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Abstract. Considered herein is the global existence and non-global existence of the
initial-boundary value problem for a quasilinear viscoelastic equation with strong damping
and source terms. Firstly, we introduce a family of potential wells and give the invariance
of some sets, which are essential to derive the main results. Secondly, we establish the
existence of global weak solutions under the low initial energy and critical initial energy
by the combination of the Galerkin approximation and improved potential well method
involving with ¢. Thirdly, we obtain the finite time blow-up result for certain solutions
with the non-positive initial energy and positive initial energy, and then give the upper
bound for the blow-up time T™. Especially, the threshold result between global existence and
non-global existence is given under some certain conditions. Finally, a lower bound for the
life span T is derived by the means of integro-differential inequality techniques.
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1. INTRODUCTION

In this article, we consider the following initial-boundary value problem of the quasi-
linear viscoelastic equation

lue| P~ tugy — A+ fg g(t — s)Au(s)ds — Auy — Dugy = f(u), x € Q,t >0,
u(z,t) =0, x € 00,t>0,
u(x,O) = UO(x)v 'l_l,t(il',O) = Ul(l'), x €,

(1.1)
where €2 is a bounded domain of R™ with a smooth boundary 02. The functions
g, [ represent the kernel of memory term and source term, respectively. The following
conditions are the basic assumptions to obtain the main results.
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(A1) Assume that the nonlinear source term f satisfies:
(i) f: R = Risa C! function with £(0) = f’(0) = 0,
(if) f(s) is a monotone function for s € R, and is convex function for s € R4,
concave function for s € R_|
(ili) |f(s)| < a|s|P for a > 0, and (p+ 1)F(s) < sf(s), where F(s) = [ f(7)dr,
1<p<oowhenn§2,1<p§Z—f§Whenn23.
(A2) The relaxation function g: [0,00) — (0,00) is a C! function, which meet

gt <0, It)y=1- /g(s)ds >1- /g(s)ds =1>0.
0

0

(A3) For the nonlinear term |u;|?~ 1wy, we further assume

2
1< p<oowhenn<2, and 1<p§L+2whenn23.
n

It is worth mentioning that the viscoelastic materials describe natural damping,
mainly because that these materials have some special properties keeping memory
of their past traces. In mathematics, these damping effects can be modeled by using
integro-differential operators. Hence, the equation (1.1) has extensive physical back-
ground and also describes various important physical processes, for instance, heat
conduction and viscoelastic flow in viscoelastic materials [1], vibration appearing in the
viscoelastic rods [14], analysis of bidirectional shallow-water waves [23], velocity evolu-
tion of ion acoustic waves with ionic viscosity [21], etc. In addition, the another reason
why this type of equation is so attractive is that it has rich theoretical connotation.
In the last few years, much effort in mathematics have been devoted to the study of
qualitative properties for the viscoelastic equations. For example, when the parameter
p =1, source term f(u) = u|u|P~2 and absence of strong damping term Au;, dispersion
term Awuyy, the equation (1.1) is reduced to the following nonlinear viscoelastic wave
equation

t
uge — Au + /g(t — 8)Au(s)ds = ululP™2, x€Q,t>0. (1.2)
0

Here, the source term u|u|P~2 is the main factor that causes the finite time blow-up of
the solutions with the negative initial energy (see [3,13]). In [4], Berrimi and Messaoudi
proved the global existence of the solutions to equation (1.2) and then gave some
energy decaying estimates in the exponential and polynomial forms under certain
conditions on g and p.

In the absence of dispersion term Awu; and parameter p = 1, source term
f(u) = u|u|P~2, the model (1.1) becomes

¢
uy — Au+ /g(t — 8)Au(s)ds — Auy = uluP~2, x€Qt>0. (1.3)
0
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Song and Zhong [24] considered the initial-boundary value problem of (1.3) and
obtained a finite time blow-up result of the solutions with certain positive initial
energy. Later, Song and Xue [25] improved the result of [24], in which the finite
time blow-up is investigated under arbitrary high initial energy. Wang et al. [26,29]
changed the strong damping term Awu; into weak damping term u; in equation (1.3). By
using the potential well method, they established the global existence and exponential
decay of energy [29] and then under appropriate conditions on g and initial data,
discussed the finite time blow-up phenomenon of the solutions with arbitrary high
initial energy [26].
In [30], Xu, Yang and Liu considered the following viscoelastic wave equation

¢
uy — Au + /g(t — s)Au(s)ds — Auy — Augg +up = ulu|P™2, 2 € Q,t>0.
0

By introducing a family of potential wells, the global/non-global existence of weak
solutions were investigated at the low initial energy. Then, a finite time blow-up result
was given at arbitrary positive initial energy. In [2], Anaya and Messaoudi discussed
a class of fourth-order viscoelastic wave equation with a general weak damping term,
and derived a general decay rate estimates under some certain restrictions for relaxation
function g.

In the absence of source term f(u), the model (1.1) is reduced to the nonlinear
viscoelastic equation

t
|ue|Puge — Au + /g(t —s)Au(s)ds — yAu — Duy =0, z € Q,t>0. (1.4)
0

Cavalcanti et al. [5] proved that there exists the global existence of the solutions for
v > 0 and exponential uniform decay estimate of the energy for v > 0.

When the source term f(u) = u|u[P~2 and lack of strong damping term Awuy,
the model (1.1) becomes the nonlinear viscoelastic equation

¢
|u|Puge — Au + /g(t — 8)Au(s)ds — Nuy = bululP™2, x € Q,t>0. (1.5)
0

When the initial data of (1.5) are in the stable set, Messaoudi and Tatar [20] obtained
the global existence and uniform decay of the solutions by applying the potential well
method. Later, Liu [18] further discussed the energy decaying estimates by constructing
a suitable Lyapunov function and using the perturbed energy method, and also
gave a finite time blow-up result at the positive initial energy for certain relaxation
function g and initial data in the unstable set.

Here, let us mention that the potential well theory has become one of most popular
tools in the study of the qualitative properties of the solutions to the nonlinear evolution
equations. Sattinger [22] firstly proposed this method used to investigate the global
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existence of the solutions for the hyperbolic equations. Especially, the potential well
method also plays a very key role in deriving the threshold result between global
existence and non-global existence of the solutions (see [1,7,8,15,28,30]). Therefore, it
has been widely used and extended by many authors to study the qualitative theory
for different kinds of evolution equations, such as heat equation, pseudo-parabolic
equation, viscoelastic wave equation, Kirchhoff-type equation and so on, we refer the
readers to see [6-12,15,16,18-20,22,26-32] and the papers cited therein.

Motivated by the above researches, in the present work we will study the
initial-boundary value problem (1.1) for the viscoelastic equation. To our knowledge,
there is little information on the global existence and non-global existence of the above
problem. The global existence, blow-up and uniform decay rates of the energy of the
solutions to equations (1.4) and (1.5) were discussed in references [5,18,20]. Compared
with equations (1.4) and (1.5), we note that the nonlinear term |u¢|?~'uy, strong
damping term Aw, dispersion term Awg and nonlinear source term f(u) appear
simultaneously in the equation (1.1), which cause some difficulties in the way of the
proof when we study the qualitative theory of the solutions. Especially, the interaction
among the above terms in (1.1) makes that it requires a rather delicate analysis in
proving the relative qualitative properties of the solutions. Another obvious difference
between this paper and references [5,18,20] is the definition of total energy E(t). In
references [5,18,20], the function [ = 1 — [ g(s)ds appearing in E(t) is independent
of time ¢. However, in this paper the function [ of E(t) is replaced by I(¢), which is
equal to 1 — fot g(s)ds involving the time ¢. Thus, we need to invent some new skills
and methods to overcome the above difficulties in the study of the global existence
and blow-up phenomenon for the problem (1.1).

In order to state our main results precisely, we first define the weak solutions for
the problem (1.1) over the interval Q x [0,T). Here, it is to be understood that T is
either infinity or the limit of the existence interval.

Definition 1.1. We say that wu(z,t) is called a weak solution of the problem
(1.1) on the interval Q x [0,T). If u € L>(0,T;HJ(Q)), uy € L>®(0,T; H}(Q))
and uy € L°(0,T; HE()) satisfy the following conditions:

(i) for any v € H}(Q) and a.e. t € [0,T), we have

t

()P~ Lrge, v) + (Vi Vo) — ( / gt — $)Vu(s)ds, w)

) (1.6)
+ (Vut, V’U) -+ (Vutt, V’U) = (f(u), ’U),
(i) u(z,0) = up(x) in HE (), ut(z,0) = uy(x) in HE(Q),
(iii) the energy inequality
E(t) < E(0) (1.7)

holds for any 0 < ¢t < T, where the concrete expression of total energy F(t) will
be given later.
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Remark 1.2. Since 1 < p<oowhenn <2, and1<p< ”*2

to Sobolev embedding theorem, we have

when n > 3, according

HY() < LPP(Q) and [Jo]lper < Byt [ Vol for all v € H(9),

where B, is the optlmal embeddmg constant form Sobolev spaces H{ (2) to LPT(Q).
Noting that 2 p+1 + p+1 + p+1 = 1, by the Hoélder inequality we can see that the
nonlinear term [, [ug|”~ Luyvdr makes sense.

Next, we will introduce some functionals which are all associated with the potential
wells.

E(t) = E(u,uy)

1 1 1
= mH wsllofy + *Hvut”z SIONVuls + 5 (g0 Vu)(t /F
& 1.8)
> luell 2+ 1w lV Lgovu) F(u
z el + 5 wll3 + SUVullz + 5 (g0 Vu)
Q
1
J(u) = *ZIIVUIIQ (g Vu)(t) — /F(U)dfm (1.9)
and
I(u) = 1||Vull3 + (g o Vu)( /f Judz, (1.10)
where
t
(90 Vu)(t) = /g(t = 8)[Vu(t) — Vu(s)|l3ds  Vu € Hy(9).
0
The corresponding potential well sets are defined in the form
W ={ueHjQ):I(u) >0, E(t) <d} U{o}, (1.11)
V={ueH)Q):I(u) <0, E(t)<d}. (1.12)
Here, the depth d of potential well set W is defined by
d= inf sup J(Au) ¢ . 1.13
u€Hg (M\{0} {A>p0 ( )} ( )

In fact (see [16,20] for details), the potential well depth d is a positive constant
equaled to

inf . 1.14
I(u)lzr}J,u;éO J(U) ( )

Furthermore, for § > 0, we introduce the functional

Is(u) = 6[1||Vull3 + (g o Vu)(t /f Judz, (1.15)
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and give the modified potential well depth ds by the form

ds =d(6) = inf J(u). (1.16)

i
Is(u)=0,u#0
Then, a series of potential well sets can be given as follows

Ws = {u € Hj(Q) : Is(u) >0, E(t) <d(5)}U{0}, (1.17)

Vs ={ue Hy(Q) : Is(u) <0, E(t) <d()}. (1.18)

To obtain the global existence and non-global existence of the problem (1.1), our
first intention in this paper is to establish some important lemmas about the properties
of the potential wells and the invariant sets, cf. Lemmas 2.1-2.10 in Section 2. On
the basis of these lemmas, our second intention is to prove the existence of the global
weak solutions for certain initial data in the stable sets Ws and W, respectively,
by the combination of Galerkin approximation and improved potential well method,
where W5 = W5 UOWs, Wi = W and W, = W. Finally, we will investigate the finite
time blow-up phenomenon of the solutions with certain initial data in the unstable
sets, and then discuss the upper and lower bounds for the finite blow-up time T*.

Now, we are ready to state the main results of this paper.

Theorem 1.3 (Global existence at low initial energy level). Let the hypotheses
(A1)—~(A3) hold and ug(z),ui(z) € HE(Q). Further assume that E(0) < d and
I(ug) > 0 or ||ugllgr = 0. Then the problem (1.1) admits a global weak solution
u € L*(0,00; H} (Q)), uy € L°°(0,00; H}(Q)), uge € L°°(0,00; HY(Q)) and u(t) € W
for 0 <t < oo.

Theorem 1.4 (Global existence at critical initial energy level). Let the hypothe-
ses (A1)~(A3) hold and ug(z),u1(x) € HY(Q). Further, assume that E(0) = d and
I(ug) > 0. Then the problem (1.1) admits a global weak solution u € L (0, 00; H}()),
uy € L°°(0,00; HH(Q)), uye € L%°(0,00; HH(Q)) and u(t) € W = W UIW for
0<t<oo.

Applying Lemma 2.7 (see Section 2), from 0 < E(0) < d, Is,(up) > 0, it follows
that Is(ug) > 0 for all § € (d1,02), where (01, d2) is the maximal interval including
0 = 1 such that ds(t) > E(0) for 6 € (1, d2). Repeating the arguments of Theorem 1.3
for 6 € (01, d2), then we can obtain the following conclusion.

Corollary 1.5. If the hypothetical conditions “FE(0) < d, I(ug) > 0” in Theorem 1.3
are changed to “0 < E(0) < d, Is,(ug) > 07, then the problem (1.1) admits a global
weak solution u € L>(0,00; Hi(2)), uy € L>(0,00; HE(2)), uy € L>®(0,00; HE())
and u(t) € Ws for 0 <t < oo.

Based on the conclusion of Corollary 1.5, using the similar arguments as
Theorem 1.4, we immediately obtain the following global existence of the solutions.
We omit the proof here for the sake of brevity.
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Corollary 1.6. Let the hypotheses (A1)~(A3) hold and ug(z),u1(x) € H (). Further,
assume that E(0) = d and Is(ug) > 0. Then the problem (1.1) admits a global weak
solution u € L>(0,00; H}(Q)), uy € L>®(0,00; HE(Q)), uy € L°°(0,00; HY(Q)) and
u(t) € Ws =Ws UOWs for 0 <t < oc.

Theorem 1.7 (Blow-up and upper bound for blow-up time). Let the hypotheses
(A1)~(A3) hold. For any fized number 3 € (0,1), we assume that uo(z),u1(z) € Hg(Q)
satisfying

I(ug) <0, E(0) < jd, (1.19)

where d is given by (2.26) in Section 2. We further choose p < p and g satisfies

r [(p—1)(1 = B) = 9> +2[(p— 1)(1 — B) — 9]
0/ o (S V[ A S

where 0 < ¥ < (p—1)(1 — B). Then, the solutions of the problem (1.1) blow up in
finite time, i.e. there exists a time T* < 400 such that

. +1 +1
im (luellpis + 1Vuell3 + llulpiy) = +oo.
S

Theorem 1.8 (Lower bound for blow-up time). Under the assumption of Theorem 1.7,
let ug(z), w1 (x) € HE(Q) and u be a blow-up solution of the problem (1.1). Then a lower
bound for blow-up time T™* can be estimated by

7 d
T > / e H:?p . (1.21)
£ & pr1t PN A ab 0
where
F(0) = ——[Jun |52 + 2| Vua |2 + = | Vo2
_p+1 Utllp+1 9 U1ll2 9 Uoll2,

B4 is the Sobolev embedding constant satisfying the inequality
[vllp+1 < BpiallVulla

for all v € H}(Q).

In view of Theorem 1.3 and Theorem 1.7, a threshold result between global existence
and non-global existence of the solutions for the problem (1.1) can be obtained as
follows.

Corollary 1.9. Let the hypotheses (A1)-(A3), (1.20) hold and ug(z),u1(x) € Hg ().
Further, assume that E(0) < fd < d with 3 € (0,1). Then the problem (1.1) has
a unique global weak solution provided I(ug) > 0 (including |[Vug||3 = 0). The problem
(1.1) does not admit any global solution provided I(ug) < 0.
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Remark 1.10. In view of conditions (A1)(iii) and (1.8)—(1.10), we have

1 1 -1
p+1 - v 2 p
7p+1||u1”p+1+ 2|| U1||2+72(p_~_1)
1 w1, 1 2
< ﬁ\lulll,’iﬂ + §||VU1||2 + J(uo) < E(0).

1
YVuoll3 + ——
>p

+1I(U0)

(1.22)

It is easy to see that if the initial energy E(0) < 0, then the inequality I(ug) > 0
is impossible. When the initial energy E(0) = 0, we see that either I(ug) > 0 or
I(up) = 0 with ||Vuol||3 # 0 are all impossible. If the initial energy 0 < E(0) < 8d < d
(choose 8 € (0,1) is small such that 3d < d), we discover that the equality I(ug) =0
with ||[Vugl|3 # 0 is impossible. Otherwise, by the definition of d we have that
J(ug) > d, which contradicts (1.22). Therefore, all possible scenarios have already
been investigated in this paper.

2. FAMILY OF POTENTIAL WELLS AND INVARIANT SETS

In this section, we shall introduce some notations and important lemmas about the
properties of the potential wells and the invariant sets, which are essential to derive
the main results.

Lemma 2.1 (see [18,22]). If f(s), F(s) satisfy the hypothesis (A1), then:

(1) for|s| > 1 and some constant B > 0, we have F(s) > Bls|P*!,
(2) for |s| > 1, we have sf(s) > (p+ 1)Bls|7*1,
(3) we have s(sf'(s) — f(s)) > 0.

Lemma 2.2. If the hypotheses (A1), (A2) hold, then for any u € H (), ||ul/z: # 0,
it follows that:

(1) Timy g J(Au) = 0, limy -y 40 J(At) = —o0,
(2) o(\) = 5 Jquf(Mu)dx is an increasing function for A € (0,00),
(3) limxsor 9(A) = 0, im0 p(A) = Fo0.

Proof. (1) From the hypothesis (A1) and (1.9), it follows that

J(\u) = %znvmng + %(g o Vu)(t) — /F()\u)da:

Q
) ) (2.1)
= 5z/\2||Vu||§ + 5AQ(g o Vu)(t) — /F(Au)dw,
Q

which implies that limy_,o+ J(Au) = 0. In addition, we have from Lemma 2.1 (1) that

/F()\u)dz > BAPT! / lu|P Tt da,
Qx
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where
QA:{er:|u|2§}.

Furthermore, we note that

li P dr = (]2
Jim s = ]
Qx

So there appears the relation

/F()\u)dx > B)\p+1|\u||§ﬁ as A — +o0. (2.2)
Q
By (1.9) and (2.2), we discover that
1 1
TOw) < SN[Vl + 3 (g 0 Vu)(r) — BY T uls, (23)
as A — +o0o. Therefore, we conclude that limy_, 1o J(Au) = —o0.
(2) Applying Lemma 2.1 (3), it follows that

SO\ = % / D2 () — uf O)]da = % / Maaf i) — fFOu)lde > 0, (2.4)

Q
which implies that ¢(\) is an increasing function for A € (0, c0).
(3) From the hypotheses (A1), there appears the relation
1 o 1 — 1
0< o) = 55 [ MfOuds < Sl = el @)
Q

So we have that limy_,o+ ¢(A) = 0. To go a step further, by Lemma 2.1 (2), one has

1 p+1)B
o\ = F/)\uf()\u)daz > %/Muvﬂ'ldm
Q Qx5

(2.6)
= (p+1)BAP! / lu[P*tdz,
Qx
where ) is shown as part (1) of this lemma. Applying
. +1 _ +1
Jim [ e = ]
Qx
again, we discover that
o(\) > (p+1)BAP—! / ufPHlde as A — +oo. 2.7)
Q

Therefore, we deduce that limy_, 400 p(A) = +00. O
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Lemma 2.3. If the hypotheses (A1), (A2) hold, then for any u € HE(Q) with
||| g2 # 0, we have:

(1) there exists a unique X* = A*(u) € (0,00) satisfying
dJ(/\u

’/\ =0

(2) J(A\u) is an increasing functwn for A € [0,X*], decreasing function for
A € [A*,00), and takes the mazimum at A = \*,
(3) I(Au) >0 for A€ (0,A\*), I(Au) <0 for A € (\*,00), and I(A\*u) =0

Proof. (1) We have from (1.9) that

dJ ()
dA

— N[ Vul} + Mg 0 Vao) /fAuudw
(2.8)
= A [UIVull3 + (g0 Vu)(t) - w(A)] :

where ¢()) has been defined in Lemma 2.2. It shows that ¢(A) = § [, uf(Au)dz is
an increasing function for A € [0,00), limy_,0+ ¢(A) = 0 and limy_, ;o ©(A) = +o0.
Hence, it is easy to see that there exists a unique \* = \*(u) satisfying

. dJ(\u)
) = VUl + (o vu)(t) and PO g
(2) By the combination of ¢’/(A\) > 0 and result of part (1), it follows that
dJ (A dJ (A
ch/\u) >0 for A € [0, )], ch/\u) <0 for X € [\, 00).
Thus, we get that J(Au) is an increasing function for A € [0, A*], decreasing function
for A € [A*, 00).
(3) Combining the proof process of part (2) and
dJ(Au
T(w) = N21||Vul|2 + N2 (g o Vau)(t /f (Au) Audz JCEA )
it is easy to see that the conclusion of part (3) holds. O

Lemma 2.4. Assume that the conditions (A1), (A2) hold. Furthermore,
(1) if Is(u) < 0, then we have
U[Vull3 + (g 0 Vu)(t) > r(3),

6lp+1 %1
r(0) = ( )
Byl

and the constant Bpy1 is given in Theorem 1.8; particularly, if I(u) < 0, then
we have

where

UIVull3 + (g0 Vu)(t) > r(1),
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(2) if Is(u) = 0, then we have
UIVull3 + (g0 Vu)(t) 2 7(8) or ullg = 0;

particularly, if I(u) = 0, then we have l||Vul|3 + (g o Vu)(t) > r(1) or |jul|g: = 0.

Proof. (1) By conditions (A1)(iii) and Sobolev inequality, a series of calculation gives

1 1 1
/ fuudz < alulPtE < aBPHY|Vulgt
Q (2.9)

p+1

(0%
< e BEL IVl + (90 V) (8)]

2

where use has been made of the fact that the functional (g o Vu)(¢) > 0 in the third
inequality. Applying I5(u) < 0, we know that u # 0 and

/f(u)ud:c > S[UIVull2 + (g 0 Va) (). (2.10)

In view of (2.9) and (2.10), it follows that

p+1

ol =z

p+1
aB,

Va3 + (g0 Vu)(t) > (g ) =7(0):

(2) From the condition I5(u) = 0, we can see that

5[1||Vu||§+(govu)(t)]:/f(u)udx, lullmn £0 or [ullm = 0.
Q

When ||u|g: # 0, a simple calculation gives

« p+1

S[UIVull3 + (g0 Vu)(t)] < @Bﬁﬁ (Va3 + (g0 Vu)()] =,

N

which implies that
UVull3 + (9o Vu)(t) > r(8) or ullm = 0.
Thus, the proof is completed. O

Lemma 2.5. If the hypotheses (A1), (A2) hold, then

(1) fora(d) =3 - % (6 € (0,281)), we have d(8) > a(d)r(6),

(2) lims_yo+ d(d) = 0, lims_y 400 d(d) = —00 and there exists a constant oy
satisfying d(dp) = 0,

(3) d(0) is a strictly increasing function for 6 € (0,1], strictly decreasing function for
0 €[1,00) and takes the mazimum d(1) = d.

p+1
Z 5
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Proof. (1) Considering Is(u) = 0 (Jjul|g1 # 0), we have from Lemma 2.4 (2) that

UIVull3 + (g 0 V) (t) > r(9).

Thus, a series of calculation gives

I = 5Vl + (g0 Vu)(®) ~ [ Plu)da

Y

1
p+1

= a(0)[UIVull3 + (g 0 Vu) (8)] + I5(u)

> a(6)r(9),

which together with d(d) > J(u) yields that the conclusion holds.
(2) For any u € H} () (||ul|z: # 0), we introduce A = A(§) such that

SVl + (g0 Vu)(e)] = 5 [ fOujuda,
Q

Q
vuz+ Lgov ><t>—#/f< ud
5UIVullz + 5(go Vu P u)udz
Q

(2.11)

(2.12)

Similar arguments as the proof process of Lemma 2.2, we also introduce functional

p(A) =3[l Vull3 + (g 0 Vu)(1)].
It is easy to see that there exists a unique

A= (O[UIVull3 + (g 0 Vu)(1)])
such that (2.12) holds. So, we can get that

lim A(0) =0 and lim A(d) = +oo.

=0t d—+o00

By the combination of (2.14) and Lemma 2.2 (1), it follows that

lim J(A(O)u) = )\li\r(r)lJr J(Au) =0,

6—0t

and
lim JA(0)u) = lim J(Au) = —o0.

d——+oco A—+oo

From the definition of d(d), we discover that

lim d(§)=0 and lim d(0) = —oc.

6—0t d—+oo

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

In view of (2.17) and part (1) of this lemma, we can easily obtain that there exists

do > p—gl satisfying d(dg) = 0 and d(6) > 0 for § € (0, dp).
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(3) We will show that the inequality d(6") < d(6”) is holding for 0 < §' < §” <1
or 1 < §” < § < 8. Here, it suffices to prove that for any u € Hg(Q) with Is/(u) =0
(lullzr # 0), there exists a v € Hg() such that Is(v) = 0 (||v||gx # 0) and
J(u) = J(v) > 0.

In fact, defining A(d) by (2.12), then we have Is(\(d)u)
it follows that A(6”) = 1. Furthermore, defining g(\) =
calculation gives that

dg(N) _ N[ Vul3 + A(g o Vu)(t) — /f()\U)Udm

= 0. Considering I (u) = 0,
J(Au) and then a series of

dA
Q

Is(\u) (2.18)
A

= (1= O)A(UVu3 + (g0 Vu)(t)) +
= (1= O)A(UVu3 + (g0 Vu)(1)).

We further take v = A(§")u, then there appears relation Iy (v) = 0 (||v]|g: # 0). If
0 <" <" <1, we can see that 0 < A\(0") < A(6"”) = 1. And there exists 6* € [§', "]
such that

J(u) = J(v) = q(1) = q(A(&") = [1 = A(")]q'(A(67))
[ A (L = NG [UIVull3 + (g 0 Vu)(1)] (2.19)
A r(6")[1 = A(@))(1 = 8") >0,

which together with definition of d(d) yields that d(6”) > d(d").
When 1 < 6" < ¢ < dp, we have that A(6’) > A(§”) = 1. The analogous calculations
as (2.19), we can deduce that

J(u) — J(v) > A" r(6")AG) —1)(8" —1) >0 for & € [§",5]. (2.20)

Applying the definition of d(J), we discover the relations d(¢6”) > d(¢’). Thus, we end
the proof of this lemma. O

Lemma 2.6. Assume that the conditions (A1), (A2) hold and 6 € (0, p—;l) Further-
more,

(1) if
Is(u) >0 and J(u) <d(9),
then we have a(6)
0 < UIVaull3 + (g0 Vu)(t) < a0)’
particularly, if
I(u) >0 and J(u) <d,
then we have
2(p+1)
p—1

0 < 1||Vul|2 + (go Vu)(t) < d,
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(2) if
2 d(0)
J(u) <d(6) and U[Vul3+ (goVu)(t) > a05)’
then we have
Is(u) < 0;
particularly, if
2 1
Jw)<d and U|Vul}+ (g0 Vu)(t) > gﬂjl )g

then we have
I(u) <0,

3) if
I(w) = 0 (Jullm #0) and J(u) < d(5),

then we have

r<6>sz||w||§+<govu><t>sZ% and  J(u) = d(5);

particularly, if
1) = 0 (Jull s #0) and J(w) < d,

then we have

7(8) <U|Vull3 + (go Vu)(t) < 2(p7+11)d and J(u) =d.

Proof. (1) For § € (0, p%l), there appears the relation

L;(u)
p+

(UIVull3 + (g0 Vu)(t)) — /F(u)dz (2.21)
Q

a(o

~

(UIVull3 + (g0 Vu)(®)) +

—_

<

N | =

= J(u) < d(6),

which together with Is(u) > 0 gives that
0 <Vaull3 + (g0 Vu)(t) < —<.

When I(u) > 0 and J(u) < d, we discover that

sty (Il + (g0 Vu)(0)
p—1 I(u) (2.22)
< sty (UIVul + (g0 V) (0) + 215

< J(u) <d.
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Thus, we deduce that
2(p+1)
p—1

(2) This conclusion can be immediately obtained from

0 < IVl + (g0 V) (t) < d.

1,
46) > T(w) = a@UVall + (g V) (0] + 2.
So we have I5(u) < 0. Using the similar arguments, we have I(u) < 0.
(3) By Is(u) =0 (J|ul| g1 # 0) and the definition of d(¢), it follows that J(u) > d(4).
Hence, we deduce that J(u) = d(6). The remainder of the proof can be got from
Lemma 2.4 (2) and (2.23). This completes the proof of Lemma 2.6. O

Lemma 2.7. If the hypotheses (Al), (A2) hold and 0 < J(u) < d for some
u € HE(Q). Further assume that (81, 02) is the mazimal interval such that d(8) > J(u)
for § € (61,02). Then, the sign of Is(u) is unchangeable for 6 € (41,02).

Proof. By J(u) > 0, we can see that ||u||g: # 0. If the sign of Is(u) is changeable,
then it is found that there exists 0 € (01,d2) satisfying Ix(u) = 0. Thus, applying

the definition of d(d), we can obtain that J(u) > d(6) which contradicts J(u) < d(0).
This completes the proof of Lemma 2.7. O

(2.23)

Here, we shall give some invariant sets under the flow of (1.1). The next lemma is
similar to the lemmas appeared in [7,12] with slight modification.

Lemma 2.8. If the hypotheses (A1)—~(A3) hold and ug(z),u1(x) € HE(Q). We also
assume that 0 < e < d and (§1,02) is the mazimal interval such that d(0) > e for
o€ (51,52). Then:

(1) all solutions of the problem (1.1) with E(0) = e belong to Ws for § € (01,0d2)
and t € [0,T), provided I(ug) > 0 or ||up| g =0,

(2) all solutions of the problem (1.1) with E(0) = e belong to Vs for § € (41,02)
and t € [0,T), provided I(ug) < 0.

Proof. (1) Let u be the solutions of the problem (1.1) with initial data E(0) = e and
I(ug) > 0 or |lugl|g: = 0. When |Jug||g: = 0, it is easy to see that up(x) € W; for
0 € (0,80). When I(ug) > 0, by Lemma 2.7 and

1 1
mllﬂlllﬁﬁ + §HVU1II§ + J(uo) < E(0) <d(8), 4 € (61,02), (2.24)

we discover that I5(ug) > 0, i.e. ug(z) € W;s for § € (61, 2).

We will prove u(t) € Ws for § € (d1,02) and t € (0,T'). By contradiction, suppose
that there exists a time ¢y € (0,T) satisfying u(tg) € OWs for some 6 € (d1,d2), then
we have Is(u(tg)) = 0, ||u(to)||g: # 0 or E(ty) = d(d). By (1.7) and (1.8), it follows
that

1 1
m”“t”ﬁﬂ + §||Vut||§ +J(u) < E(t) < E(0) <d(5), 6 € (01,02),t€(0,T).
(2.25)
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So we see that E(tg) # d(0). When I5(u(tg)) = 0, ||u(to)||gr # 0, then we have form
the definition of d(d) that J(u(to)) > d(J), which contradicts (2.25). This ends the
proof of part (1).

(2) Let u be the solutions of the problem (1.1) with initial data F(0) = e and
I(up) < 0. By the combination of (2.24) and Lemma 2.7, it follows that I5(up) < 0
and E(0) < d(4), which implies that ug(z) € Vs for 6 € (01, d2). Furthermore, we will
prove u(t) € Vs for § € (61,92) and ¢ € (0,T'). By contradiction and then suppose that
there exists a time ¢y € (0,T) satisfying u(ty) € dV;s for some § € (01, 02), then we
have Is(u(tg)) = 0 or E(tg) = d(d). Applying (2.25) again, we can see E(tg) # d(9).
When I5(u(tg)) = 0, then we have from the definition of d(d) that J(u(tg)) > d(d),
which also contradicts (2.25). This completes the proof of Lemma 2.8. O

Remark 2.9. In view of Lemma 2.5 and Lemma 2.8, it is easy to see that if the hy-
pothesis F(0) = e in Lemma 2.8 is corrected to 0 < E(0) < e, then all conclusions of
Lemma 2.8 also hold.

Before giving next lemma, we introduce some notations as follows:

p+1

l o ~ p—1 2 I\
M= —— , d=h(\M)=———a?r T | —— . 2.26
' <a3p+1> ) 2(p+1)° <B§+1> (2:26)

p+1

In fact, based on the definition of J(u) and Sobolev inequality, we can discover that

I(w) = 5Vl + (g0 Vu)®) ~ [ Plu)da

%

Q

1 , 1
Il =~ [ fuuds
A (2.27)

1 2 @ +1
> §l||Vu||2 - m\lulliﬂ

1 « +1 +1
> §l||Vu||§ - ]me;HHVUHg :

Hence, let us define the function h(\) = £1A? — ﬁBﬁill)\pH, A > 0. Through a series

of direct computation, we can obtain that h is an increasing function for 0 < A < Ay,
decreasing function for A > A\; and the constant

7T
l .
(o)
aBjiy

is the maximum point of h satisfying

[

ya

RPN it VN ST
1= =504 (BzH) '
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Lemma 2.10. Assume that the conditions (A1), (A2) hold. For any fived number
B € (0,1), further assume I(ug) < 0 and E(0) < Bd, then we conclude that
I(u) <0 and

- e -1
d<2@+¢ﬂMVM@+WQOVWUH<*4444WUM15 (2.28)

for allt €10,T).

Proof. Applying contradiction, we first obtain that I(u) < 0 for all ¢ € [0, T). Indeed,
if it is false, then there exist a time ¢, > 0 satisfying I(u(to)) = 0 and I(u) < 0
for t € [0,t0). So we have

V|2 + (g0 Va)(t /f (wudz < alluZEL, ¢ € [0,t). (2.29)

Using (2.29) and the definition of d, there appears the relation

p+1

Jo av;}l(p— 1) I\
2(p+1) B2,
ptl

§Ma@3U¥Wﬂg(va@yﬂ

2(p + 1 lJull s (2.30)
<2f+nmww2<wvwm)
p—l—l /f Judz, ¢ € [0,t0).

Applying the time continuity of [, f(u)udz, then the combination of (1.9) and (2.30)

yields that
S / f(u(to))u(to)d

:%/ﬂww)%dw~——/f (t0)u(to)d
Q

(2.31)

WWMMb(wVw%D—/ﬂmex

Q

1
2

J(’U,(to))
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Since J(u(tg)) < E(ty) < E(0) < d, this contradicts the above inequality. Thus,
we deduce that I(u(t)) < 0 for ¢ € [0,T). On the other hand, we have from (2.29) and
(2.30) that

p—1

j_ pb—1 2
0 < 5o WUl + (g0 Vu)()
@—1)/ (p— Doy pi1 (2:32)
de < =————|lu?
Q
for all t € [0,T). We thereby end the proof of Lemma 2.10. O

3. GLOBAL EXISTENCE OF SOLUTIONS

The main goal in this section is devoted to discuss the existence of global weak solutions
for the problem (1.1) at the low initial energy and critical initial energy by using
the Galerkin approximation and improved potential well method involving with t¢.

3.1. GLOBAL EXISTENCE AT LOW INITIAL ENERGY LEVEL

In this subsection, when the initial data satisfies £(0) < d and I(ug) > 0 or |jugl|| g2 = 0,
the existence of global weak solutions of the problem (1.1) is given in Theorem 1.3.

Proof of Theorem 1.3. Let {w;(z)} be a complete orthogonal basis in Hg(£2). Then
we construct the approximate solutions u,, for the problem (1.1) in the form

U (1) = Zd,ﬂﬁ(t)wj(x), m=12,..., (3.1)

satisfying

t
(|u;1|/3—1u;’17w]-) + (Vum, Vw;) — (/g(t — 8)Vun,(s)ds, Vw;,
f

) (3.2)
+ (VU 1, Vwj) + (Vul,, Vw;) = (f (um), w;),
and
U (,0) = > &, (0)w; () = ug(x) in Hy (), m — oo, (3.3)
j=1
ur, (x,0) = Zd;j;(O)wj (z) = ui(z) in HY (), m — oo. (3.4)

j=1
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Now, multiplying (3.2) by d. (t) and summing for j = 1,...,m, then we have

(e [P~ 2l )+ (Vg Vi, ) — (/g(t—S)Wm(S)dS’V“Im) (3.5)

0

+ (V' V) + (Vg Vg, ) = (f (um), uy,)-

A series of calculation gives that

d
(4 ) = = (36)
(Vi Tl ) = SV, (Vi) = S w3 @)
d [ d
(f (um),ul,) = ﬁ//f(s)dsdx: %/F(um)daﬁ7 (3.8)
Q0 O
and
//9 (t — )V (s)Vu'p, (t)dsdx
Q0
¢
= _//g(t_s)(vum(s) —Vum(t))Vu'm(t)dsdx
Q0
t
—//g(t—S)Vum(t)Vu’m(t)dsdx
Q0
/ d
= %//g(t—s)%(Vum(s) —Vum(t))stdx
°e (3.9)

g(t — s)% (Vum(t))stdx

OY——
~ O\ﬁ O\ﬂ O\ﬁ

NN

g(t = 5)(Vum(s) — Vum(t))2d8d$

SN

't = 5) (Vi (s) — Vun (1)) dsda

N =

[N
&l

/ 9()ds |V (I3 + 30(0) [V
0
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Inserting (3.6)—(3.9) into (3.5), there appears the relation

1 d b1 1d
ijldtll m||p+1+2d IOIVum(B)]3) + 2dtIIV Una 13
1d
+ 5390 Vum)( dt/F (um)d (3.10)

1 1
= [V, 3 + 39 o Vum)(t) = 59(t )IVuml5 <0,
which shows that

1 1
B (t) = =1[Vu, I3 + 5 (9" 0 Vum)(t) — §g(t)||Vum(t)||§ <0, (3.11)

2

where

En(t) = E(tm, uy,)

1 o1 , 1 ,
= m”umnzﬂ + §\Wuin||2 + §l(t)HVum(t)H2
1
+ i(g o V) (t) — /F(um)dx.

Q
In view of (1.8), (1.9) and (3.11), we discover that
1 1
I () + = lllf 5+ 5IVUlE < Bn(®) < Bn(0), 0<t<oo  (312)
By the hypotheses E(0) < d and I(ug) > 0 or ||ug|| g2 = 0, we can see that ug(x) € W.
So applying (3.3) and (3.4), we further get that F,,(0) < d, I(u,,(0)) > 0 and

then u,,(0) € W for large enough m. Moreover, using (3.12) and same arguments as
Lemma 2.8 (1), we obtain that u,,(t) € W and

En(t) > J(um) = UVl + 3 (970 V) (1) / F () d

vV

1 1

SUIVuml3 + 5 (g0 Fum) (¢ / F (Yt
(3.13)

p

—1 9
e UV (90 T (0] + = )

> (p Ty IV umlls + (g0 Vum)(®) 2 0

for m is large enough and ¢ € [0, 00). Hence, we have from (3.12) and (3.13) that

p—1
I+ IV + 5 U Pl + (5 0 )0

< En(t) <d,

(3.14)
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for m enough large and t € [0, 00). By (3.13) and (3.14), we have that
2(p+1)

2
m 7da <t ) 1

[Vunl < 7o pypds 0t <0 (3.15)
IVl |3 <2d, 0<t< oo, (3.16)
lup 124} < (p+1)d, 0<t< oo, (3.17)

p+1

2(p + 1 =
() )] < |2 < B2 ((; - 1)§d> 0<t<oe  (318)

Integrating (3.11) from 0 to ¢, there appears the relation

t

t t
1
[ ot =9IV unlids = En(0) = Enlt) = [ 190 18ds+ 5 [ (0 Vu)(s)ds,
0 0 0

DN | =

which together with (3.13), (3.14) and condition (A2) yields that

¢
/g(t )|V |2ds < 24, 0<t < oo, (3.19)
0

Furthermore, multiplying (3.2) by d,J(t) and summing for j = 1,...,m, we discover

that
t
(P ) + (T, V) = | [ gt = )T (5)ds, T,
0
+ (V' o, V) + (Vug,, Vug,) = (f (um), ).

) m

(3.20)

Applying the Young, Holder and Sobolev inequalities, we have form (3.20) and (A1)
that

[l o + 913
Q

- </g(t—s)Vum(s)d8,VUZ«L>

0
— (Vtn, Vl) + (Yt Vull) + (f (), ult) (3.21)
B2, ¢ a2B?P
< 3el[ V|15 + =2 VI3 + —5 2 |V 3”
€

t t

1 1 1
4 eIVl + LIV 3+ 5 [ oeds [ gt 9 Vunl3ds,
0 0
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where B),11 has been defined in Theorem 4.1. Here, let us take € small enough such

2
that 1 — 3e — % > 0. So, by a simple calculation, (3.21) becomes

B2 ¢
[l e+ (1 - ;) IV
Q

B2i1 1
2 2
< ST T, |2 IIVumllg + Va2 (3.22)

- 8¢
t t
1
I/g ds/g (t—9) HVumHst
0 0

Inserting (3.15), (3.16) and (3.19) into (3.22), we can obtain the following inequality
[Vul |2 <C, 0<t< oo, (3.23)

where C' is a positive constant independent of time ¢. Applying Holder inequality again,
we have

(Jur |7~ ety ) < Nl 1 im0 < ((p+ 1)) 5 541, 0<t<oo. (3.24)

The estimates (3.15)—(3.18), (3.23) and (3.24) allow us to get a subsequence of {u,},
which from now on will be denoted by {u,,} and functions u, x1, X2, x3 such that

Uy, — u in L0, 00; HY (Q)) weakly star, m — oo, (3.25)
ul — ' in L>(0,00; HY(Q)) weakly star, m — oo, (3.26)
ul, — ' in L>(0, 00; LPT1(Q)) weakly star, m — oo, (3.27)
ull, — ' in L>(0, 00; H} (Q)) weakly, m — oo, (3.28)
fum) = x1 in L*(0, 005 L%(Q)) weakly star, m — oo, (3.29)
lul [P~ !, — xo in L°°(0, oo; L%(Q)) weakly star, m — oo. (3.30)

lu! 1P~ ! — x3 in L>®(0, 00; Lo (Q)) weakly, m — oo. (3.31)
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Since HE(Q2) < L2(2) is compactness, we have, thanks to the Aubin—Lions theorem,
that

Uy, — u in L0, 00; L?(Q)) strongly, m — oo, (3.32)
ul, — ' in L>(0, 00; L*(2)) strongly, m — oo, (3.33)
u — " in L>(0,00; L*(Q)) strongly, m — oo, (3.34)

and further using Lemma 1.3 in [17], we can deduce

f(um) = x1 = f(u) in L>(0, oo; L%(Q)) weakly star, m — oo, (3.35)
[/ 1P~ ! = xo = |u/[P ! in L°(0, 00; L% ; (Q)) weakly star, m — oo, (3.36)

lul [P~ ! — x5 = [v/|P" " in L2(O,OO;LP7J;1(Q)) weakly, m — oo. (3.37)

Taking m — oo in the (3.2) and then making use of (3.25)—(3.28) and (3.35)—(3.37),
we discover that

t
(||~ " wy) 4+ (Vu, Vw,) — O/g (t — s)Vu(s)ds, Vw; (3.38)

+ (Vu', V) + (Vi V) = (f (u), w;)-

Considering that the basis {w;(x)}52, are dense in Hg(Q), we choose a function
v € H}(Q2) having the form v = > iy djwj(x), where {d;}7° are given functions.
Multiplying (3.38) by d; and then summing for j = 1,..., it follows that

(Ju'|P~ " v) + (Vu, Vo) — /g(t — s)Vu(s)ds, Vv
0
+ (VU Vo) + (Vi Vo) = (f(u),v), Yo e HQ).
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Next, we shall prove that the total energy E(t) satisfies (1.7). In terms of above
discussion, for each fixed ¢ > 0 we have

(g0 Vu)(t) = (g0 V) (t)]

‘/ t—s/|Vu u(t)|?drds
/ t—s /|Vum — Vi, (t)|?dzds

< /g(t = 8)[[Vu(s) = Vun(s)||2l[Vu(s) + Vun(s)||2ds
0

+ [ gt = 9)Vuls) = Va(s)lladsl| Vu(t) + Vi ()2

(3.39)

+ [ gt = 9)Vuls) + Y (5)lladsl| Vu(t) — Vi ()2

o O~

+ [ 9(8)ds|[Vu(t) + Vum () [[2l| Vu(t) = Vi (#)]l2

o\

<cC g(t — 5)|[|[Vu(s) = Vu(s)||2ds

o

+ C/g(s)dsHVu(t) — Vg (t)]lz2 =0 asm — oco.
0

By a simple calculation, we also discover that

’ / Flum)de — / Flu)da

<[ f (u+ amum)”’)pi [um — ullpr1 < Cllum —ullpr1 — 0 as m — oo,

(3.40)

_ ‘ /f(u T Ot (1t — 1)da

where 0 < 6,,, < 1. Thus, we have from (3.39) and (3.40) that

mli_1r>noo(g o V) (t) = (g o Vu)(t), mlgn(><J F(um)dz = /F(u)dx (3.41)
Q Q
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On the other hand, (3.3) and (3.4) implies that E,,(0) — E(0), as m — oo. Thus,
using Fatou’s Lemma and (3.12), we can deduce that

1 +1 1 2 1 2
ﬁllu’ll,’iﬂ + §HVu’||2 + §l(f)HVU||2

o 1 11 1
< timinf (2 IlE + IV + 10 Tun )

1
= liminf | E,, F(u,, dr — —(go Vim
imint ( B,(0) + ! () = 5(g 0 V) (1 a2)

< lim Emmy+/}ww@¢p_%@ovmmxw

m—0o0
Q

:mm+/nmm_ngw@

which shows E(t) < E(0). We thereby prove that u is a global weak solution of the
problem (1.1) in Definition 1.1. Finally, applying Lemma 2.8 (1) again, we can easily
conclude that u(t) € W for 0 < t < oo. This completes the proof of Theorem 1.3. O

3.2. GLOBAL EXISTENCE AT CRITICAL INITIAL ENERGY LEVEL

Our aim of this subsection is to prove the existence of global weak solutions for the
problem (1.1) under the critical initial conditions I(ug) > 0 and E(0) = d. The detailed
content is shown in Theorem 1.4.

Proof of Theorem 1.4. We prove Theorem 1.4 by considering two cases
[Vugl2 =0 and |Vugl # 0.

(1) [IVuoll3 # 0.
(i) If I(ug) > 0, then a direct calculation gives that

d 1 L1
P ) = g3+ 51T+ [Vl = [ fuouod.
Q

which together with | < () <1 yields that

1
a5 + 51Vl + (o) > 0. (3.43)

d
—~E(Aug, u1)a=1 > o1

dA p+1

Hence, there exists an interval (A1, A2) such that & E(Aug,u1) > 0 and I(Aug) > 0
for A € (A1, \2). We take a sequence {\;,} such that \y < A, <1, m=1,2,... and
Am — 1 as m — oo. Let us define ug,, () = Apuo(x), then we consider the problem
(1.1) with the initial conditions

u(z,0) = uom(x), w(x,0) =ui(x), (3.44)

where the initial data ug,u; in (1.1) are replaced by wom (), ug(x).
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Firstly, by the combination of I(up) > 0 and Lemma 2.3 (3), we obtain that
there exists a A* = A*(0) > 1 and I(Aug) > 0 for 0 < A < A*. So we have
that I(uom) = I(Amuo) > 0 and

Em(O) = E(uom, ul)

1 a1 1
kg + 519w+ 51 Fu0n 3~ [ Fluon)do
Q

VRS (3.45)
> —lhallgf+ IVl + 5P Vol + —Tuon) >0
for sufficiently large m. Furthermore, we have from (3.44) that
0 < B (0) = E(ugm,u1) = E(Amug,u1) < E(ug,ur) = E(0) = d. (3.46)
(ii) If I(up) = 0, by the definitions of d and E(¢), then we have
E(0) = E(ug,u1) > J(ug) > d, (3.47)

which along with E(0) = d gives J(ug) = d. Furthermore, applying Lemma 2.3
again, it follows that A* = A*(0) = 1, J(Augp) is an increasing function on A € [0, 1],
and I(Aug) > 0 for A € (0,1). we choose a sequence {\,,} satisfying Ay < A, < 1,
m=1,2,...and A\, = 1 as m — oo. Let uom () = Apuo(z) and then investigate the
problem (1.1) with initial conditions u(x,0) = uom (), u(z,0) = ui(x). It is easy to
see that I(ugm) = I(Amup) > 0. And we deduce that (3.46) also holds here.

Hence, applying Theorem 1.3, we obtain that the problem (1.1) (the initial
conditions wug,u; are corrected to ugm,(x),u;(x)) admits a global weak solution
U € L(0,00; HY(Y)), ul,, € L°°(0,00; H(Q)), ull, € L>(0, 00; HE(Q)) and u,, € W
satisfying

t

(‘u;n|p71u;”/n,7v) + (vum,v V’U) - /g(t - S)vum(s)d‘sa VU

/ (3.48)
+ (Vul,, Vo) + (Vull,, Vo) = (f(um),v),
for all v € H}(Q) and ¢ € [0,00). By a series of calculation, we also have that
1 1 1
d> Ep,(0) > ﬁ”“%”ﬁﬂ + §HW2,LII§ + 5(9 o V) (t)
1 t
5 (1= [0 )IVun @1 - [ Plunas
0 Q
1 (3.49)
+1 2
2 m”u;n”;ﬁ+1 + iHvu;nHQ + J(um)
1 1
> ﬁll%ll,’iii + §HW2,LII§
p—1
+ s (U Vuml3 + (9 0 Vum)(1)),

2(p+1)
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and

B? ¢
/ |~ [P + (1 — 2 - ;) [Vurmll3
Q

2 R2p

a”B 1 1
+1 2
< S—:HVumH;’ + anmug + £||Vu;n||§ (3.50)
1 / /
+ e [ a)is [att = 9 Tun3s,
0 0

2
for some positive constant € such that 1 — 3¢ — Bot1€ 5 0. In view of (3.49) and (3.50),

2
we deduce that

2(p+1)

Vin|s < ~——2d, 0<t< oo, 3.51
V! |2 <2d, 0<t< oo, (3.52)
Va2 <C, 0<t< oo. (3.53)
537 < (p+1)d, 0 <t < oo, (3.54)

2p+1) \ T
p
|(f (), )| < atl|ugn |[E1] < aBELY ((p_l)ld> ,0<t < o0, (3.55)
(It P~ il ) < ((p+ D)7 [l 240, 0 <t < oo, (3.56)

In view of estimates (3.51)—(3.56) and then using similar arguments as Theorem 1.3,
we can see that there exists a subsequences of {u,,} which will be denoted by the form
{um} and function u € W satisfying

Uy, — u in L0, 00; Hy (Q)) weakly star, m — oo, (3.57)
ul, — v’ in L°°(0, 00; Hy () weakly star, m — oo, (3.58)
ul, — u' in L°°(0, 00; LPTH(Q)) weakly star, m — oo, (3.59)
ulf, — v in L°°(0, 00; Hy () weakly, m — oo, (3.60)
fum) — f(u) in L*(0, oo;LPTH(Q) weakly star, m — oo, (3.61)
lul, [Pl — [P in L‘X’(O,oo;LL;l(Q)) weakly star, m — oo. (3.62)

lul, [Pl — /)P in L°°(O7oo;L%(Q)) weakly, m — oo. (3.63)
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Taking m — oo in (3.48), it follows that (1.6) is holding. Finally, the analogous argu-
ments as the proof of Theorem 1.3, we can conclude that E(t) < E(0). Therefore, we
prove that u is a global weak solution to the problem (1.1) in the sense of Definition 1.1.
(2) [IVuol3 = 0.
In this case, it is easy to see that J(up) = 0 and

g+ IVl = BO) = d
We choose a sequence {\,,} again, which satisfy 0 < A, <1 and \,,;, = 1 as m — co.
Let w1m(x) = Apug(x). Then, we consider the problem (1.1) with the initial conditions
u(z,0) = up(x), u(x,0) = um(x). (3.64)
We note that

1
Em(0) = E(uo, urm) = lumllffy + §||VU1m||§

p+1

1 1
< —flug|PTE 4+ 2|V |2 = E(0) = d.
gl + 51V = B)

(3.65)

Hence, applying Theorem 1.3, we know that the problem (1.1) (the initial con-
ditions wug,u; are corrected to wug(x),u1,(x)) admits a global weak solution
Uy € L®(0,00; HY(Q)), ul, € L*(0,00; H} (), u!, € L>*(0,00; HX(Q)) with
Um € W for 0 < t < oo, which also satisfies (3.57)—(3.63). The remainder of the
proof is the same as part (1) of this theorem. We thereby complete the proof of

Theorem 1.4. O

4. FINITE TIME BLOW-UP

This section is focused on the finite time blow-up phenomenal of the solutions for
the problem (1.1). Here, we not only derive the finite time blow-up result for certain
solutions with initial data at non-positive energy and positive energy, but also establish
the upper and lower bounds for the blow-up time 7.

4.1. UPPER BOUND FOR BLOW-UP TIME

In this subsection, a blow-up criterion which ensures that the solutions u can not exist
all time is derived, and an upper bound for blow-up time is given in Theorem 1.7.
To obtain the results of this section, we need to introduce the following lemma.

Lemma 4.1. Let p satisfy the condition (Al) and 2 < s < p—+ 1. Then there exists
a positive constant C' > 1 depending on ) only such that

lullp ey < CUINVul + llullpir) (4.1)

for any u € H(Q).
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Proof. If ||ul|p+1 < 1, then
||UH§+1 < ||UH;2>+1 < Bz2>+1Hqu§

by the Sobolev embedding theorem. If |ju||,+1 > 1, then

+1
lullpry < llullpiy-

Thus, the proof is completed. O
Now, we give the detailed proof of Theorem 1.7 as follows.

Proof of Theorem 1.7. Applying Lemma 2.10, we note that if I(ug) < 0 and E(0) < Ad,
then I(u) < 0 for any ¢ € [0, Tynax). Arguing by contradiction, let us suppose that the
solutions u of the problem (1.1) is global existence. Hence, for any T' > 0, we may
introduce the functional 6 : [0,7] — R in the form

1 1
0(t) = lluellyi + I Vuell3 + llullp . (4.2)

Since 6(t) is continuous on [0,T], there exist 61,2 > 0 such that §; < 6(¢) < da.
Moreover, let us define

H(t) = pd— B(t), (43)
for t € [0,00). Taking a derivative to (4.3), it follows that
H'(t)=—FE'(t)

1
= [Vullz + 590 Vu@)llz

— %//g'(t — 5)[Vu(s) — Vu(t))?dsdz > 0,
Q0

and
H(t) > H(0) = Bd — E(0) > 0. (4.5)

In view of (1.8) and conditions (A1)(iii), we can obtain that

1 « +1
~B() < [ Pljde < — [ fuude < Sl
Q Q

which along with (4.3) and Lemma 2.10 yields

. a fp=1) 1 1
H(t) < pd Pl < et 4.
(0 < pa+ 2ot <o (30 + ) It (o)

for ¢ € [0, 00).
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Next, we further define

G(t)=H"( /|ut|p Yuguda
(4.7)
+ S/Vut - Vudx + 3 / |Vul?dz, t>0,
Q
where
1 1
0<e<l and 0<o< ——— ——. (4.8)
p+1 p+1
Taking derivative to (4.7), we have from (1.1) that
Y €
G'(t) =1 —o)H "(t)H'(t) + ;Hut\l,’iﬁ + el V13
+ e(ue [P uge, w) + e(Vu, Vugy) + e(Vu, Vauyg)
o €
=1 —-o)H 7()H'(t) + ;HUtHﬁﬁ + el Vel — el Vull3 (4.9)
t
+5/f(u)udz+s/Vu(t)/g(tfs)Vu(s)dsdx.
Q Q 0
Applying the following relation
(p+1-9)H(t)=(p+1- )Bi
+1-— +1
A e e R N
+1
P (4.10)
p+1—49 9
S22 vl + g0 vuyn) 2 [ Py |
Q

and further by the Young inequality

/ Va(t) / g(t — $)[Vu(s) — Vu(b)|dsdz
0 (4.11)

f/ (s)ds]| V3 + (g 0 V) (1),
0
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then a series of calculation gives that

Gt)=(1—o)H (W) H'(t) —e(p+1—-9)Bd +e(p+1-9)H()

€ e(p+1 ep+1—-79

+ gt + el vl + S Dt 4 =Dy
e(p+1—-19 e(p+1—-19

+ Sl + %@ o Vu)()

t

e(p+1-19 /F dac—5||Vu||2—|—6/Vu /gt—sVu )dsdx

0
+e | flu)udx
!

>(1—o)H  ()H (t) —e(p+1—9)Bd+e(p+1—9)H(t)
re( 5+ T Y ulzt + (0 - 1) vl

e / Flapuds — (p+1-9) [ Flujds )

Q

e / N e L

z(1—o)H™(t )H()+€(p+1—19)H(t)— e(p+1-0)pd

e(p+3-1) 1 p+1-
+ S g (5 P

t
pt1-9 \_(ptl-9 1 2
+€<( 5 1> < 5 +47 /g(s)ds IVul|3
0

p+1—1 e
+s( —7) (90 Tu)t) + 2 ull 1,

(4.12)

2

where the constants ¥,y > 0 will be determined later, & > 0 is shown in conditions (A1).
Applying Lemma 2.10 again, there appears the relation

% (z||Vu||§ +(go VU)(ﬂ)

> == (10vulg + (g o Vo)),

—e(p+1—0)8d >
(4.13)
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where we use the fact that [(¢t) > 1 > 0. Inserting (4.13) into (4.12), it follows that

G/(t) > (1— o)H " (§)H'(t) + <(p + 1 — 9)H(t) + (; n M) el

p+1
e(p+3—1) eda 41
+ = IVl + pH\IUIIiH
1-9 —1
e )—7>(90VU)(15)
2 2
p—1-9 pp-1) (+1-9 B L1 /
+a( : : ( : 1) [ ots)ds V2.
0
(4.14)
Choosing
1-B)p—1) 2-9
0<~y< ! 5)2@ ) 4 s and 0<9<(p-1)(1-5),
we discover from (1.20) that
gt)>1—o)H () H'(t) +e(p+1 - 9)H(t)
1 pt1 Pt e(p+3-19) 2
re(2+ P gt + vy )
0
+ K|Vl + eKa(g o Va) (8) + — = [ullb 1],
where
t
Kl:(19—1)(12—6)—19_((1—6)2(19—1)+ )/g Jds >0, (4.16)
0
Kzz(l_mz(p_l)jutﬁ—yzo. (4.17)

So we obtain that
G'(t) 2 e¢ (H ) + [udl 31+ IVucll3 + IVuly + (g0 Va) (8) + [ullf 1) = 0, (4.18)

for some small constant ¢ > 0. Here, choosing ¢ small enough, we have from (4.5) that

G(0) :Hl"’(O)Jr%/|u1|p’1u1u0dx+6/Vu1~Vuodx+§/|Vu0\2dx >0, (4.19)
Q Q

which along with (4.18) yields

G(t) > G(0) >0, t>0. (4.20)
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Now, using the Holder inequality and Sobolev inequality, one has

1
1—0o

VI O
el "“rug) < el 3] lull o3
/ i "
o 1 e a’
< Cllul 3 5 Mlullpr T < Cllluell o3 7 + llullyy 1),
where p < p and % + % = 1. Taking ¢ = W > 1, then we have
q p+1
= <p+1 4.22
=0 (-0 —p "7 (4:22)
So using Lemma 4.1 and (4.21), there appears the relation
1
1—o
_ 1 1
/\Ut\” fugu| < OllluellpTy + llullpis + 1 Vul3). (4.23)
Q

Applying the Young inequality and Hoélder inequality again, we obtain that

1
1—0o

. 1 2
/Vw - Vudz < IVully 7 IIVuell,™ < CUIVully™ + [Vuel3).  (4.24)
Q

Hence, by the combination of (4.7), (4.23) and (4.24), we get that

1—0o
gﬁ(t) =|H"7@t)+ = / ug | tupudz + E/Vut -Vudz + g / |Vu|*dx
P4 Q Q
2 2
< C(H@) + lludlp s + IVl + [Valls > + [ Vully™ + ullpih)-
(4.25)
By (4.5) and §; < 0(t) < 42, it follows that
2 2 1 ) T~ + (sﬁ
IVully™ + [ Vullf <677 46577 < P B H (D). (4.26)
H(0)
Inserting (4.6), (4.26) into (4.25), we discover that
o
G (1) < C(lluellpia + I Vuell3 + ullpi), Ve >0, (4.27)

In view of (4.18) and (4.27), there appears the relation

g'(t) > QIT=(t), Vt>0, (4.28)
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where the positive constant @ is depending only on C, ¢ and (. Integrating (4.28)
form 0 to t, we get that

o 1
Ggr=t) 2 ————5;» =0, (4.29)
G (0) - 72
which implies that G(¢) blows up in finite time
1—
< ——7 (4.30)
0QG7 (0)

By (4.27), we further deduce that

. 1 1
t—T*

which contradicts Ti,ax = oo. Therefore, the solutions u can not exists all time,
i.e. blow up in finite time. We thereby complete the proof of Theorem 1.7. O

4.2. LOWER BOUND FOR BLOW-UP TIME

With the blow-up criterion of Theorem 1.7 in hand, attention in this section is turned
to the investigation on the lower bound for blow-up time of the problem (1.1), which
is described by Theorem 1.8.

Proof. Let us introduce the auxiliary function

? (4.31)
- mIIutIIZi} 5l Va3 + SIOIVull3 + 5 (g0 V) (0).

By differentiating F'(t) with respect to t and using (3.11), we have
F'(t) = E'(t) +/f(u)utdx < /f(u)utdx. (4.32)
Q Q

Applying the conditions (A1), Young inequality and Holder inequality, there appears
the relation

« 2 «
F0) < [ Ifulds < a [ Jurlulde < el < Sl + 5 ol
Q Q

(4.33)
Furthermore, by Sobolev inequality we get that

aB? aB?
F(t) < == Vully” + [V, (434)
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which together with (4.31) yields that
F'(t) < a2P7 B2 [ I7PF(t)* + a B2, F(t), (4.35)

here we used the fact that the function I(¢) > I. Then, integrating above inequality

from 0 to ¢, we have
F(t)
dn

ozprlB;ﬁll*Pnp + 04324_17]’

(4.36)

F(0)

where 1 1 1

_ +1 2 2

F(0) = pﬁHulHZH + §||VU1||2 + §||VU0H2-

From the results of Theorem 1.7, we know that there exists a finite time 7™ such

that the solutions u blow up with lim;_,7-— F(t) = 400. Therefore, we obtain a lower
bound for T* given by

"= / 1R2%P £l 2 :
oy “2 BT+ aByn

Clearly, the integral is bound since exponents p > 1. This completes the proof of
Theorem 1.8 O
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