  is the absorption coefficient at the laser
wavelength, α ≈ 0.005 cm–1, l is the resonator length, ε is the dimensionless coeffi-
cient characterising the comparative power of the spontaneous radiation, ε = 10–13.
The quantity of photons q is concerned with the output power by the expression

  ν  is a radiation frequency. The energy in the laser pulse
can be calculated as E = ∫P(t)dt, where the integral limits are determined by the pulse
duration. The Boltzmann’ factors 

(2a)

(2b)

depend on the temperature and, consequently, on the heating power in the crystal. This
power is determined by the intensity of the non-radiative transitions which are the
higher, the higher are the upper levels occupations. In turn, the occupations depend on
Boltzmann’ factors as it follows from Eqs. (1a)–(1g). Thus, the correct solving of the
system requires the iterative scheme analogous to the one used for thulium lasers [13]
and consists of the following steps:

1) At the given value of the temperature, initially 25°C, the occupations of the lev-
els and the power density Q are defined.

2) At the calculated value of the power density Q, the temperature distribution in
the laser is determined from the non-stationary heat conductivity equation

(3)

where cT is the crystal specific heat, ρ is the density, a is the temperature conductivity,
 λT is the heat conductivity. The form of the laser crystal is rectangular

with dimensions 2ax×2ay×l. The Boltzmann’ factors are calculated at the temperature
on the crystal axis obtained after averaging on the generating medium length Taver.
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3) If the difference between the temperature Taver and its previous value (25°C for
the first iteration) is more than 0.1°C, steps 1 and 2 are repeated; otherwise, the thermal
calculation is finished and the laser parameters, i.e., the peak power Pmax, the energy E,
the pulse duration ti = E /Pmax, the repetition rate F, are calculated from system (1).

In the step 1 the power density Q is determined from the following reasons. Because
pumping is continuous, it leads to an increase in the concentration of Yb3+ ions on
the upper manifold by the value of R during the unit of time. All excited ions distribute
between the levels of the upper manifold in accordance with Boltzmann’ distribution,
at that fu1

R ions come to the upper laser level (the lowest sublevel of 2F5/2 manifold).
Each such a transition is accompanied by the liberation of the energy of Eu2 → 1 =
= 37 meV and, consequently, the heating power corresponding to this transition is
equal to Vg Eu2 → 1 fu1

R. Some part of the ions comes to the upper sublevel of the man-
ifold; it leads to absorption of the power of Vg Eu3 → 2 fu3

R, where fu3
 is the Boltzmann’

factor of the upper sublevel, Eu3 → 2 is the energy distance between the second and
the third sublevels. Thus, the full heating power liberated due to these processes is
Pgu

= Vg R(Eu2 → 1 fu1 – Eu3 → 2 fu3). Simultaneously, pumping leads to a decrease in Yb3+

ions concentration on the lowest level of 2F7/2 manifold that also causes the redistribution
of the ions between the sublevels. This process is connected with liberation of the pow-
er Pgl

= Vg R(El2 → 1 fl2 + El3 → 1 fl3 + El4 → 1 fl4), where fl2, fl3, fl4 are the Boltzmann’
factors for the corresponding sublevels of the 2F7/2 manifold, Eli → 1 is the energy dis-
tance between i-th sublevel and the lowest one. Moreover, the concentration of
the Yb3+ ions on 2F7/2 manifold increases due to transition of the excited ions on
the lower laser level that is the third Stark’ sublevel of the 2F7/2 manifold. Its occupa-
tion increases as 

(4)

and, in accordance with Boltzmann’ distribution, the fl4 part of these ions comes to
the fourth level of the manifold, fl2 – to the second and fl1 – to the first one. The total
heating power in the generating medium caused by all mentioned processes is

(5)

Similarly, the heating power in the absorber is determined by the intensities of
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(6)

where Va = 0.25πw2la,  is the non-radiative lifetime of the level 2, = 4.1 μs.
Under the assumption that the pumping beam has got the Gaussian’ profile with

a beam waist of wp, the power density Q(r, z, t) ≡ Q(x, y, z, t ) can be expressed from
the heating powers in the generating medium and the absorber as follows:

(7)

where PT (z, t) is the power of heating sources, and 

(8)

For simplicity we assume that the temporal dependence of PT can be presented as
the sequence of the rectangular pulses

(9)

at the absence of generation, and 

(10)

at its presence. Here Pgmax,  Pamax  are the peak powers of the heat generation pulses. 
At the known heating power density Q(r, z, t ), the stationary distribution of

the temperature in the laser can be obtained from the heat conductivity equation by
the integral transformations method. Designating the Biot’ numbers as 

  where αT is the heat transfer coefficient, αT ≈
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(11b)
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(12)

where

The insignificant temperature changes between the laser pulses generation are ne-
glected in Eq. (12).

At the known temperature, the system (1) can be transformed to the one analogous
to the system describing the YAG:Nd/YAG:Cr laser generation [12]. Designating
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the inversion in the generating medium as Ng = Ngu – f Ngl, and the effective cross-sec-
tion of the laser transition as σge

= fu1
σg and f = fl3/fu1

, one can reduce (1) to:

(13a)

(13b)

(13c)

The rough solutions of (13) can be obtained in the similar manner as [12] for
YAG:Nd/YAG:Cr laser [12], i.e., by neglecting of pumping and spontaneous transi-
tions during the generation. In this case one can obtain the following expressions for
the peak power Pmax and the energy in the laser pulse E:

(14)

(15)

where Ngm is the maximal inversion achieved in the generating medium before the gen-
eration of the pulse; this value is in the region from the initial inversion corresponding
to the equality between the amplification and the losses in the resonator 
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(17)

where Ngf
 is the residual inversion that can be calculated from:

(18)

Contrary to the case of the fourth-level laser [12], the inversions Ngi, Ngt , Ngf are
essentially dependent on temperature via the factor f and the effective cross-section σge. 

The repetition rate F is inversely proportional to the time needed for inversion
increasing from Ngf

 to Ngm
 and, as it follows from (1) at q = 0, is equal to:

(19)

For the approbation of the model, both analytical and numerical calculations are
carried out for YAG:Yb/YAG:Cr laser described in [14]. As it is shown, at the initial
transmittance of the absorber T0 = 0.96, the losses γ i = 0.188, the absorbed pumping
power 2.5 W, the pumping beam radius 84.5 μm, the calculated laser radiation param-
eters are: Pmax = 10 kW, E = 10.8 μJ, ti = 1.08 ns, F = 63.2 kHz that is close to the ex-
perimental values Pmax = 8 kW, E = 10.8 μJ, ti = E/Pmax = 1.35 ns, F = 63 kHz. 

3. The optimization of YAG:Yb/YAG:Cr microchip laser

The problem of optimization of the YAG:Yb/YAG:Cr microchip laser is studied pre-
viously [10] under the assumption of the fourth-level generation scheme of YAG:Yb.
The aim function was the energy in the laser pulse E and the parameters of optimization
were the output mirror reflectivity R2, the phototropic centers concentration Natotal,
the absorber thickness la and the pumping beam radius wp. Here we modify this opti-
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mization algorithm taking into account the quasi-three-level character of generating
medium.

3.1. Optimization on the initial transmission of the absorber 
and the output mirror reflectivity

As it follows from Eq. (15), the energy in the laser pulse is higher, the higher is the initial
inversion in the generating medium Ngm. From the other hand, the maximal inversion
achieved at the given pumping rate R is Ngmax = Rτg. Obviously, the inversion is higher,
the higher is the nonlinear losses in the absorber, i.e., the lower its initial transmission
T0 = σa1la Natotal. In fact, the generation of the laser pulse starts when the amplification
in the generating medium is equal to the losses, α gain ≡ σgelg Ng = α losses. If they are
low, this condition can be fulfilled at the inversion significantly lower than Ngmax. Thus
the decrease in the absorber initial transmission leads to an increase in the energy in
the pulse. However, an essential decrease in T0 may lead to the situation when the gen-
eration condition α gain = α losses or

(20)

is not satisfied at the fixed pumping rate R and the output mirror reflectivity R2.
Obviously, the maximal value of the energy in the laser pulse will be achieved if
the losses in the absorber allow to achieve the maximal value of the inversion
Ng = Ngmax. It is illustrated by Figs. 2a and 2b, where the dependences of the energy
on the initial transmission T0 and the output mirror reflectivity R2 are presented for
two different temperatures of the laser crystal. As it is seen from the figures, the region
of T0 and R2 values is divided into two subregions, one of them corresponds to the pres-
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sion T0 at the temperatures of 298 K (a) and 350 K (b) at the pumping power Pi = 5 W, the pumping
beam radius wp = 0.2 mm, the generating medium length lg = 1 mm, the activator concentration Ngtotal
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ence of the generation and the other – to its absence. The maximal values of the energy
are realized near the boundary between them, defined, as it follows from Eq. (20), by: 

(21)

This equation establishes a connection between the optimal values of the initial trans-
mission and the output mirror reflectivity.

The essential peculiarity of the quasi-three-level laser is a decrease in the maximal
achievable inversion Ngmax and the effective cross-section σge

 with temperature increas-
ing. In turn, it leads to a decrease in the highest achievable energy in the pulse that is
caused by contraction of the region where the generation is possible, what is evident
from the comparison of Figs. 2a and 2b.

The dependences of the energy in the laser pulse on the output mirror reflectivity
at the initial transmission connected with R2 by Eq. (21) in each point are shown in
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Fig. 3. Because the same value of T0 may correspond to different values of the photo-
tropic centers concentration, the calculations are carried out for three different values
of Natotal. As it is seen from Figs. 3a and 3b, the optimal values of R2 are found in
the range from 0.8 to 0.97, at that the higher the temperature, the higher the optimal
output mirror reflectivity is. At RT the energy in the pulse decreases by about 5% with
an increase in Natotal from 1017 to 1019 cm–3 (Fig. 3a) accompanied by the simultaneous
increase in the absorber thickness. This peculiarity is connected with the presence of
the thermal occupation of the lower laser level: particularly, if the laser is cooled down
to 100 K, the dependence Emax(Natotal) becomes opposite and qualitatively the similar
to the one of the fourth-level laser (Fig. 3b).

3.2. The optimization of the pumping beam radius

The maximal inversion achieved in the passively Q-switched quasi-three-level laser is

(22)

Obviously, this value cannot exceed the concentration of the active centers in the gen-
erating medium, Ngmax ≤ Ngtotal. Setting here the equality, one can obtain the condition
for determination of the pumping power density  that ensures the achieve-
ment of the highest possible inversion. This condition can be transformed to the one
for the optimal value of the pumping beam radius analogous to the one for the fourth-
-level laser [10]:

(23)

The dependences of the peak power and the energy in the pulse of YAG:Yb/YAG:Cr
laser on the pumping beam radius at different values of lg are shown in Figures 4a
and 4b. As it is seen, the values of the peak power and the energy achieved in maxima
increase with an increase in the generating medium thickness. However, an increase
in the energy due to the increase in lg is limited by the violation of the single-frequency
generation condition at the sufficiently high values of lg. So here we do not optimize
the laser on this parameter but fix it on the value of 1 mm.

3.3. The algorithm of the microchip YAG:Yb/YAG:Cr laser optimization

Thus the optimization of the microchip YAG:Yb/YAG:Cr laser can be carried out in
the following sequence. For each value of the pumping power Pi the optimal pumping
beam radius is calculated from Eq. (23). Then the optimal output mirror reflectivity R2
and the initial transmission T0 concerned with R2 by Eq. (21) are determined from
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E(R2) dependence. At that the concentration of the phototropic centers can vary in
the sufficiently wide limits in accordance with the technological convenience.

The dependences of the peak power and the energy in the pulse of YAG:Yb/YAG:Cr
laser on the pumping power obtained after optimization for each value of Pi are shown
in Figs. 5a and 5b. As it is seen from the figures, the optimized energy in the pulse
and the corresponding peak power grow linearly with pumping power increasing.
The values of the peak power obtained after optimization are in the limits from the tenth
of units up to 15 MW and the values of the energy in the pulse are equal to the one
tenth to the units of mJ. 

4. The influence of heating on spatial parameters of the laser mode

The main factors determining the spatial characteristics of the microchip laser radiation
are the non-uniformities of the refractive index and the strains caused by heating.
Therefore the influence of heating on the spatial characteristics of the radiation was
estimated by the consecutive determination of the temperature distribution, the distri-
butions of the refractive index and thermo-mechanical deformations, the parameters
of the ABCD-matrix, the beam waist radius w and the divergence 2θ. The calculated
dependences of these values are shown in Figs. 6a and 6b.

As it is seen from the figures, the radius of the laser beam waist decreases from
83 to 70 μm and the divergence increases from 8.0 to 9.4 mrad if Pi increases from
2.5 to 6.5 W, which is obviously caused by an increase in the non-uniformity of
the temperature distribution. The main contribution to the changes of the laser beam
parameters is produced by the temperature changes of the refractive index: the contri-
bution of deformations is about 7% for both dependences. The obtained values of
the divergence correspond to the ones observed for microchip lasers (units of mrad).
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Fig. 6. The dependences of the laser beam waist w and the divergence 2θ on the pumping power Pi
for YAG:Yb/YAG:Cr microchip laser; curves 1: the deformations of the crystal edges are neglected,
curves 2: the deformations are taken into account. The pumping beam radius for all points is 0.15 mm. 
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5. Conclusions

The approach to modeling of the microchip passively Q-switched quasi-three-level
YAG:Yb/YAG:Cr laser is proposed. The influence of heating on the characteristics of
the laser radiation is determined by using the iteration scheme of the simultaneous solv-
ing of the rate and the heat conductivity equations. This approach is used for optimi-
zation of the microchip YAG:Yb/YAG:Cr laser on the value of the energy in the laser
pulse. As it is shown, the maximal energy in the pulse is achieved if the laser generation
takes place just above the threshold, which essentially depends on the temperature of
the laser crystal. The generation condition allows to reveal the connection between
the optimal values of the absorber initial transmission and the output mirror reflectiv-
ity. If the other parameters are fixed, the maximal energy is achieved at the optimal
value of the pumping beam radius determined by the pumping power, the generating
medium length and the maximal reachable inversion. The linearity of the dependences
of the peak power and the energy in the pulse on the incident pumping power Pi
gives the possibility of the simple estimation of their highest achievable values at
the arbitrary values of Pi. The values of the radius of the laser beam waist are equal to
70–80 μm and the values of its divergence – to 8.0–9.4 mrad, at that the waist radius
decreases and the divergence increases with pumping power increasing.
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