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Abstract. Considered herein is the global existence and non-global existence of the
initial-boundary value problem for a quasilinear viscoelastic equation with strong damping
and source terms. Firstly, we introduce a family of potential wells and give the invariance
of some sets, which are essential to derive the main results. Secondly, we establish the
existence of global weak solutions under the low initial energy and critical initial energy
by the combination of the Galerkin approximation and improved potential well method
involving with t. Thirdly, we obtain the finite time blow-up result for certain solutions
with the non-positive initial energy and positive initial energy, and then give the upper
bound for the blow-up time T ∗. Especially, the threshold result between global existence and
non-global existence is given under some certain conditions. Finally, a lower bound for the
life span T ∗ is derived by the means of integro-differential inequality techniques.
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1. INTRODUCTION

In this article, we consider the following initial-boundary value problem of the quasi-
linear viscoelastic equation




|ut|ρ−1utt − △u +
∫ t

0 g(t − s)△u(s)ds − △ut − △utt = f(u), x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(1.1)
where Ω is a bounded domain of Rn with a smooth boundary ∂Ω. The functions
g, f represent the kernel of memory term and source term, respectively. The following
conditions are the basic assumptions to obtain the main results.
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(A1) Assume that the nonlinear source term f satisfies:
(i) f : R → R is a C1 function with f(0) = f ′(0) = 0,
(ii) f(s) is a monotone function for s ∈ R, and is convex function for s ∈ R+,

concave function for s ∈ R−,
(iii) |f(s)| ≤ α|s|p for α > 0, and (p + 1)F (s) ≤ sf(s), where F (s) =

∫ s

0 f(τ)dτ ,
1 < p < ∞ when n ≤ 2, 1 < p ≤ n+2

n−2 when n ≥ 3.
(A2) The relaxation function g: [0, ∞) → (0, ∞) is a C1 function, which meet

g′(t) ≤ 0, l(t) = 1 −
t∫

0

g(s)ds ≥ 1 −
∞∫

0

g(s)ds = l > 0.

(A3) For the nonlinear term |ut|ρ−1utt, we further assume

1 < ρ < ∞ when n ≤ 2, and 1 < ρ ≤ n + 2
n − 2 when n ≥ 3.

It is worth mentioning that the viscoelastic materials describe natural damping,
mainly because that these materials have some special properties keeping memory
of their past traces. In mathematics, these damping effects can be modeled by using
integro-differential operators. Hence, the equation (1.1) has extensive physical back-
ground and also describes various important physical processes, for instance, heat
conduction and viscoelastic flow in viscoelastic materials [1], vibration appearing in the
viscoelastic rods [14], analysis of bidirectional shallow-water waves [23], velocity evolu-
tion of ion acoustic waves with ionic viscosity [21], etc. In addition, the another reason
why this type of equation is so attractive is that it has rich theoretical connotation.
In the last few years, much effort in mathematics have been devoted to the study of
qualitative properties for the viscoelastic equations. For example, when the parameter
ρ = 1, source term f(u) = u|u|p−2 and absence of strong damping term △ut, dispersion
term △utt, the equation (1.1) is reduced to the following nonlinear viscoelastic wave
equation

utt − △u +
t∫

0

g(t − s)△u(s)ds = u|u|p−2, x ∈ Ω, t > 0. (1.2)

Here, the source term u|u|p−2 is the main factor that causes the finite time blow-up of
the solutions with the negative initial energy (see [3,13]). In [4], Berrimi and Messaoudi
proved the global existence of the solutions to equation (1.2) and then gave some
energy decaying estimates in the exponential and polynomial forms under certain
conditions on g and p.

In the absence of dispersion term △utt and parameter ρ = 1, source term
f(u) = u|u|p−2, the model (1.1) becomes

utt − △u +
t∫

0

g(t − s)△u(s)ds − △ut = u|u|p−2, x ∈ Ω, t > 0. (1.3)
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Song and Zhong [24] considered the initial-boundary value problem of (1.3) and
obtained a finite time blow-up result of the solutions with certain positive initial
energy. Later, Song and Xue [25] improved the result of [24], in which the finite
time blow-up is investigated under arbitrary high initial energy. Wang et al. [26,29]
changed the strong damping term △ut into weak damping term ut in equation (1.3). By
using the potential well method, they established the global existence and exponential
decay of energy [29] and then under appropriate conditions on g and initial data,
discussed the finite time blow-up phenomenon of the solutions with arbitrary high
initial energy [26].

In [30], Xu, Yang and Liu considered the following viscoelastic wave equation

utt − △u +
t∫

0

g(t − s)△u(s)ds − △ut − △utt + ut = u|u|p−2, x ∈ Ω, t > 0.

By introducing a family of potential wells, the global/non-global existence of weak
solutions were investigated at the low initial energy. Then, a finite time blow-up result
was given at arbitrary positive initial energy. In [2], Anaya and Messaoudi discussed
a class of fourth-order viscoelastic wave equation with a general weak damping term,
and derived a general decay rate estimates under some certain restrictions for relaxation
function g.

In the absence of source term f(u), the model (1.1) is reduced to the nonlinear
viscoelastic equation

|ut|ρutt − △u +
t∫

0

g(t − s)△u(s)ds − γ△ut − △utt = 0, x ∈ Ω, t > 0. (1.4)

Cavalcanti et al. [5] proved that there exists the global existence of the solutions for
γ ≥ 0 and exponential uniform decay estimate of the energy for γ > 0.

When the source term f(u) = u|u|p−2 and lack of strong damping term △ut,
the model (1.1) becomes the nonlinear viscoelastic equation

|ut|ρutt − △u +
t∫

0

g(t − s)△u(s)ds − △utt = bu|u|p−2, x ∈ Ω, t > 0. (1.5)

When the initial data of (1.5) are in the stable set, Messaoudi and Tatar [20] obtained
the global existence and uniform decay of the solutions by applying the potential well
method. Later, Liu [18] further discussed the energy decaying estimates by constructing
a suitable Lyapunov function and using the perturbed energy method, and also
gave a finite time blow-up result at the positive initial energy for certain relaxation
function g and initial data in the unstable set.

Here, let us mention that the potential well theory has become one of most popular
tools in the study of the qualitative properties of the solutions to the nonlinear evolution
equations. Sattinger [22] firstly proposed this method used to investigate the global
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existence of the solutions for the hyperbolic equations. Especially, the potential well
method also plays a very key role in deriving the threshold result between global
existence and non-global existence of the solutions (see [1,7,8,15,28,30]). Therefore, it
has been widely used and extended by many authors to study the qualitative theory
for different kinds of evolution equations, such as heat equation, pseudo-parabolic
equation, viscoelastic wave equation, Kirchhoff-type equation and so on, we refer the
readers to see [6–12,15,16,18–20,22,26–32] and the papers cited therein.

Motivated by the above researches, in the present work we will study the
initial-boundary value problem (1.1) for the viscoelastic equation. To our knowledge,
there is little information on the global existence and non-global existence of the above
problem. The global existence, blow-up and uniform decay rates of the energy of the
solutions to equations (1.4) and (1.5) were discussed in references [5,18,20]. Compared
with equations (1.4) and (1.5), we note that the nonlinear term |ut|ρ−1utt, strong
damping term △ut, dispersion term △utt and nonlinear source term f(u) appear
simultaneously in the equation (1.1), which cause some difficulties in the way of the
proof when we study the qualitative theory of the solutions. Especially, the interaction
among the above terms in (1.1) makes that it requires a rather delicate analysis in
proving the relative qualitative properties of the solutions. Another obvious difference
between this paper and references [5, 18,20] is the definition of total energy E(t). In
references [5, 18, 20], the function l = 1 −

∫∞
0 g(s)ds appearing in E(t) is independent

of time t. However, in this paper the function l of E(t) is replaced by l(t), which is
equal to 1 −

∫ t

0 g(s)ds involving the time t. Thus, we need to invent some new skills
and methods to overcome the above difficulties in the study of the global existence
and blow-up phenomenon for the problem (1.1).

In order to state our main results precisely, we first define the weak solutions for
the problem (1.1) over the interval Ω × [0, T ). Here, it is to be understood that T is
either infinity or the limit of the existence interval.

Definition 1.1. We say that u(x, t) is called a weak solution of the problem
(1.1) on the interval Ω × [0, T ). If u ∈ L∞(0, T ; H1

0 (Ω)), ut ∈ L∞(0, T ; H1
0 (Ω))

and utt ∈ L∞(0, T ; H1
0 (Ω)) satisfy the following conditions:

(i) for any v ∈ H1
0 (Ω) and a.e. t ∈ [0, T ), we have

(|ut|ρ−1utt, v) + (∇u, ∇v) −
( t∫

0

g(t − s)∇u(s)ds, ∇v
)

+ (∇ut, ∇v) + (∇utt, ∇v) = (f(u), v),

(1.6)

(ii) u(x, 0) = u0(x) in H1
0 (Ω), ut(x, 0) = u1(x) in H1

0 (Ω),
(iii) the energy inequality

E(t) ≤ E(0) (1.7)

holds for any 0 ≤ t < T , where the concrete expression of total energy E(t) will
be given later.
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Remark 1.2. Since 1 < ρ < ∞ when n ≤ 2, and 1 < ρ ≤ n+2
n−2 when n ≥ 3, according

to Sobolev embedding theorem, we have

H1
0 (Ω) ↪→ Lρ+1(Ω) and ∥v∥ρ+1 ≤ Bρ+1∥∇v∥2 for all v ∈ H1

0 (Ω),

where Bρ+1 is the optimal embedding constant form Sobolev spaces H1
0 (Ω) to Lρ+1(Ω).

Noting that ρ−1
ρ+1 + 1

ρ+1 + 1
ρ+1 = 1, by the Hölder inequality we can see that the

nonlinear term
∫

Ω |ut|ρ−1uttvdx makes sense.
Next, we will introduce some functionals which are all associated with the potential

wells.
E(t) = E(u, ut)

= 1
ρ + 1∥ut∥ρ+1

ρ+1 + 1
2∥∇ut∥2

2 + 1
2 l(t)∥∇u∥2

2 + 1
2(g ◦ ∇u)(t) −

∫

Ω

F (u)dx

≥ 1
ρ + 1∥ut∥ρ+1

ρ+1 + 1
2∥∇ut∥2

2 + 1
2 l∥∇u∥2

2 + 1
2(g ◦ ∇u)(t) −

∫

Ω

F (u)dx,

(1.8)

J(u) = 1
2 l∥∇u∥2

2 + 1
2(g ◦ ∇u)(t) −

∫

Ω

F (u)dx, (1.9)

and
I(u) = l∥∇u∥2

2 + (g ◦ ∇u)(t) −
∫

Ω

f(u)udx, (1.10)

where

(g ◦ ∇u)(t) =
t∫

0

g(t − s)∥∇u(t) − ∇u(s)∥2
2ds ∀u ∈ H1

0 (Ω).

The corresponding potential well sets are defined in the form

W =
{

u ∈ H1
0 (Ω) : I(u) > 0, E(t) < d

}
∪ {0}, (1.11)

V =
{

u ∈ H1
0 (Ω) : I(u) < 0, E(t) < d

}
. (1.12)

Here, the depth d of potential well set W is defined by

d = inf
u∈H1

0 (Ω)\{0}

{
sup
λ>0

J(λu)
}

. (1.13)

In fact (see [16,20] for details), the potential well depth d is a positive constant
equaled to

inf
I(u)=0,u ̸=0

J(u). (1.14)

Furthermore, for δ > 0, we introduce the functional

Iδ(u) = δ[l∥∇u∥2
2 + (g ◦ ∇u)(t)] −

∫

Ω

f(u)udx, (1.15)
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and give the modified potential well depth dδ by the form

dδ = d(δ) = inf
Iδ(u)=0,u ̸=0

J(u). (1.16)

Then, a series of potential well sets can be given as follows

Wδ =
{

u ∈ H1
0 (Ω) : Iδ(u) > 0, E(t) < d(δ)

}
∪ {0}, (1.17)

Vδ =
{

u ∈ H1
0 (Ω) : Iδ(u) < 0, E(t) < d(δ)

}
. (1.18)

To obtain the global existence and non-global existence of the problem (1.1), our
first intention in this paper is to establish some important lemmas about the properties
of the potential wells and the invariant sets, cf. Lemmas 2.1–2.10 in Section 2. On
the basis of these lemmas, our second intention is to prove the existence of the global
weak solutions for certain initial data in the stable sets Wδ and W δ, respectively,
by the combination of Galerkin approximation and improved potential well method,
where W δ = Wδ ∪ ∂Wδ, W1 = W and W 1 = W . Finally, we will investigate the finite
time blow-up phenomenon of the solutions with certain initial data in the unstable
sets, and then discuss the upper and lower bounds for the finite blow-up time T ∗.

Now, we are ready to state the main results of this paper.

Theorem 1.3 (Global existence at low initial energy level). Let the hypotheses
(A1)–(A3) hold and u0(x), u1(x) ∈ H1

0 (Ω). Further assume that E(0) < d and
I(u0) > 0 or ∥u0∥H1 = 0. Then the problem (1.1) admits a global weak solution
u ∈ L∞(0, ∞; H1

0 (Ω)), ut ∈ L∞(0, ∞; H1
0 (Ω)), utt ∈ L∞(0, ∞; H1

0 (Ω)) and u(t) ∈ W
for 0 ≤ t < ∞.

Theorem 1.4 (Global existence at critical initial energy level). Let the hypothe-
ses (A1)–(A3) hold and u0(x), u1(x) ∈ H1

0 (Ω). Further, assume that E(0) = d and
I(u0) ≥ 0. Then the problem (1.1) admits a global weak solution u ∈ L∞(0, ∞; H1

0 (Ω)),
ut ∈ L∞(0, ∞; H1

0 (Ω)), utt ∈ L∞(0, ∞; H1
0 (Ω)) and u(t) ∈ W = W ∪ ∂W for

0 ≤ t < ∞.

Applying Lemma 2.7 (see Section 2), from 0 < E(0) < d, Iδ2(u0) > 0, it follows
that Iδ(u0) > 0 for all δ ∈ (δ1, δ2), where (δ1, δ2) is the maximal interval including
δ = 1 such that dδ(t) > E(0) for δ ∈ (δ1, δ2). Repeating the arguments of Theorem 1.3
for δ ∈ (δ1, δ2), then we can obtain the following conclusion.

Corollary 1.5. If the hypothetical conditions “ E(0) < d, I(u0) > 0” in Theorem 1.3
are changed to “0 < E(0) < d, Iδ2(u0) > 0”, then the problem (1.1) admits a global
weak solution u ∈ L∞(0, ∞; H1

0 (Ω)), ut ∈ L∞(0, ∞; H1
0 (Ω)), utt ∈ L∞(0, ∞; H1

0 (Ω))
and u(t) ∈ Wδ for 0 ≤ t < ∞.

Based on the conclusion of Corollary 1.5, using the similar arguments as
Theorem 1.4, we immediately obtain the following global existence of the solutions.
We omit the proof here for the sake of brevity.
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Corollary 1.6. Let the hypotheses (A1)–(A3) hold and u0(x), u1(x) ∈ H1
0 (Ω). Further,

assume that E(0) = d and Iδ(u0) ≥ 0. Then the problem (1.1) admits a global weak
solution u ∈ L∞(0, ∞; H1

0 (Ω)), ut ∈ L∞(0, ∞; H1
0 (Ω)), utt ∈ L∞(0, ∞; H1

0 (Ω)) and
u(t) ∈ W δ = Wδ ∪ ∂Wδ for 0 ≤ t < ∞.

Theorem 1.7 (Blow-up and upper bound for blow-up time). Let the hypotheses
(A1)–(A3) hold. For any fixed number β ∈ (0, 1), we assume that u0(x), u1(x) ∈ H1

0 (Ω)
satisfying

I(u0) < 0, E(0) < βd̃, (1.19)

where d̃ is given by (2.26) in Section 2. We further choose ρ < p and g satisfies

∞∫

0

g(s)ds <
[(p − 1)(1 − β) − ϑ]2 + 2[(p − 1)(1 − β) − ϑ]

[(p − 1)(1 − β) − ϑ + 2]2 + 1 , (1.20)

where 0 < ϑ < (p − 1)(1 − β). Then, the solutions of the problem (1.1) blow up in
finite time, i.e. there exists a time T ∗ < +∞ such that

lim
t→T ∗−

(
∥ut∥ρ+1

ρ+1 + ∥∇ut∥2
2 + ∥u∥p+1

p+1
)

= +∞.

Theorem 1.8 (Lower bound for blow-up time). Under the assumption of Theorem 1.7,
let u0(x), u1(x) ∈ H1

0 (Ω) and u be a blow-up solution of the problem (1.1). Then a lower
bound for blow-up time T ∗ can be estimated by

T ∗ ≥
∞∫

F (0)

dη

α2p−1B2p
p+1l−pηp + αB2

p+1η
, (1.21)

where
F (0) = 1

ρ + 1∥u1∥ρ+1
ρ+1 + 1

2∥∇u1∥2
2 + 1

2∥∇u0∥2
2,

Bp+1 is the Sobolev embedding constant satisfying the inequality

∥v∥p+1 ≤ Bp+1∥∇v∥2

for all v ∈ H1
0 (Ω).

In view of Theorem 1.3 and Theorem 1.7, a threshold result between global existence
and non-global existence of the solutions for the problem (1.1) can be obtained as
follows.

Corollary 1.9. Let the hypotheses (A1)–(A3), (1.20) hold and u0(x), u1(x) ∈ H1
0 (Ω).

Further, assume that E(0) < βd̃ ≤ d with β ∈ (0, 1). Then the problem (1.1) has
a unique global weak solution provided I(u0) ≥ 0 (including ∥∇u0∥2

2 = 0). The problem
(1.1) does not admit any global solution provided I(u0) < 0.
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Remark 1.10. In view of conditions (A1)(iii) and (1.8)–(1.10), we have

1
ρ + 1∥u1∥ρ+1

ρ+1 + 1
2∥∇u1∥2

2 + p − 1
2(p + 1) l∥∇u0∥2

2 + 1
p + 1I(u0)

≤ 1
ρ + 1∥u1∥ρ+1

ρ+1 + 1
2∥∇u1∥2

2 + J(u0) ≤ E(0).
(1.22)

It is easy to see that if the initial energy E(0) < 0, then the inequality I(u0) ≥ 0
is impossible. When the initial energy E(0) = 0, we see that either I(u0) > 0 or
I(u0) = 0 with ∥∇u0∥2

2 ̸= 0 are all impossible. If the initial energy 0 < E(0) < βd̃ ≤ d
(choose β ∈ (0, 1) is small such that βd̃ ≤ d), we discover that the equality I(u0) = 0
with ∥∇u0∥2

2 ̸= 0 is impossible. Otherwise, by the definition of d we have that
J(u0) ≥ d, which contradicts (1.22). Therefore, all possible scenarios have already
been investigated in this paper.

2. FAMILY OF POTENTIAL WELLS AND INVARIANT SETS

In this section, we shall introduce some notations and important lemmas about the
properties of the potential wells and the invariant sets, which are essential to derive
the main results.

Lemma 2.1 (see [18,22]). If f(s), F (s) satisfy the hypothesis (A1), then:

(1) for |s| ≥ 1 and some constant B > 0, we have F (s) ≥ B|s|p+1,
(2) for |s| ≥ 1, we have sf(s) ≥ (p + 1)B|s|p+1,
(3) we have s(sf ′(s) − f(s)) ≥ 0.

Lemma 2.2. If the hypotheses (A1), (A2) hold, then for any u ∈ H1
0 (Ω), ∥u∥H1 ̸= 0,

it follows that:

(1) limλ→0+ J(λu) = 0, limλ→+∞ J(λu) = −∞,
(2) φ(λ) = 1

λ

∫
Ω uf(λu)dx is an increasing function for λ ∈ (0, ∞),

(3) limλ→0+ φ(λ) = 0, limλ→+∞ φ(λ) = +∞.

Proof. (1) From the hypothesis (A1) and (1.9), it follows that

J(λu) = 1
2 l∥∇λu∥2

2 + 1
2(g ◦ ∇λu)(t) −

∫

Ω

F (λu)dx

= 1
2 lλ2∥∇u∥2

2 + 1
2λ2(g ◦ ∇u)(t) −

∫

Ω

F (λu)dx,

(2.1)

which implies that limλ→0+ J(λu) = 0. In addition, we have from Lemma 2.1 (1) that
∫

Ω

F (λu)dx ≥ Bλp+1
∫

Ωλ

|u|p+1dx,
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where
Ωλ =

{
x ∈ Ω : |u| ≥ 1

λ

}
.

Furthermore, we note that

lim
λ→+∞

∫

Ωλ

|u|p+1dx = ∥u∥p+1
p+1.

So there appears the relation
∫

Ω

F (λu)dx ≥ Bλp+1∥u∥p+1
p+1 as λ → +∞. (2.2)

By (1.9) and (2.2), we discover that

J(λu) ≤ 1
2 lλ2∥∇λu∥2

2 + 1
2λ2(g ◦ ∇u)(t) − Bλp+1∥u∥p+1

p+1, (2.3)

as λ → +∞. Therefore, we conclude that limλ→+∞ J(λu) = −∞.
(2) Applying Lemma 2.1 (3), it follows that

φ′(λ) = 1
λ2

∫

Ω

[λu2f ′(λu) − uf(λu)]dx = 1
λ3

∫

Ω

λu[λuf ′(λu) − f(λu)]dx > 0, (2.4)

which implies that φ(λ) is an increasing function for λ ∈ (0, ∞).
(3) From the hypotheses (A1), there appears the relation

0 ≤ φ(λ) = 1
λ2

∫

Ω

λuf(λu)dx ≤ α

λ2 ∥λu∥p+1
p+1 = αλp−1∥u∥p+1

p+1. (2.5)

So we have that limλ→0+ φ(λ) = 0. To go a step further, by Lemma 2.1 (2), one has

φ(λ) = 1
λ2

∫

Ω

λuf(λu)dx ≥ (p + 1)B
λ2

∫

Ωλ

|λu|p+1dx

= (p + 1)Bλp−1
∫

Ωλ

|u|p+1dx,

(2.6)

where Ωλ is shown as part (1) of this lemma. Applying

lim
λ→+∞

∫

Ωλ

|u|p+1dx = ∥u∥p+1
p+1

again, we discover that

φ(λ) ≥ (p + 1)Bλp−1
∫

Ω

|u|p+1dx as λ → +∞. (2.7)

Therefore, we deduce that limλ→+∞ φ(λ) = +∞.
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Lemma 2.3. If the hypotheses (A1), (A2) hold, then for any u ∈ H1
0 (Ω) with

∥u∥H1 ̸= 0, we have:
(1) there exists a unique λ∗ = λ∗(u) ∈ (0, ∞) satisfying

dJ(λu)
dλ

∣∣
λ=λ∗ = 0,

(2) J(λu) is an increasing function for λ ∈ [0, λ∗], decreasing function for
λ ∈ [λ∗, ∞), and takes the maximum at λ = λ∗,

(3) I(λu) > 0 for λ ∈ (0, λ∗), I(λu) < 0 for λ ∈ (λ∗, ∞), and I(λ∗u) = 0.
Proof. (1) We have from (1.9) that

dJ(λu)
dλ

= λl∥∇u∥2
2 + λ(g ◦ ∇u)(t) −

∫

Ω

f(λu)udx

= λ
[
l∥∇u∥2

2 + (g ◦ ∇u)(t) − φ(λ)
]

,

(2.8)

where φ(λ) has been defined in Lemma 2.2. It shows that φ(λ) = 1
λ

∫
Ω uf(λu)dx is

an increasing function for λ ∈ [0, ∞), limλ→0+ φ(λ) = 0 and limλ→+∞ φ(λ) = +∞.
Hence, it is easy to see that there exists a unique λ∗ = λ∗(u) satisfying

φ(λ∗) = l∥∇u∥2
2 + (g ◦ ∇u)(t) and dJ(λu)

dλ

∣∣
λ=λ∗ = 0.

(2) By the combination of φ′(λ) > 0 and result of part (1), it follows that
dJ(λu)

dλ
≥ 0 for λ ∈ [0, λ∗], dJ(λu)

dλ
≤ 0 for λ ∈ [λ∗, ∞).

Thus, we get that J(λu) is an increasing function for λ ∈ [0, λ∗], decreasing function
for λ ∈ [λ∗, ∞).

(3) Combining the proof process of part (2) and

I(λu) = λ2l∥∇u∥2
2 + λ2(g ◦ ∇u)(t) −

∫

Ω

f(λu)λudx = λ
dJ(λu)

dλ
,

it is easy to see that the conclusion of part (3) holds.

Lemma 2.4. Assume that the conditions (A1), (A2) hold. Furthermore,
(1) if Iδ(u) < 0, then we have

l∥∇u∥2
2 + (g ◦ ∇u)(t) > r(δ),

where

r(δ) =
(

δl
p+1

2

αBp+1
p+1

) 2
p−1

and the constant Bp+1 is given in Theorem 1.8; particularly, if I(u) < 0, then
we have

l∥∇u∥2
2 + (g ◦ ∇u)(t) > r(1),
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(2) if Iδ(u) = 0, then we have

l∥∇u∥2
2 + (g ◦ ∇u)(t) ≥ r(δ) or ∥u∥H1 = 0;

particularly, if I(u) = 0, then we have l∥∇u∥2
2 + (g ◦ ∇u)(t) ≥ r(1) or ∥u∥H1 = 0.

Proof. (1) By conditions (A1)(iii) and Sobolev inequality, a series of calculation gives
∫

Ω

f(u)udx ≤ α∥u∥p+1
p+1 ≤ αBp+1

p+1∥∇u∥p+1
2

≤ α

l
p+1

2
Bp+1

p+1 [l∥∇u∥2
2 + (g ◦ ∇u)(t)]

p+1
2 ,

(2.9)

where use has been made of the fact that the functional (g ◦ ∇u)(t) > 0 in the third
inequality. Applying Iδ(u) < 0, we know that u ̸= 0 and

∫

Ω

f(u)udx > δ[l∥∇u∥2
2 + (g ◦ ∇u)(t)]. (2.10)

In view of (2.9) and (2.10), it follows that

l∥∇u∥2
2 + (g ◦ ∇u)(t) >

( δl
p+1

2

αBp+1
p+1

) 2
p−1 = r(δ).

(2) From the condition Iδ(u) = 0, we can see that

δ[l∥∇u∥2
2 + (g ◦ ∇u)(t)] =

∫

Ω

f(u)udx, ∥u∥H1 ̸= 0 or ∥u∥H1 = 0.

When ∥u∥H1 ̸= 0, a simple calculation gives

δ[l∥∇u∥2
2 + (g ◦ ∇u)(t)] ≤ α

l
p+1

2
Bp+1

p+1 [l∥∇u∥2
2 + (g ◦ ∇u)(t)]

p+1
2 ,

which implies that

l∥∇u∥2
2 + (g ◦ ∇u)(t) ≥ r(δ) or ∥u∥H1 = 0.

Thus, the proof is completed.

Lemma 2.5. If the hypotheses (A1), (A2) hold, then

(1) for a(δ) = 1
2 − δ

p+1 (δ ∈ (0, p+1
2 )), we have d(δ) ≥ a(δ)r(δ),

(2) limδ→0+ d(δ) = 0, limδ→+∞ d(δ) = −∞ and there exists a constant δ0 ≥ p+1
2

satisfying d(δ0) = 0,
(3) d(δ) is a strictly increasing function for δ ∈ (0, 1], strictly decreasing function for

δ ∈ [1, δ0) and takes the maximum d(1) = d.
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Proof. (1) Considering Iδ(u) = 0 (∥u∥H1 ̸= 0), we have from Lemma 2.4 (2) that

l∥∇u∥2
2 + (g ◦ ∇u)(t) ≥ r(δ).

Thus, a series of calculation gives

J(u) = 1
2 l∥∇u∥2

2 + 1
2(g ◦ ∇u)(t) −

∫

Ω

F (u)dx

≥ 1
2 l∥∇u∥2

2 + 1
2(g ◦ ∇u)(t) − 1

p + 1

∫

Ω

f(u)udx

= a(δ)[l∥∇u∥2
2 + (g ◦ ∇u)(t)] + 1

p + 1Iδ(u)

≥ a(δ)r(δ),

(2.11)

which together with d(δ) ≥ J(u) yields that the conclusion holds.
(2) For any u ∈ H1

0 (Ω) (∥u∥H1 ̸= 0), we introduce λ = λ(δ) such that

δ[l∥∇u∥2
2 + (g ◦ ∇u)(t)] = 1

λ

∫

Ω

f(λu)udx. (2.12)

Similar arguments as the proof process of Lemma 2.2, we also introduce functional

φ(λ) = δ[l∥∇u∥2
2 + (g ◦ ∇u)(t)]. (2.13)

It is easy to see that there exists a unique

λ = φ−1(δ[l∥∇u∥2
2 + (g ◦ ∇u)(t)])

such that (2.12) holds. So, we can get that

lim
δ→0+

λ(δ) = 0 and lim
δ→+∞

λ(δ) = +∞. (2.14)

By the combination of (2.14) and Lemma 2.2 (1), it follows that

lim
δ→0+

J(λ(δ)u) = lim
λ→0+

J(λu) = 0, (2.15)

and
lim

δ→+∞
J(λ(δ)u) = lim

λ→+∞
J(λu) = −∞. (2.16)

From the definition of d(δ), we discover that

lim
δ→0+

d(δ) = 0 and lim
δ→+∞

d(δ) = −∞. (2.17)

In view of (2.17) and part (1) of this lemma, we can easily obtain that there exists
δ0 ≥ p+1

2 satisfying d(δ0) = 0 and d(δ) > 0 for δ ∈ (0, δ0).
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(3) We will show that the inequality d(δ′) < d(δ′′) is holding for 0 < δ′ < δ′′ ≤ 1
or 1 ≤ δ′′ < δ′ < δ0. Here, it suffices to prove that for any u ∈ H1

0 (Ω) with Iδ′′(u) = 0
(∥u∥H1 ̸= 0), there exists a v ∈ H1

0 (Ω) such that Iδ′(v) = 0 (∥v∥H1 ̸= 0) and
J(u) − J(v) > 0.

In fact, defining λ(δ) by (2.12), then we have Iδ(λ(δ)u) = 0. Considering Iδ′′(u) = 0,
it follows that λ(δ′′) = 1. Furthermore, defining q(λ) = J(λu) and then a series of
calculation gives that

dq(λ)
dλ

= λl∥∇u∥2
2 + λ(g ◦ ∇u)(t) −

∫

Ω

f(λu)udx

= (1 − δ)λ
(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)

+ Iδ(λu)
λ

= (1 − δ)λ
(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)
.

(2.18)

We further take v = λ(δ′)u, then there appears relation Iδ′(v) = 0 (∥v∥H1 ̸= 0). If
0 < δ′ < δ′′ ≤ 1, we can see that 0 < λ(δ′) < λ(δ′′) = 1. And there exists δ∗ ∈ [δ′, δ′′]
such that

J(u) − J(v) = q(1) − q(λ(δ′)) = [1 − λ(δ′)]q′(λ(δ∗))
= [1 − λ(δ′)](1 − δ∗)λ(δ∗)

[
l∥∇u∥2

2 + (g ◦ ∇u)(t)
]

> λ(δ′)r(δ′′)[1 − λ(δ′)](1 − δ′′) > 0,

(2.19)

which together with definition of d(δ) yields that d(δ′′) > d(δ′).
When 1 ≤ δ′′ < δ′ < δ0, we have that λ(δ′) > λ(δ′′) = 1. The analogous calculations

as (2.19), we can deduce that

J(u) − J(v) > λ(δ′′)r(δ′′)[λ(δ′) − 1](δ′′ − 1) > 0 for δ⋆ ∈ [δ′′, δ′]. (2.20)

Applying the definition of d(δ), we discover the relations d(δ′′) > d(δ′). Thus, we end
the proof of this lemma.

Lemma 2.6. Assume that the conditions (A1), (A2) hold and δ ∈ (0, p+1
2 ). Further-

more,

(1) if
Iδ(u) > 0 and J(u) ≤ d(δ),

then we have
0 < l∥∇u∥2

2 + (g ◦ ∇u)(t) <
d(δ)
a(δ) ;

particularly, if
I(u) > 0 and J(u) ≤ d,

then we have
0 < l∥∇u∥2

2 + (g ◦ ∇u)(t) <
2(p + 1)

p − 1 d,
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(2) if

J(u) ≤ d(δ) and l∥∇u∥2
2 + (g ◦ ∇u)(t) >

d(δ)
a(δ) ,

then we have
Iδ(u) < 0;

particularly, if

J(u) ≤ d and l∥∇u∥2
2 + (g ◦ ∇u)(t) >

2(p + 1)
p − 1 d,

then we have
I(u) < 0,

(3) if
Iδ(u) = 0 (∥u∥H1 ̸= 0) and J(u) ≤ d(δ),

then we have

r(δ) ≤ l∥∇u∥2
2 + (g ◦ ∇u)(t) ≤ d(δ)

a(δ) and J(u) = d(δ);

particularly, if
I(u) = 0 (∥u∥H1 ̸= 0) and J(u) ≤ d,

then we have

r(δ) ≤ l∥∇u∥2
2 + (g ◦ ∇u)(t) ≤ 2(p + 1)

p − 1 d and J(u) = d.

Proof. (1) For δ ∈ (0, p+1
2 ), there appears the relation

a(δ)
(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)

+ Iδ(u)
p + 1

≤ 1
2
(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)

−
∫

Ω

F (u)dx

= J(u) ≤ d(δ),

(2.21)

which together with Iδ(u) > 0 gives that

0 < l∥∇u∥2
2 + (g ◦ ∇u)(t) <

d(δ)
a(δ) .

When I(u) > 0 and J(u) ≤ d, we discover that

p − 1
2(p + 1)

(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)

<
p − 1

2(p + 1)
(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)

+ I(u)
p + 1

≤ J(u) ≤ d.

(2.22)
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Thus, we deduce that

0 < l∥∇u∥2
2 + (g ◦ ∇u)(t) <

2(p + 1)
p − 1 d.

(2) This conclusion can be immediately obtained from

d(δ) ≥ J(u) ≥ a(δ)[l∥∇u∥2
2 + (g ◦ ∇u)(t)] + Iδ(u)

p + 1 . (2.23)

So we have Iδ(u) < 0. Using the similar arguments, we have I(u) < 0.
(3) By Iδ(u) = 0 (∥u∥H1 ̸= 0) and the definition of d(δ), it follows that J(u) ≥ d(δ).

Hence, we deduce that J(u) = d(δ). The remainder of the proof can be got from
Lemma 2.4 (2) and (2.23). This completes the proof of Lemma 2.6.

Lemma 2.7. If the hypotheses (A1), (A2) hold and 0 < J(u) < d for some
u ∈ H1

0 (Ω). Further assume that (δ1, δ2) is the maximal interval such that d(δ) > J(u)
for δ ∈ (δ1, δ2). Then, the sign of Iδ(u) is unchangeable for δ ∈ (δ1, δ2).
Proof. By J(u) > 0, we can see that ∥u∥H1 ≠ 0. If the sign of Iδ(u) is changeable,
then it is found that there exists δ̃ ∈ (δ1, δ2) satisfying I

δ̃
(u) = 0. Thus, applying

the definition of d(δ), we can obtain that J(u) ≥ d(δ̃) which contradicts J(u) < d(δ̃).
This completes the proof of Lemma 2.7.

Here, we shall give some invariant sets under the flow of (1.1). The next lemma is
similar to the lemmas appeared in [7, 12] with slight modification.
Lemma 2.8. If the hypotheses (A1)–(A3) hold and u0(x), u1(x) ∈ H1

0 (Ω). We also
assume that 0 < e < d and (δ1, δ2) is the maximal interval such that d(δ) > e for
δ ∈ (δ1, δ2). Then:
(1) all solutions of the problem (1.1) with E(0) = e belong to Wδ for δ ∈ (δ1, δ2)

and t ∈ [0, T ), provided I(u0) > 0 or ∥u0∥H1 = 0,
(2) all solutions of the problem (1.1) with E(0) = e belong to Vδ for δ ∈ (δ1, δ2)

and t ∈ [0, T ), provided I(u0) < 0.
Proof. (1) Let u be the solutions of the problem (1.1) with initial data E(0) = e and
I(u0) > 0 or ∥u0∥H1 = 0. When ∥u0∥H1 = 0, it is easy to see that u0(x) ∈ Wδ for
δ ∈ (0, δ0). When I(u0) > 0, by Lemma 2.7 and

1
ρ + 1∥u1∥ρ+1

ρ+1 + 1
2∥∇u1∥2

2 + J(u0) ≤ E(0) < d(δ), δ ∈ (δ1, δ2), (2.24)

we discover that Iδ(u0) > 0, i.e. u0(x) ∈ Wδ for δ ∈ (δ1, δ2).
We will prove u(t) ∈ Wδ for δ ∈ (δ1, δ2) and t ∈ (0, T ). By contradiction, suppose

that there exists a time t0 ∈ (0, T ) satisfying u(t0) ∈ ∂Wδ for some δ ∈ (δ1, δ2), then
we have Iδ(u(t0)) = 0, ∥u(t0)∥H1 ̸= 0 or E(t0) = d(δ). By (1.7) and (1.8), it follows
that

1
ρ + 1∥ut∥ρ+1

ρ+1 + 1
2∥∇ut∥2

2 + J(u) ≤ E(t) ≤ E(0) < d(δ), δ ∈ (δ1, δ2), t ∈ (0, T ).
(2.25)
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So we see that E(t0) ̸= d(δ). When Iδ(u(t0)) = 0, ∥u(t0)∥H1 ̸= 0, then we have form
the definition of d(δ) that J(u(t0)) > d(δ), which contradicts (2.25). This ends the
proof of part (1).

(2) Let u be the solutions of the problem (1.1) with initial data E(0) = e and
I(u0) < 0. By the combination of (2.24) and Lemma 2.7, it follows that Iδ(u0) < 0
and E(0) < d(δ), which implies that u0(x) ∈ Vδ for δ ∈ (δ1, δ2). Furthermore, we will
prove u(t) ∈ Vδ for δ ∈ (δ1, δ2) and t ∈ (0, T ). By contradiction and then suppose that
there exists a time t0 ∈ (0, T ) satisfying u(t0) ∈ ∂Vδ for some δ ∈ (δ1, δ2), then we
have Iδ(u(t0)) = 0 or E(t0) = d(δ). Applying (2.25) again, we can see E(t0) ̸= d(δ).
When Iδ(u(t0)) = 0, then we have from the definition of d(δ) that J(u(t0)) > d(δ),
which also contradicts (2.25). This completes the proof of Lemma 2.8.

Remark 2.9. In view of Lemma 2.5 and Lemma 2.8, it is easy to see that if the hy-
pothesis E(0) = e in Lemma 2.8 is corrected to 0 < E(0) ≤ e, then all conclusions of
Lemma 2.8 also hold.

Before giving next lemma, we introduce some notations as follows:

λ1 =
(

l

αBp+1
p+1

) 1
p−1

, d̃ = h(λ1) = p − 1
2(p + 1)α

−2
p−1

(
l

B2
p+1

) p+1
p−1

. (2.26)

In fact, based on the definition of J(u) and Sobolev inequality, we can discover that

J(u) = 1
2 l∥∇u∥2

2 + 1
2(g ◦ ∇u)(t) −

∫

Ω

F (u)dx

≥ 1
2 l∥∇u∥2

2 − 1
p + 1

∫

Ω

f(u)udx

≥ 1
2 l∥∇u∥2

2 − α

p + 1∥u∥p+1
p+1

≥ 1
2 l∥∇u∥2

2 − α

p + 1Bp+1
p+1∥∇u∥p+1

2 .

(2.27)

Hence, let us define the function h(λ) = 1
2 lλ2 − α

p+1 Bp+1
p+1λp+1, λ > 0. Through a series

of direct computation, we can obtain that h is an increasing function for 0 < λ < λ1,
decreasing function for λ > λ1 and the constant

λ1 =
(

l

αBp+1
p+1

) 1
p−1

is the maximum point of h satisfying

d̃ = h(λ1) = α
−2

p−1 (p − 1)
2(p + 1)

(
l

B2
p+1

) p+1
p−1

.
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Lemma 2.10. Assume that the conditions (A1), (A2) hold. For any fixed number
β ∈ (0, 1), further assume I(u0) < 0 and E(0) < βd̃, then we conclude that
I(u) < 0 and

d̃ <
p − 1

2(p + 1) [l∥∇u∥2
2 + (g ◦ ∇u)(t)] <

α(p − 1)
2(p + 1) ∥u∥p+1

p+1, (2.28)

for all t ∈ [0, T ).

Proof. Applying contradiction, we first obtain that I(u) < 0 for all t ∈ [0, T ). Indeed,
if it is false, then there exist a time t0 > 0 satisfying I(u(t0)) = 0 and I(u) < 0
for t ∈ [0, t0). So we have

l∥∇u∥2
2 + (g ◦ ∇u)(t) <

∫

Ω

f(u)udx ≤ α∥u∥p+1
p+1, t ∈ [0, t0). (2.29)

Using (2.29) and the definition of d̃, there appears the relation

d̃ = α
−2

p−1 (p − 1)
2(p + 1)

(
l

B2
p+1

) p+1
p−1

≤ α
−2

p−1 (p − 1)
2(p + 1)

{
l∥∇u∥2

2 + (g ◦ ∇u)(t)
∥u∥2

p+1

} p+1
p−1

<
p − 1

2(p + 1)
(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)

<
(p − 1)
2(p + 1)

∫

Ω

f(u)udx, t ∈ [0, t0).

(2.30)

Applying the time continuity of
∫

Ω f(u)udx, then the combination of (1.9) and (2.30)
yields that

d̃ ≤ (p − 1)
2(p + 1)

∫

Ω

f(u(t0))u(t0)dx

= 1
2

∫

Ω

f(u(t0))u(t0)dx − 1
p + 1

∫

Ω

f(u(t0))u(t0)dx

≤ 1
2
(
l∥∇u(t0)∥2

2 + (g ◦ ∇u)(t0)
)

−
∫

Ω

F (u(t0))dx

= J(u(t0)).

(2.31)
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Since J(u(t0)) ≤ E(t0) ≤ E(0) < d̃, this contradicts the above inequality. Thus,
we deduce that I(u(t)) < 0 for t ∈ [0, T ). On the other hand, we have from (2.29) and
(2.30) that

d̃ <
p − 1

2(p + 1)
(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)

<
(p − 1)
2(p + 1)

∫

Ω

f(u)udx ≤ (p − 1)α
2(p + 1) ∥u∥p+1

p+1,
(2.32)

for all t ∈ [0, T ). We thereby end the proof of Lemma 2.10.

3. GLOBAL EXISTENCE OF SOLUTIONS

The main goal in this section is devoted to discuss the existence of global weak solutions
for the problem (1.1) at the low initial energy and critical initial energy by using
the Galerkin approximation and improved potential well method involving with t.

3.1. GLOBAL EXISTENCE AT LOW INITIAL ENERGY LEVEL

In this subsection, when the initial data satisfies E(0) < d and I(u0) > 0 or ∥u0∥H1 = 0,
the existence of global weak solutions of the problem (1.1) is given in Theorem 1.3.

Proof of Theorem 1.3. Let {wj(x)} be a complete orthogonal basis in H1
0 (Ω). Then

we construct the approximate solutions um for the problem (1.1) in the form

um(t) =
m∑

j=1
dj

m(t)wj(x), m = 1, 2, . . . , (3.1)

satisfying

(|u′
m|ρ−1u′′

m, wj) + (∇um, ∇wj) −




t∫

0

g(t − s)∇um(s)ds, ∇wj




+ (∇u′
m, ∇wj) + (∇u′′

m, ∇wj) = (f(um), wj),

(3.2)

and

um(x, 0) =
m∑

j=1
dj

m(0)ωj(x) → u0(x) in H1
0 (Ω), m → ∞, (3.3)

u′
m(x, 0) =

m∑

j=1
d

′j
m(0)ωj(x) → u1(x) in H1

0 (Ω), m → ∞. (3.4)
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Now, multiplying (3.2) by d
′j
m(t) and summing for j = 1, . . . , m, then we have

(|u′
m|ρ−1u′′

m, u′
m) + (∇um, ∇u′

m) −




t∫

0

g(t − s)∇um(s)ds, ∇u′
m




+ (∇u′
m, ∇u′

m) + (∇u′′
m, ∇u′

m) = (f(um), u′
m).

(3.5)

A series of calculation gives that

(|u′
m|ρ−1u′′

m, u′
m) = 1

ρ + 1
d

dt
∥u′

m∥ρ+1
ρ+1, (3.6)

(∇um, ∇u′
m) = 1

2
d

dt
∥∇um∥2

2, (∇u′′
m, ∇u′

m) = 1
2

d

dt
∥∇u′

m∥2
2, (3.7)

(f(um), u′
m) = d

dt

∫

Ω

um∫

0

f(s)dsdx = d

dt

∫

Ω

F (um)dx, (3.8)

and

−
∫

Ω

t∫

0

g(t − s)∇um(s)∇u′
m(t)dsdx

= −
∫

Ω

t∫

0

g(t − s)
(
∇um(s) − ∇um(t)

)
∇u′

m(t)dsdx

−
∫

Ω

t∫

0

g(t − s)∇um(t)∇u′
m(t)dsdx

= 1
2

∫

Ω

t∫

0

g(t − s) d

dt

(
∇um(s) − ∇um(t)

)2
dsdx

− 1
2

∫

Ω

t∫

0

g(t − s) d

dt

(
∇um(t)

)2
dsdx

= 1
2

d

dt

∫

Ω

t∫

0

g(t − s)
(
∇um(s) − ∇um(t)

)2
dsdx

− 1
2

∫

Ω

t∫

0

g′(t − s)
(
∇um(s) − ∇um(t)

)2
dsdx

− 1
2

d

dt

t∫

0

g(s)ds∥∇um(t)∥2
2 + 1

2g(t)∥∇um∥2
2.

(3.9)
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Inserting (3.6)–(3.9) into (3.5), there appears the relation

1
ρ + 1

d

dt
∥u′

m∥ρ+1
ρ+1 + 1

2
d

dt

(
l(t)∥∇um(t)∥2

2
)

+ 1
2

d

dt
∥∇u′

m∥2
2

+ 1
2

d

dt
(g ◦ ∇um)(t) − d

dt

∫

Ω

F (um)dx

= −∥∇u′
m∥2

2 + 1
2(g′ ◦ ∇um)(t) − 1

2g(t)∥∇um∥2
2 ≤ 0,

(3.10)

which shows that

E′
m(t) = −∥∇u′

m∥2
2 + 1

2(g′ ◦ ∇um)(t) − 1
2g(t)∥∇um(t)∥2

2 ≤ 0, (3.11)

where

Em(t) = E(um, u′
m)

= 1
ρ + 1∥u′

m∥ρ+1
ρ+1 + 1

2∥∇u′
m∥2

2 + 1
2 l(t)∥∇um(t)∥2

2

+ 1
2(g ◦ ∇um)(t) −

∫

Ω

F (um)dx.

In view of (1.8), (1.9) and (3.11), we discover that

J(um) + 1
ρ + 1∥u′

m∥ρ+1
ρ+1 + 1

2∥∇u′
m∥2

2 ≤ Em(t) ≤ Em(0), 0 ≤ t < ∞. (3.12)

By the hypotheses E(0) < d and I(u0) > 0 or ∥u0∥H1 = 0, we can see that u0(x) ∈ W .
So applying (3.3) and (3.4), we further get that Em(0) < d, I(um(0)) > 0 and
then um(0) ∈ W for large enough m. Moreover, using (3.12) and same arguments as
Lemma 2.8 (1), we obtain that um(t) ∈ W and

Em(t) ≥ J(um) = 1
2 l∥∇um∥2

2 + 1
2(g ◦ ∇um)(t) −

∫

Ω

F (um)dx

≥ 1
2 l∥∇um∥2

2 + 1
2(g ◦ ∇um)(t) − 1

p + 1

∫

Ω

f(um)umdx

= p − 1
2(p + 1) [l∥∇um∥2

2 + (g ◦ ∇um)(t)] + 1
p + 1I(um)

≥ p − 1
2(p + 1) [l∥∇um∥2

2 + (g ◦ ∇um)(t)] ≥ 0,

(3.13)

for m is large enough and t ∈ [0, ∞). Hence, we have from (3.12) and (3.13) that

1
ρ + 1∥u′

m∥ρ+1
ρ+1 + 1

2∥∇u′
m∥2

2 + p − 1
2(p + 1) [l∥∇um∥2

2 + (g ◦ ∇um)(t)]

≤ Em(t) < d,

(3.14)
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for m enough large and t ∈ [0, ∞). By (3.13) and (3.14), we have that

∥∇um∥2
2 <

2(p + 1)
(p − 1)l d, 0 ≤ t < ∞, (3.15)

∥∇u′
m∥2

2 < 2d, 0 ≤ t < ∞, (3.16)

∥u′
m∥ρ+1

ρ+1 ≤ (ρ + 1)d, 0 ≤ t < ∞, (3.17)

|(f(um), um)| ≤ α∥um∥p+1
p+1 ≤ αBp+1

p+1

(
2(p + 1)
(p − 1)l d

) p+1
2

, 0 ≤ t < ∞. (3.18)

Integrating (3.11) from 0 to t, there appears the relation

1
2

t∫

0

g(t − s)∥∇um∥2
2ds = Em(0) − Em(t) −

t∫

0

∥∇u′
m∥2

2ds + 1
2

t∫

0

(g′ ◦ ∇um)(s)ds,

which together with (3.13), (3.14) and condition (A2) yields that
t∫

0

g(t − s)∥∇um∥2
2ds < 2d, 0 ≤ t < ∞. (3.19)

Furthermore, multiplying (3.2) by d
′′j
m (t) and summing for j = 1, . . . , m, we discover

that

(|u′
m|ρ−1u′′

m, u′′
m) + (∇um, ∇u′′

m) −




t∫

0

g(t − s)∇um(s)ds, ∇u′′
m




+ (∇u′
m, ∇u′′

m) + (∇u′′
m, ∇u′′

m) = (f(um), u′′
m).

(3.20)

Applying the Young, Hölder and Sobolev inequalities, we have form (3.20) and (A1)
that

∫

Ω

|u′
m|ρ−1|u′′

m|2dx + ∥∇u′′
m∥2

2

=
( t∫

0

g(t − s)∇um(s)ds, ∇u′′
m

)

− (∇um, ∇u′′
m) + (∇u′

m, ∇u′′
m) + (f(um), u′′

m)

≤ 3ϵ∥∇u′′
m∥2

2 +
B2

p+1ϵ

2 ∥∇u′′
m∥2

2 +
α2B2p

p+1
8ϵ

∥∇um∥2p
2

+ 1
4ϵ

∥∇um∥2
2 + 1

4ϵ
∥∇u′

m∥2
2 + 1

4ϵ

t∫

0

g(s)ds

t∫

0

g(t − s)∥∇um∥2
2ds,

(3.21)
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where Bp+1 has been defined in Theorem 4.1. Here, let us take ϵ small enough such
that 1 − 3ϵ − B2

p+1ϵ

2 > 0. So, by a simple calculation, (3.21) becomes

∫

Ω

|u′
m|ρ−1|u′′

m|2dx +
(

1 − 2ϵ − B2
p+1ϵ

2

)
∥∇u′′

m∥2
2

≤
α2B2p

p+1
8ϵ

∥∇um∥2p
2 + 1

4ϵ
∥∇um∥2

2 + 1
4ϵ

∥∇u′
m∥2

2

+ 1
4ϵ

t∫

0

g(s)ds

t∫

0

g(t − s)∥∇um∥2
2ds.

(3.22)

Inserting (3.15), (3.16) and (3.19) into (3.22), we can obtain the following inequality

∥∇u′′
m∥2

2 < C, 0 ≤ t < ∞, (3.23)

where C is a positive constant independent of time t. Applying Hölder inequality again,
we have

(|u′
m|ρ−1u′′

m, u′′
m) ≤ ∥u′

m∥ρ−1
ρ+1∥u′′

m∥2
ρ+1 ≤ ((ρ + 1)d)

ρ+1
ρ−1 ∥u′′

m∥2
ρ+1, 0 ≤ t < ∞. (3.24)

The estimates (3.15)–(3.18), (3.23) and (3.24) allow us to get a subsequence of {um},
which from now on will be denoted by {um} and functions u, χ1, χ2, χ3 such that

um → u in L∞(0, ∞; H1
0 (Ω)) weakly star, m −→ ∞, (3.25)

u′
m → u′ in L∞(0, ∞; H1

0 (Ω)) weakly star, m −→ ∞, (3.26)

u′
m → u′ in L∞(0, ∞; Lρ+1(Ω)) weakly star, m −→ ∞, (3.27)

u′′
m → u′′ in L∞(0, ∞; H1

0 (Ω)) weakly, m −→ ∞, (3.28)

f(um) → χ1 in L∞(0, ∞; L
p+1

p (Ω)) weakly star, m −→ ∞, (3.29)

|u′
m|ρ−1u′

m → χ2 in L∞(0, ∞; L
ρ+1

ρ (Ω)) weakly star, m −→ ∞. (3.30)

|u′
m|ρ−1u′′

m → χ3 in L∞(0, ∞; L
ρ+1

ρ (Ω)) weakly, m −→ ∞. (3.31)
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Since H1
0 (Ω) ↪→ L2(Ω) is compactness, we have, thanks to the Aubin–Lions theorem,

that

um → u in L∞(0, ∞; L2(Ω)) strongly, m −→ ∞, (3.32)

u′
m → u′ in L∞(0, ∞; L2(Ω)) strongly, m −→ ∞, (3.33)

u′′
m → u′′ in L∞(0, ∞; L2(Ω)) strongly, m −→ ∞, (3.34)

and further using Lemma 1.3 in [17], we can deduce

f(um) → χ1 = f(u) in L∞(0, ∞; L
p+1

p (Ω)) weakly star, m −→ ∞, (3.35)

|u′
m|ρ−1u′

m → χ2 = |u′|ρ−1u′ in L∞(0, ∞; L
ρ+1

ρ (Ω)) weakly star, m −→ ∞, (3.36)

|u′
m|ρ−1u′′

m → χ3 = |u′|ρ−1u′′ in L2(0, ∞; L
ρ+1

ρ (Ω)) weakly, m −→ ∞. (3.37)

Taking m → ∞ in the (3.2) and then making use of (3.25)–(3.28) and (3.35)–(3.37),
we discover that

(|u′|ρ−1u′′, wj) + (∇u, ∇wj) −




t∫

0

g(t − s)∇u(s)ds, ∇wj




+ (∇u′, ∇wj) + (∇u′′, ∇wj) = (f(u), wj).

(3.38)

Considering that the basis {wj(x)}∞
j=1 are dense in H1

0 (Ω), we choose a function
v ∈ H1

0 (Ω) having the form v =
∑∞

j=1 djwj(x), where {dj}∞
1 are given functions.

Multiplying (3.38) by dj and then summing for j = 1, . . ., it follows that

(|u′|ρ−1u′′, v) + (∇u, ∇v) −




t∫

0

g(t − s)∇u(s)ds, ∇v




+ (∇u′, ∇v) + (∇u′′, ∇v) = (f(u), v), ∀ v ∈ H1
0 (Ω).
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Next, we shall prove that the total energy E(t) satisfies (1.7). In terms of above
discussion, for each fixed t > 0 we have

|(g ◦ ∇u)(t) − (g ◦ ∇um)(t)|

=
∣∣∣∣

t∫

0

g(t − s)
∫

Ω

|∇u(s) − ∇u(t)|2dxds

−
t∫

0

g(t − s)
∫

Ω

|∇um(s) − ∇um(t)|2dxds

∣∣∣∣

≤
t∫

0

g(t − s)∥∇u(s) − ∇um(s)∥2∥∇u(s) + ∇um(s)∥2ds

+
t∫

0

g(t − s)∥∇u(s) − ∇um(s)∥2ds∥∇u(t) + ∇um(t)∥2

+
t∫

0

g(t − s)∥∇u(s) + ∇um(s)∥2ds∥∇u(t) − ∇um(t)∥2

+
t∫

0

g(s)ds∥∇u(t) + ∇um(t)∥2∥∇u(t) − ∇um(t)∥2

≤ C

t∫

0

g(t − s)∥∇u(s) − ∇um(s)∥2ds

+ C

t∫

0

g(s)ds∥∇u(t) − ∇um(t)∥2 → 0 as m → ∞.

(3.39)

By a simple calculation, we also discover that

∣∣∣∣
∫

Ω

F (um)dx −
∫

Ω

F (u)dx

∣∣∣∣ =
∣∣∣∣
∫

Ω

f(u + θmum)(um − u)dx

∣∣∣∣

≤ ∥f(u + θmum)∥ p+1
p

∥um − u∥p+1 ≤ C∥um − u∥p+1 → 0 as m → ∞,

(3.40)

where 0 < θm < 1. Thus, we have from (3.39) and (3.40) that

lim
m→∞

(g ◦ ∇um)(t) = (g ◦ ∇u)(t), lim
m→∞

∫

Ω

F (um)dx =
∫

Ω

F (u)dx. (3.41)
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On the other hand, (3.3) and (3.4) implies that Em(0) → E(0), as m → ∞. Thus,
using Fatou’s Lemma and (3.12), we can deduce that

1
ρ + 1∥u′∥ρ+1

ρ+1 + 1
2∥∇u′∥2

2 + 1
2 l(t)∥∇u∥2

2

≤ lim inf
m→∞

(
1

ρ + 1∥u′
m∥ρ+1

ρ+1 + 1
2∥∇u′

m∥2
2 + 1

2 l(t)∥∇um∥2
2

)

= lim inf
m→∞


Em(t) +

∫

Ω

F (um)dx − 1
2(g ◦ ∇um)(t)




≤ lim
m→∞


Em(0) +

∫

Ω

F (um)dx − 1
2(g ◦ ∇um)(t)




= E(0) +
∫

Ω

F (u)dx − 1
2(g ◦ ∇u)(t),

(3.42)

which shows E(t) ≤ E(0). We thereby prove that u is a global weak solution of the
problem (1.1) in Definition 1.1. Finally, applying Lemma 2.8 (1) again, we can easily
conclude that u(t) ∈ W for 0 ≤ t < ∞. This completes the proof of Theorem 1.3.

3.2. GLOBAL EXISTENCE AT CRITICAL INITIAL ENERGY LEVEL

Our aim of this subsection is to prove the existence of global weak solutions for the
problem (1.1) under the critical initial conditions I(u0) ≥ 0 and E(0) = d. The detailed
content is shown in Theorem 1.4.

Proof of Theorem 1.4. We prove Theorem 1.4 by considering two cases
∥∇u0∥2

2 = 0 and ∥∇u0∥2
2 ̸= 0.

(1) ∥∇u0∥2
2 ̸= 0.

(i) If I(u0) > 0, then a direct calculation gives that
d

dλ
E(λu0, u1)|λ=1 = 1

ρ + 1∥u1∥ρ+1
ρ+1 + 1

2∥∇u1∥2
2 + ∥∇u0∥2

2 −
∫

Ω

f(u0)u0dx,

which together with l ≤ l(t) ≤ 1 yields that
d

dλ
E(λu0, u1)|λ=1 ≥ 1

ρ + 1∥u1∥ρ+1
ρ+1 + 1

2∥∇u1∥2
2 + I(u0) > 0. (3.43)

Hence, there exists an interval (λ1, λ2) such that d
dλ E(λu0, u1) > 0 and I(λu0) > 0

for λ ∈ (λ1, λ2). We take a sequence {λm} such that λ1 < λm < 1, m = 1, 2, . . . and
λm → 1 as m → ∞. Let us define u0m(x) = λmu0(x), then we consider the problem
(1.1) with the initial conditions

u(x, 0) = u0m(x), ut(x, 0) = u1(x), (3.44)
where the initial data u0, u1 in (1.1) are replaced by u0m(x), u1(x).
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Firstly, by the combination of I(u0) > 0 and Lemma 2.3 (3), we obtain that
there exists a λ∗ = λ∗(0) > 1 and I(λu0) > 0 for 0 ≤ λ < λ∗. So we have
that I(u0m) = I(λmu0) > 0 and

Em(0) = E(u0m, u1)

= 1
ρ + 1∥u1∥ρ+1

ρ+1 + 1
2∥∇u1∥2

2 + 1
2∥∇u0m∥2

2 −
∫

Ω

F (u0m)dx

≥ 1
ρ + 1∥u1∥ρ+1

ρ+1 + 1
2∥∇u1∥2

2 + p − 1
2(p + 1) l∥∇u0m∥2

2 + 1
p + 1I(u0m) > 0,

(3.45)

for sufficiently large m. Furthermore, we have from (3.44) that

0 < Em(0) = E(u0m, u1) = E(λmu0, u1) < E(u0, u1) = E(0) = d. (3.46)

(ii) If I(u0) = 0, by the definitions of d and E(t), then we have

E(0) = E(u0, u1) ≥ J(u0) ≥ d, (3.47)

which along with E(0) = d gives J(u0) = d. Furthermore, applying Lemma 2.3
again, it follows that λ∗ = λ∗(0) = 1, J(λu0) is an increasing function on λ ∈ [0, 1],
and I(λu0) > 0 for λ ∈ (0, 1). we choose a sequence {λm} satisfying λ1 < λm < 1,
m = 1, 2, . . . and λm → 1 as m → ∞. Let u0m(x) = λmu0(x) and then investigate the
problem (1.1) with initial conditions u(x, 0) = u0m(x), ut(x, 0) = u1(x). It is easy to
see that I(u0m) = I(λmu0) > 0. And we deduce that (3.46) also holds here.

Hence, applying Theorem 1.3, we obtain that the problem (1.1) (the initial
conditions u0, u1 are corrected to u0m(x), u1(x)) admits a global weak solution
um ∈ L∞(0, ∞; H1

0 (Ω)), u′
m ∈ L∞(0, ∞; H1

0 (Ω)), u′′
m ∈ L∞(0, ∞; H1

0 (Ω)) and um ∈ W
satisfying

(|u′
m|ρ−1u′′

m, v) + (∇um, ∇v) −




t∫

0

g(t − s)∇um(s)ds, ∇v




+ (∇u′
m, ∇v) + (∇u′′

m, ∇v) = (f(um), v),

(3.48)

for all v ∈ H1
0 (Ω) and t ∈ [0, ∞). By a series of calculation, we also have that

d > Em(0) ≥ 1
ρ + 1∥u′

m∥ρ+1
ρ+1 + 1

2∥∇u′
m∥2

2 + 1
2(g ◦ ∇um)(t)

+ 1
2

(
1 −

t∫

0

g(s)ds

)
∥∇um(t)∥2

2 −
∫

Ω

F (um)dx

≥ 1
ρ + 1∥u′

m∥ρ+1
ρ+1 + 1

2∥∇u′
m∥2

2 + J(um)

≥ 1
ρ + 1∥u′

m∥ρ+1
ρ+1 + 1

2∥∇u′
m∥2

2

+ p − 1
2(p + 1)

(
l∥∇um∥2

2 + (g ◦ ∇um)(t)
)
,

(3.49)
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and
∫

Ω

|u′
m|ρ−1|u′′

m|2dx +
(

1 − 2ϵ − B2
p+1ϵ

2

)
∥∇u′′

m∥2
2

≤
α2B2p

p+1
8ϵ

∥∇um∥2p
2 + 1

4ϵ
∥∇um∥2

2 + 1
4ϵ

∥∇u′
m∥2

2

+ 1
4ϵ

t∫

0

g(s)ds

t∫

0

g(t − s)∥∇um∥2
2ds,

(3.50)

for some positive constant ϵ such that 1 − 3ϵ − B2
p+1ϵ

2 > 0. In view of (3.49) and (3.50),
we deduce that

∥∇um∥2
2 <

2(p + 1)
(p − 1)l d, 0 ≤ t < ∞, (3.51)

∥∇u′
m∥2

2 < 2d, 0 ≤ t < ∞, (3.52)

∥∇u′′
m∥2

2 < C, 0 ≤ t < ∞. (3.53)

∥u′
m∥ρ+1

ρ+1 ≤ (ρ + 1)d, 0 ≤ t < ∞, (3.54)

|(f(um), um)| ≤ α∥um∥p+1
p+1 ≤ αBp+1

p+1

(
2(p + 1)
(p − 1)l d

) p+1
2

, 0 ≤ t < ∞, (3.55)

(|u′
m|ρ−1u′′

m, u′′
m) ≤ ((ρ + 1)d)

ρ+1
ρ−1 ∥u′′

m∥2
ρ+1, 0 ≤ t < ∞. (3.56)

In view of estimates (3.51)–(3.56) and then using similar arguments as Theorem 1.3,
we can see that there exists a subsequences of {um} which will be denoted by the form
{um} and function u ∈ W satisfying

um → u in L∞(0, ∞; H1
0 (Ω)) weakly star, m −→ ∞, (3.57)

u′
m → u′ in L∞(0, ∞; H1

0 (Ω)) weakly star, m −→ ∞, (3.58)

u′
m → u′ in L∞(0, ∞; Lρ+1(Ω)) weakly star, m −→ ∞, (3.59)

u′′
m → u′′ in L∞(0, ∞; H1

0 (Ω)) weakly, m −→ ∞, (3.60)

f(um) → f(u) in L∞(0, ∞; L
p+1

p (Ω) weakly star, m −→ ∞, (3.61)

|u′
m|ρ−1u′

m → |u′|ρ−1u′ in L∞(0, ∞; L
ρ+1

ρ (Ω)) weakly star, m −→ ∞. (3.62)

|u′
m|ρ−1u′′

m → |u′|ρ−1u′′ in L∞(0, ∞; L
ρ+1

ρ (Ω)) weakly, m −→ ∞. (3.63)
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Taking m → ∞ in (3.48), it follows that (1.6) is holding. Finally, the analogous argu-
ments as the proof of Theorem 1.3, we can conclude that E(t) ≤ E(0). Therefore, we
prove that u is a global weak solution to the problem (1.1) in the sense of Definition 1.1.

(2) ∥∇u0∥2
2 = 0.

In this case, it is easy to see that J(u0) = 0 and

1
ρ + 1∥u1∥ρ+1

ρ+1 + 1
2∥∇u1∥2

2 = E(0) = d.

We choose a sequence {λm} again, which satisfy 0 < λm < 1 and λm → 1 as m → ∞.
Let u1m(x) = λmu1(x). Then, we consider the problem (1.1) with the initial conditions

u(x, 0) = u0(x), ut(x, 0) = u1m(x). (3.64)

We note that

Em(0) = E(u0, u1m) = 1
ρ + 1∥u1m∥ρ+1

ρ+1 + 1
2∥∇u1m∥2

2

<
1

ρ + 1∥u1∥ρ+1
ρ+1 + 1

2∥∇u1∥2
2 = E(0) = d.

(3.65)

Hence, applying Theorem 1.3, we know that the problem (1.1) (the initial con-
ditions u0, u1 are corrected to u0(x), u1m(x)) admits a global weak solution
um ∈ L∞(0, ∞; H1

0 (Ω)), u′
m ∈ L∞(0, ∞; H1

0 (Ω)), u′′
m ∈ L∞(0, ∞; H1

0 (Ω)) with
um ∈ W for 0 ≤ t < ∞, which also satisfies (3.57)–(3.63). The remainder of the
proof is the same as part (1) of this theorem. We thereby complete the proof of
Theorem 1.4.

4. FINITE TIME BLOW-UP

This section is focused on the finite time blow-up phenomenal of the solutions for
the problem (1.1). Here, we not only derive the finite time blow-up result for certain
solutions with initial data at non-positive energy and positive energy, but also establish
the upper and lower bounds for the blow-up time T ∗.

4.1. UPPER BOUND FOR BLOW-UP TIME

In this subsection, a blow-up criterion which ensures that the solutions u can not exist
all time is derived, and an upper bound for blow-up time is given in Theorem 1.7.

To obtain the results of this section, we need to introduce the following lemma.

Lemma 4.1. Let p satisfy the condition (A1) and 2 ≤ s ≤ p + 1. Then there exists
a positive constant C > 1 depending on Ω only such that

∥u∥s
p+1 ≤ C(∥∇u∥2

2 + ∥u∥p+1
p+1) (4.1)

for any u ∈ H1
0 (Ω).
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Proof. If ∥u∥p+1 ≤ 1, then

∥u∥s
p+1 ≤ ∥u∥2

p+1 ≤ B2
p+1∥∇u∥2

2

by the Sobolev embedding theorem. If ∥u∥p+1 > 1, then

∥u∥s
p+1 ≤ ∥u∥p+1

p+1.

Thus, the proof is completed.

Now, we give the detailed proof of Theorem 1.7 as follows.

Proof of Theorem 1.7. Applying Lemma 2.10, we note that if I(u0) < 0 and E(0) < βd̃,
then I(u) < 0 for any t ∈ [0, Tmax). Arguing by contradiction, let us suppose that the
solutions u of the problem (1.1) is global existence. Hence, for any T > 0, we may
introduce the functional θ : [0, T ] → R+ in the form

θ(t) = ∥ut∥ρ+1
ρ+1 + ∥∇ut∥2

2 + ∥u∥p+1
p+1. (4.2)

Since θ(t) is continuous on [0, T ], there exist δ1, δ2 > 0 such that δ1 ≤ θ(t) ≤ δ2.
Moreover, let us define

H(t) = βd̃ − E(t), (4.3)

for t ∈ [0, ∞). Taking a derivative to (4.3), it follows that

H ′(t) = −E′(t)

= ∥∇ut∥2
2 + 1

2g(t)∥∇u(t)∥2
2

− 1
2

∫

Ω

t∫

0

g′(t − s)[∇u(s) − ∇u(t)]2dsdx ≥ 0,

(4.4)

and
H(t) ≥ H(0) = βd̃ − E(0) > 0. (4.5)

In view of (1.8) and conditions (A1)(iii), we can obtain that

−E(t) ≤
∫

Ω

F (u)dx ≤ 1
p + 1

∫

Ω

f(u)udx ≤ α

p + 1∥u∥p+1
p+1,

which along with (4.3) and Lemma 2.10 yields

H(t) ≤ βd̃ + α

p + 1∥u∥p+1
p+1 ≤ α

(
β(p − 1)
2(p + 1) + 1

p + 1

)
∥u∥p+1

p+1, (4.6)

for t ∈ [0, ∞).
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Next, we further define

G(t) = H1−σ(t) + ε

ρ

∫

Ω

|ut|ρ−1utudx

+ ε

∫

Ω

∇ut · ∇udx + ε

2

∫

Ω

|∇u|2dx, t ≥ 0,

(4.7)

where

0 < ε ≪ 1 and 0 < σ <
1

ρ + 1 − 1
p + 1 . (4.8)

Taking derivative to (4.7), we have from (1.1) that

G′(t) = (1 − σ)H−σ(t)H ′(t) + ε

ρ
∥ut∥ρ+1

ρ+1 + ε∥∇ut∥2
2

+ ε(|ut|ρ−1utt, u) + ε(∇u, ∇utt) + ε(∇u, ∇ut)

= (1 − σ)H−σ(t)H ′(t) + ε

ρ
∥ut∥ρ+1

ρ+1 + ε∥∇ut∥2
2 − ε∥∇u∥2

2

+ ε

∫

Ω

f(u)udx + ε

∫

Ω

∇u(t)
t∫

0

g(t − s)∇u(s)dsdx.

(4.9)

Applying the following relation

(p + 1 − ϑ)H(t) = (p + 1 − ϑ)βd̃

− p + 1 − ϑ

ρ + 1 ∥ut∥ρ+1
ρ+1 − p + 1 − ϑ

2 ∥∇ut∥2
2

− p + 1 − ϑ

2


l(t)∥∇u∥2

2 + (g ◦ ∇u)(t) − 2
∫

Ω

F (u)dx


 ,

(4.10)

and further by the Young inequality

∫

Ω

∇u(t)
t∫

0

g(t − s)[∇u(s) − ∇u(t)]dsdx

≤ 1
4γ

t∫

0

g(s)ds∥∇u∥2
2 + γ(g ◦ ∇u)(t),

(4.11)
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then a series of calculation gives that

G′(t) = (1 − σ)H−σ(t)H ′(t) − ε(p + 1 − ϑ)βd̃ + ε(p + 1 − ϑ)H(t)

+ ε

ρ
∥ut∥ρ+1

ρ+1 + ε∥∇ut∥2
2 + ε(p + 1 − ϑ)

ρ + 1 ∥ut∥ρ+1
ρ+1 + ε(p + 1 − ϑ)

2 ∥∇ut∥2
2

+ ε(p + 1 − ϑ)
2 l(t)∥∇u∥2

2 + ε(p + 1 − ϑ)
2 (g ◦ ∇u)(t)

− ε(p + 1 − ϑ)
∫

Ω

F (u)dx − ε∥∇u∥2
2 + ε

∫

Ω

∇u(t)
t∫

0

g(t − s)∇u(s)dsdx

+ ε

∫

Ω

f(u)udx

≥ (1 − σ)H−σ(t)H ′(t) − ε(p + 1 − ϑ)βd̃ + ε(p + 1 − ϑ)H(t)

+ ε

(
1
ρ

+ p + 1 − ϑ

ρ + 1

)
∥ut∥ρ+1

ρ+1 + ε

(
p + 1 − ϑ

2 l(t) − 1
)

∥∇u∥2
2

+ ε(p + 3 − ϑ)
2 ∥∇ut∥2

2 + ε

(∫

Ω

f(u)udx − (p + 1 − ϑ)
∫

Ω

F (u)dx

)

− ε

4γ

t∫

0

g(s)ds∥∇u∥2
2 − ε

(
p + 1 − ϑ

2 − γ

)
(g ◦ ∇u)(t)

≥ (1 − σ)H−σ(t)H ′(t) + ε(p + 1 − ϑ)H(t) − ε(p + 1 − ϑ)βd̃

+ ε(p + 3 − ϑ)
2 ∥∇ut∥2

2 + ε

(
1
ρ

+ p + 1 − ϑ

ρ + 1

)
∥ut∥ρ+1

ρ+1

+ ε

((
p + 1 − ϑ

2 − 1
)

−
(

p + 1 − ϑ

2 + 1
4γ

) t∫

0

g(s)ds

)
∥∇u∥2

2

+ ε

(
p + 1 − ϑ

2 − γ

)
(g ◦ ∇u)(t) + εϑα

p + 1∥u∥p+1
p+1,

(4.12)

where the constants ϑ, γ > 0 will be determined later, α > 0 is shown in conditions (A1).
Applying Lemma 2.10 again, there appears the relation

−ε(p + 1 − ϑ)βd̃ ≥ −εβ(p − 1)
2

(
l∥∇u∥2

2 + (g ◦ ∇u)(t)
)

≥ −εβ(p − 1)
2

(
l(t)∥∇u∥2

2 + (g ◦ ∇u)(t)
)

,

(4.13)
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where we use the fact that l(t) ≥ l > 0. Inserting (4.13) into (4.12), it follows that

G′(t) ≥ (1 − σ)H−σ(t)H ′(t) + ε(p + 1 − ϑ)H(t) + ε

(
1
ρ

+ p + 1 − ϑ

ρ + 1

)
∥ut∥ρ+1

ρ+1

+ ε(p + 3 − ϑ)
2 ∥∇ut∥2

2 + εϑα

p + 1∥u∥p+1
p+1

+ ε

(
p + 1 − ϑ

2 − β(p − 1)
2 − γ

)
(g ◦ ∇u)(t)

+ ε

(
p − 1 − ϑ

2 − β(p − 1)
2 −

(p + 1 − ϑ

2 − β(p − 1)
2 + 1

4γ

) t∫

0

g(s)ds

)
∥∇u∥2

2.

(4.14)

Choosing

0 < γ ≤ (1 − β)(p − 1)
2 + 2 − ϑ

2 and 0 < ϑ < (p − 1)(1 − β),

we discover from (1.20) that

G′(t) ≥ (1 − σ)H−σ(t)H ′(t) + ε(p + 1 − ϑ)H(t)

+ ε

(
1
ρ

+ p + 1 − ϑ

ρ + 1

)
∥ut∥ρ+1

ρ+1 + ε(p + 3 − ϑ)
2 ∥∇ut∥2

2

+ εK1∥∇u∥2
2 + εK2(g ◦ ∇u)(t) + εϑα

p + 1∥u∥p+1
p+1,

(4.15)

where

K1 = (p − 1)(1 − β) − ϑ

2 −
(

(1 − β)(p − 1)
2 + 2 − ϑ

2 + 1
4γ

) t∫

0

g(s)ds > 0, (4.16)

K2 = (1 − β)(p − 1)
2 + 2 − ϑ

2 − γ ≥ 0. (4.17)

So we obtain that

G′(t) ≥ εζ
(

H(t) + ∥ut∥ρ+1
ρ+1 + ∥∇ut∥2

2 + ∥∇u∥2
2 + (g ◦ ∇u)(t) + ∥u∥p+1

p+1

)
≥ 0, (4.18)

for some small constant ζ > 0. Here, choosing ε small enough, we have from (4.5) that

G(0) = H1−σ(0)+ ε

ρ

∫

Ω

|u1|ρ−1u1u0dx+ε

∫

Ω

∇u1 ·∇u0dx+ ε

2

∫

Ω

|∇u0|2dx > 0, (4.19)

which along with (4.18) yields

G(t) ≥ G(0) > 0, t ≥ 0. (4.20)
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Now, using the Hölder inequality and Sobolev inequality, one has
∣∣∣∣∣∣

∫

Ω

|ut|ρ−1utu

∣∣∣∣∣∣

1
1−σ

≤ ∥ut∥
ρ

1−σ

ρ+1 ∥u∥
1

1−σ

ρ+1

≤ C∥ut∥
ρ

1−σ

ρ+1 ∥u∥
1

1−σ

p+1 ≤ C(∥ut∥
ρq

1−σ

ρ+1 + ∥u∥
q′

1−σ

p+1 ),

(4.21)

where ρ < p and 1
q + 1

q′ = 1. Taking q = (ρ+1)(1−σ)
ρ > 1, then we have

q′

1 − σ
= ρ + 1

(ρ + 1)(1 − σ) − ρ
< p + 1. (4.22)

So using Lemma 4.1 and (4.21), there appears the relation
∣∣∣∣∣∣

∫

Ω

|ut|ρ−1utu

∣∣∣∣∣∣

1
1−σ

≤ C[∥ut∥ρ+1
ρ+1 + ∥u∥p+1

p+1 + ∥∇u∥2
2]. (4.23)

Applying the Young inequality and Hölder inequality again, we obtain that
∣∣∣∣∣∣

∫

Ω

∇ut · ∇udx

∣∣∣∣∣∣

1
1−σ

≤ ∥∇u∥
1

1−σ

2 ∥∇ut∥
1

1−σ

2 ≤ C(∥∇u∥
2

1−2σ

2 + ∥∇ut∥2
2). (4.24)

Hence, by the combination of (4.7), (4.23) and (4.24), we get that

G 1
1−σ (t) =


H1−σ(t) + ε

ρ

∫

Ω

|ut|ρ−1utudx + ε

∫

Ω

∇ut · ∇udx + ε

2

∫

Ω

|∇u|2dx




1
1−σ

≤ C
(
H(t) + ∥ut∥ρ+1

ρ+1 + ∥∇ut∥2
2 + ∥∇u∥

2
1−2σ

2 + ∥∇u∥
2

1−σ

2 + ∥u∥p+1
p+1
)
.

(4.25)

By (4.5) and δ1 ≤ θ(t) ≤ δ2, it follows that

∥∇u∥
2

1−2σ

2 + ∥∇u∥
2

1−σ

2 ≤ δ2
1

1−2σ + δ
1

1−σ

2 ≤ δ2
1

1−2σ + δ
1

1−σ

2
H(0) H(t). (4.26)

Inserting (4.6), (4.26) into (4.25), we discover that

G 1
1−σ (t) ≤ C

(
∥ut∥ρ+1

ρ+1 + ∥∇ut∥2
2 + ∥u∥p+1

p+1
)
, ∀t ≥ 0, (4.27)

In view of (4.18) and (4.27), there appears the relation

G′(t) ≥ QG 1
1−σ (t), ∀t ≥ 0, (4.28)
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where the positive constant Q is depending only on C, ε and ζ. Integrating (4.28)
form 0 to t, we get that

G σ
1−σ (t) ≥ 1

G −σ
1−σ (0) − σQt

1−σ

, ∀t ≥ 0, (4.29)

which implies that G(t) blows up in finite time

T ∗ ≤ 1 − σ

σQG σ
1−σ (0)

. (4.30)

By (4.27), we further deduce that

lim
t→T ∗−

(
∥ut∥ρ+1

ρ+1∥∇ut∥2
2 + ∥u∥p+1

p+1
)

= +∞,

which contradicts Tmax = ∞. Therefore, the solutions u can not exists all time,
i.e. blow up in finite time. We thereby complete the proof of Theorem 1.7.

4.2. LOWER BOUND FOR BLOW-UP TIME

With the blow-up criterion of Theorem 1.7 in hand, attention in this section is turned
to the investigation on the lower bound for blow-up time of the problem (1.1), which
is described by Theorem 1.8.

Proof. Let us introduce the auxiliary function

F (t) = E(t) +
∫

Ω

F (u)dx

= 1
ρ + 1∥ut∥ρ+1

ρ+1 + 1
2∥∇ut∥2

2 + 1
2 l(t)∥∇u∥2

2 + 1
2(g ◦ ∇u)(t).

(4.31)

By differentiating F (t) with respect to t and using (3.11), we have

F ′(t) = E′(t) +
∫

Ω

f(u)utdx ≤
∫

Ω

f(u)utdx. (4.32)

Applying the conditions (A1), Young inequality and Hölder inequality, there appears
the relation

F ′(t) ≤
∫

Ω

|f(u)ut|dx ≤ α

∫

Ω

|u|p|ut|dx ≤ α∥u∥p
p+1∥ut∥p+1 ≤ α

2 ∥u∥2p
p+1 + α

2 ∥ut∥2
p+1.

(4.33)
Furthermore, by Sobolev inequality we get that

F ′(t) ≤
αB2p

p+1
2 ∥∇u∥2p

2 +
αB2

p+1
2 ∥∇ut∥2

2, (4.34)
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which together with (4.31) yields that

F ′(t) ≤ α2p−1B2p
p+1l−pF (t)p + αB2

p+1F (t), (4.35)

here we used the fact that the function l(t) ≥ l. Then, integrating above inequality
from 0 to t, we have

F (t)∫

F (0)

dη

α2p−1B2p
p+1l−pηp + αB2

p+1η
, (4.36)

where
F (0) = 1

ρ + 1∥u1∥ρ+1
ρ+1 + 1

2∥∇u1∥2
2 + 1

2∥∇u0∥2
2.

From the results of Theorem 1.7, we know that there exists a finite time T ∗ such
that the solutions u blow up with limt→T ∗− F (t) = +∞. Therefore, we obtain a lower
bound for T ∗ given by

T ∗ ≥
∞∫

F (0)

dη

α2p−1B2p
p+1l−pηp + αB2

p+1η
.

Clearly, the integral is bound since exponents p > 1. This completes the proof of
Theorem 1.8
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