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Abstract. We present some formulations of the Cox—Ross—Rubinstein and Black—Scholes for-
mulas for European options obtained through a suitable change of measure, which corresponds
to a change of numeraire for the underlying price process. Among other consequences, a closed
formula for the price of an European call option at each node of the multi-period binomial tree
is achieved, too. Some of the results contained herein, though comparable with analogous ones
appearing elsewhere in the financial literature, provide however a supplementary widening
and deepening in view of useful applications in the more challenging framework of incomplete
markets. This last issue, having the present paper as a preparatory material, will be treated
extensively in a forthcoming paper.
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1. INTRODUCTION

The present paper deals with the possibility of expressing well-known formulas in the
theory of option pricing by using probability measures different from the risk-adjusted
measure QQ, but strongly connected to Q through suitable Radon—-Nikodym derivatives.

The procedure, which is basically based upon assuming the stock price itself as
a numeraire for the underlying price process, far from being an artificial and fictitious
mathematical issue, presents some advantages, turning out to be helpful to get a deep
insight in the terms appearing in classical option pricing formulas as in Black—Scholes
and Cox—Ross—Rubinstein’s (see [2,6] and [3]). On the other hand, in the case of
the multi-period binomial model, it allows to write down, with some efforts, a closed
formula (and, therefore, a computational algorithm) for the price of an European
call option at each node of the binomial tree, not yet considered elsewhere as far as
we know. Under the newly defined measures the (discounted) stock price becomes
a submartingale: thus, with a change of measure, we mimic a world which lies between
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the P-real world and the Q-risk neutral world and which, however, resembles more the
former than the latter.

At a first glance, the subject of the paper might seem too theoretical with no
predictable concrete applications thereof. As a matter of fact, the new measures defined
herein may be applied successfully in the framework of incomplete markets, providing
contributions of some interest to the corresponding option pricing issue.

The above aspect, however, which has the submartingale property of the dis-
counted stock price process as a key tool, leading further afield, will be addressed in
a forthcoming paper.

We end this introduction with two notes: firstly, while proceeding in preparing the
manuscript and checking carefully some references which should be consistent with
our investigations, we casually came across the paper [8] by Lars Tyge Nielsen, which,
as the reader may realize, carries out an analysis similar, in some way, to ours, but
developed through different techniques. The paper is original and skillfully draws the
reader’s attention towards the deep meaning of option pricing formulas in the discrete
and continuous case, preferring sometimes a more intuitive rather than a formally
rigorous approach. We hope that the present work may contribute to awaken the fair
interest toward the above cited paper, little-known, in our opinion, in the current
literature.

Secondly, we point out that some results similar to ours may be found in [7];
however, in this regard, some important differences deserve to be remarked. Above all,
our approach carries out a deeper theoretical study of the new measures and of the
corresponding connections with the risk neutral measure Q, both in the discrete and
the continuous case: see, for instance, Propositions 2.1, 3.2, 3.4 and 3.5.

More than that, as far as the discrete case is concerned, we introduce the multi-step
measure Q (see (3.22)) (which does not appear in [7]) and prove a detailed explicit
formula pricing a derivative at each node of the binomial tree, and not solely at
each time step of the tree, as performed in [7]. In other words, our analysis, though
running in the wake of [7], as opposed to it, turns out to be somehow finer, fitting
more accurately with the concrete applications following ahead.

The notation used through the paper is quite standard and do not need particular
comments: following [10], while dealing with the multi-period binomial model with N
steps, we denote by E;[X] (k < N, X random variable) the conditional expectation
of X based upon the information available at time k (and that we do not know
before k). Such information are contained in the filtration Fj. If Y is another random
variable, Varg(X), covi(X,Y) and the conditional correlation coefficient py(X,Y") are
defined accordingly. Traditionally, if we are working under a probability measure Q,
the superscript “Q” appears in all the values above and so we shall write Eg[X 1,
Varg(X ) and so on. Each other notation not encompassed here will be specified at
any occurrence.

Finally, let us recall the Black—Scholes formula for an European call option (see,
e.g., [2,7,9] and [11]), given by

c(t,Sy) = SeN(dy(T,St)) — e ""XN(dao(7,St)), (1.1)
for any ¢ € [0, T, where
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— S} is the current stock price,

— X is the strike price,

— T is the maturity and 7 =T — t is the remaining expiration time,

— r is the risk-free interest rate,

— N(-) denotes the cumulative distribution function of a standard normal,

— dyi(1,S5) = #(ln% + (r + "72)7') and dao(7,S:) = di(7,S:) — o/7. In order
to simplify the notation, we will shorten d;(7,S;) and da(7,S;) by di and da,

respectively.

2. THE CONTINUOUS CASE

Let (92, F, F:,P) be a filtered probability space and consider a dynamic market envi-
ronment with a riskeless bond B; with maturity T satisfying

dBt = TBtdt, BO = 17

and a risky asset whose price process (S¢)o<i<T follows a geometric Brownian motion,
i.e., it is driven by the following SDE

dS; = }Lstdt + oS dWy, Sp > 0; (21)

here ¢+ > 0 and o > 0 are respectively the drift and the volatility of the process and
(Wi)o<i<r is a standard Brownian motion.

Assume that, at each time ¢ € [0,T], we buy A; shares of stock and invest the
remaining part in the money market account at risk-free rate r. The evolution of this
portfolio is described by the dynamics

dXt = TXtdt + At(ﬂ, — T)Stdt + AtO'Stth.

We can replicate our portfolio by a short position in a derivative security, e.g., in a call
option with strike X; the call pays (St — X)™ = max(St — X, 0) at maturity 7" and
its price ¢; depends on t and S;. The replication (hedging) happens if and only if

Xt = Cy¢, (22)

for any t.
Now, after considering the discount factor D; = e~ ", from the Ito-Doeblin formula
it follows that the discounted stock price satisfies

d(@irtst) = aDtSt(th + th),

where § = £ is the market price of risk. Hence we can write

d(e™"S,) = oD S, dW 2, (2.3)

dQ i 1 ’

—_— = — — — 2

7P exp( /deu 2/9 du)
0 0

where
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is the Radon-Nikodym derivative and, by virtue of Girsanov’s Theorem (see, e.g.,
[11, Chapter V]), the process W2 := Wt—i—fot Odu (0 <t <T)isaQ-Brownian motion.
The measure Q is said to be risk-neutral because it is equivalent to P and, in addition,
turns the discounted price e~"S; into a martingale; indeed, according to (2.3), we have

¢
e S =Sy + /Ue_T“Sud w2,
0
and the process (fot oe” S dW2) e

(for more details see, e.g., [11, Chapter IV]). In particular the stock price process
(St)o<i<r is described by the Q-dynamics

is an Ito integral and therefore a Q-martingale

dS; = rSydt + 0.8, dWR

and henceforth it will be supposed adapted to the filtration (F3)o<i<7. Moreover, from
the replication condition (2.2), we get e " X; = e "tc;, where e "¢; = e "TEQ[cr | F]
due to the martingale property under Q. Summing up, for any ¢ € [0, T, the call price
is given by

e = e "TEQ(Sr — X)T|F), (2.4)

or, equivalently, by
ct = e_rT]EQ[(ST - X) : 1{ST>X}|]:t]
= e_TT]EQ[ST : 1{ST>X}|‘Ft] - e_TT]EQ[X : 1{ST>X}|‘7:t]
= ¢ "TEY Sy - 1is,5x) | F] — XeTTQ{Sr > X|F}.
In particular,

co = 6_TTEQ[ST . 1{ST>X}] - XG_TT@{ST > X}

Now let @ be another probability measure related to Q by the following
Radon—Nikodym derivative

dQ
— =7, 2.5
T (25)
where Z is the random variable defined by
S 2
Z=eT2L — exp A oW2; (2.6)
So 2
correspondingly, let us define the Radon—Nikodym derivative process (Z;)o<i<T as
7, = E[Z|F) (2.7)
with Zp = Z. We note that
EQ[S
]EQ[Z] _ €_TTM _ e—rTe'rT -1

So



Option pricing formulas under a change of numeéraire 455

and, in addition, since Q is risk-neutral,

S 2
Zy = e*”S—; = exp <—02t + UWt(@);

according to [11, Theorem 3.6.1], (Z;)o<i<7 is an exponential Q-martingale process.
Under the change of measure performed in (2.5), we may prove that

e "TEQ Sl g5 x| Fi] = S Q{Sr > X|F}. (2.8)
Indeed, by using [11, Lemma 5.2.2], since 145, x} is Fr-measurable, we have
S: Q{Sr > X|F} = SiE 15,5 x| F

E91 (5,5 x3 27| F]
t Z,

E? |15, 5x3 efrT% ft:|
=5 e*ﬁi = G_TTEQ[ST].{ST>X}|]:,5].
So

Finally (see just below (2.4)), the Black—Scholes formula for the call option becomes
¢t = 8, Q{St > X|F} — Xe " Q{Sr > X|F}; (2.9)

see also [7, Propostion 2.2.5].

It is clear that the above formula agrees with the classical formulation (1.1) with
Q{Sr > X|F} = N(dy) and Q{Sy > X|F;} = N(dy), as better explained in the
following proposition.

Proposition 2.1. If@ is the measure defined by (2.5), the following properties hold
true:

(i) the discounted process (€778} )o<i<r is a Q-submartingale,
(ii) if r > OV, the process (Si)o<t<r is a Q-submartingale,
(iii) the Ito process
¢

w2 .=w2— /adu (0<t<T) (2.10)
0

5 a @-Bmwnian motion. In particular the process (Si)o<t<T 0beys the following
Q-dynamics
dS; = (r + 02)S,dt + 0.8, dW2, (2.11)
1) We note that in current financial markets there is the possibility of negative or near-zero interest

rates (see, e.g., [1], [4]). However, if r < 0, we can replace r by its absolute value |r|. The occurrence
r = 0 represents the ATM (“at the money”) case.
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(iv) for any t € [0,T) the (unconditional) Q-exzpectation of Sy is given by

- Qra2
EQ[S;] = I]EQ[[‘EZ]], (2.12)

i.e., by the ratio between the second and the first moment of Sy under Q,
(v) for every t €]0,T[ one has Q{St > X|F:} = N(dy).

Proof. (i) By virtue of [11, Lemma 5.2.2], for any s and ¢ satisfying 0 < s <t < T
we compute

_ EQ {62”5?‘.7:5} 9
EQ[e—rtStu_- ] _ ]EQ[e S, Zt|]:s] _ 5o — EQ e—r(2t—s)57t i
S ZS e*'f’s%; § S

2

=E° {er(%s)ss exp (2 <r — 02) (t—s)—20Vt—s Y> ‘]—'S] ,

where o 9
W —W,
2t Z s O N(0,1). 2.13
Lt~ N (L) (213)
Since S is Fs-measurable and the random variable Y is Fs-independent, we may
avoid conditioning (see, for instance, [12, p. 88]) and therefore the above expectation

E@[e*”&\}}] is equal to

Y =-—

2
Y

+oo
1 o2 ,
- —r(2t—s) g _ _ — _2
NG / e S eXp(Q(r 5 )(t s) Qme)e dy
o .
N V2r / Ssexp(2r(t —s) — (2t — s) — o2(t — 5) — 20V/T — sy)e” T dy
™

+oo
e [ Siem(-ot(t -9 - 20Ty -7 2) dy

+oo

1
=e "— Sse
V2T / *

—(y+20+/t—5)2+202 (t—s)
2

dy

+oo
_ o?(t—s) —rsg 1 / 7§d _ o2 (t—s) —Tsg
=€ e s e Z =€ e s
V2

where we have set z := y + 204/t — s. Since o (t=9) > 1, we finally get
EQ[e~"tS,|F,] > e " S,,

i.e., the discounted process (e~"'S;)o<t<r is a Q-submartingale, as announced.
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(ii) Arguing as in (i), we may conclude that
]E@[Stu-—é] = e(t_S)(T+02)SSa

where the term e(t=9)(+7") ig surely greater than 1 if » > 0. However, the result is
a posteriori quite obvious since, according to (2.11) (yet to be proved), the process
(St)o<i<T is a @—geometric Brownian motion.

(iii) The process Z; defined in (2.7) can be written as

t t
1
Zt :eXp(—/(_O')dWQ?_Z/UQdU>,
0 0

t 2
where E@ [e% NG d"] < +oo for any t € [0, T]. Therefore, applying Girsanov’s Theorem
(see, for instance, [11, Section 5.2]), yields that

¢
W;@Z:W;@*/UCIU 0<t<T)
0

is a @-Brownian motion. _
In particular, we can derive the dynamics of the process S; under Q and obtain

dS; = rS,dt + oS dWE = (r + 02)S;dt + oS, dW 2

whose solution is explicitly given by
2 ~
St:SOEXp(<T+U2>t+UWtQ) 0<t<T).

(iv) 2 Let us fix ¢ in [0,7] and recall that the first moment of S; under Q is
given by
EQ[S,] = e"Sp;

therefore (see (2.6))

EQ {32 exp (—‘727' -0 TY>:|
Eé[st] — EQ[St Z7) = e—rTEQ[St St _ ' 2 VT

So 6”50

where Y is defined by (2.13). From the Q-independence of the random variables
appearing in the Q-expectation value it follows that

EQ {Sf exp (“227 - aﬁy)] = RQ[S2EQ {exp (0227 — gﬁyﬂ ,

2) As an alternative proof, by virtue of [11, Lemma 5.2.1], for any 0 < t < T we have soon
3 EQ[S2] EQ[SZ]

EQ[S:] = E¥[S: Zi] = ¢l = Ll
[St] (St Zi] oSy OS]

as claimed.
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where
EQ [exp (—027' - oﬁYﬂ _ L +ooexp (—027 - a\ﬁy) e dy
V2 J 2
T s
= E e 2 dZ = ].,

after setting z := (y + o+/7). The expression (2.12) is now fully established.

(v) Conditioned on F; (t fixed), on account of (2.11) Sy is Q-lognormally distributed
with known parameters m := In .S; + (r+ %2)7' and o27; consequentely, we can compute
explicitly the probability @{ST > X|F;} and obtain

+oo
~ 1 1 (Iny —m)?
X = — = g ) dy
Q{ST > |ft} O’\/ﬁ / yeXp< 2027 Y;
X

the change of variable
Iny—m

oNT

z =
soon entails

dy
~ 1 22
Q{St > X| R} = Nors / e~z dz = N(dy),

which accomplishes the proof. O

Remark 2.2. We believe that the formulation (2.9) is rather significant because
captures judiciously the difference between N(d;) and N(ds) appearing in the classic
Black—Scholes formula (1.1). By virtue of (2.9), both N(d;) and N(dz) represent the
(conditional) probability of the same event {S7 > X} under the two different (but
equivalent) measures @ and Q. In other words, it is just a change of measure that
distinguishes N(d;) from N(dz). Incidentally observe that N(dy) > N(d2) (because
dy > ds) and, consequently, @{ST > X|F} > Q{Sr > X|F}.

As clearly discussed in [8], N(d;) takes in charge not only the probability of
exercise (or, equivalently, the probability of the event {S7 > X} which is represented
by N(ds)), but also the fact that the exercise or, rather, the receipt of the stock on
exercise, is strongly dependent on the conditional future values of the stock price at
the maturity. Consequently, in evaluating N(dy), we must consider stock price higher
than the exercise price as a given condition while computing the expected future value
of the stock at maturity. Conversely, as already said, N(dz) is merely the risk-neutral
probability that the option will be exercised at T" and depends only on the event
{ST > X}
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We point out that in our analysis, however, unlike [8], the approach is quite different
and relies upon a change of measure from the risk-neutral probability Q to @, which
equals to passing through a change of numeéraire (for more details upon this issue, see,
e.g., [11, Chapter IX], [7, Chapters I and II] and [5]). Specifically, in the case of the
risk-neutral measure Q the numeéraire is the money market account, i.e.,

M, = €™, (2.14)
for any ¢ € [0, T], whereas, for the measure @, the numeraire becomes
Nt = St, (215)

i.e., the stock price itself. As a confirmation, one may easily verify that

1. the discounted process e~ "' N; is a Q-martingale,
2. the Radon-Nikodym derivative that effects the change of measure from the
numeraire-measure pair (N, Q) to the other pair (M, Q) is given by
dQ Nr My
dQ  No My’
which agrees with (2.5) and (2.6),
3. the volatilities of M; and N; are (obviously) 0 and o2, respectively,

4. the discounted process (e_TtSt)ogtST is a submartingale under Q as well as under
the objective measure P, which is quite realistic for (real) risky markets.

Remark 2.3. It is worthwhile noting that from (2.8) we easily get

EC[Sr1(s,>x1Fe) = EC[Sr|F] - B9 [Lis, 5 xy | Fil- (2.16)

In other words, the random variables Sz and 1g,~ x} are not Q-independent (as one
might expect, since E¢[1{g,.~ v}|F¢] = N(d2)) and the Q-expectation of their product
may be expressed as the product of their expectations under Q and Q, respectively.

3. THE DISCRETE CASE

3.1. THE ONE-PERIOD BINOMIAL MODEL

We consider the one-period binomial model where ¢t = {0,1}. Let Sy the initial stock
price, known at time ¢ = 0. The stock price at time ¢t = 1 is a random variable

defined as
S = uS
Sl { ; uoQ,
St = dS,

where d < 1 < u and S{ and S{ denote the stock price at time 1. Let p be the
real probability that S; = S} and assume that the no-arbitrage condition holds true,
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i.e., d < 14 r < u. Consider a derivative security, for instance a call option, with
payoff (S; — X)*, X being the strike price. Our aim is to compute the initial price
of this derivative in order to replicate an investment portfolio made by risky assets.
Suppose that at time ¢ = 0 we start with wealth X, buy A( shares of stock Sy and
invest the remaining part at a risk-free rate r. The future value of our portfolio of
stock and money market account is given by

X1 = A051 + (]. + T)(XO - A()SQ) = (1 + ’I’)XO + A()(Sl - (]. -|—’I")S())

Define ¢} := (S} — X)T as the value of the call if the stock price goes up, and
cf == (S¢ — X)T as the value of the call if the stock price goes down. Observe that at
time 0 the values ¢} and ¢f are known but we do not know which of them will really
happen. The replication portfolio has to guarantee that

{1_}_70 Cif = X() +A0(1iTSiL — So),

(el = Xo + Bo( ST - ).

(3.1)

By solving the above system in the unknowns X, and Ag, we can find the value of
Xo, namely the initial price ¢y of the derivative security for the short position, as well
as Ag; specifically one finds

1 U
XO =Cy = 1 T [Clp + Cf(l — pQ)], (32)
and p
ct —c¢
Ag=—2——1 3.3
where Q := (p@, 1 — p@) with
1+r—d
Q= — 3.4
p o (3.4)

is the risk-neutral probability. If we consider the interesting case®) dSy < X < uSy,

in which the option will be exercised if the stock price goes up, and it will expire

worthless if the stock price goes down, i.e., ¢} = uSy — X and ¢ = 0, (3.2) becomes
1

Co = m[SOPQU - XPQ}- (3-5)

Exactly as in Section 2 (see (2.5)—(2.7)), if we set

a._ 1 St I @

_ St oo 3.6
T+r 57 "1+, (3.6)

p

3) The other cases are trivial. Indeed, if X < dSp, we have c} = uSy — X, c‘f =dSp — X and (3.2)
gives
1

147
ie., p2 =1 and N(d1) = N(d2) = 1. On the converse, if uSy < X, we have ¢} = ¢ =g =0, i.e.,
p? =0 and N(d1) = N(d2) = 0. See, also, Remark 3.1.

co = So —

)
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and define correspondingly @ = (p?,1—p?) as the following Radon-Nikodym derivative

Q S
Q._ S — (3.7)
Q  (1+7)S
then (3.5) becomes, in turn,
3 1
= Sop? — ——XpY 3.8
Co op 1tr p-, (3.8)

which resembles formula (2.9) for the continuous case.

Remark 3.1. By comparing (2.9) and (3.8) it is clear that N(dy) and N(ds3)

correspond to p@ and p@, respectively. In particular, the no-arbitrage condition en-

tails ﬁ > 1, which implies p® > p@; this observation confirms once again that

T
N(dl) > N(dg)
Analogously to Proposition 2.1, we are now in a position to prove the next result.

Proposition 3.2. The following properties hold true:

S
()7 i=0,1_

(ii) if » > 0, the stock price process (S;)i=o01 s a Q-submartingale,

(i) the discounted stock price process ( is a @—submartingale,
(iii) the (unconditional) Q-expectation of Sy is given by
~ EQ[SQ]
EQ[S] = ! 3.9
51 = Faar (3.9)
i.e., by the ratio between the second and the first moment of Si under Q,
(iv) the probability p® is different from the hedge-ratio (see (3.3))

U d

An — 1 — ¢
07 gu_gd’

1 1

Proof. As a first step, let us compute E2[S;]. To this aim, observe that the explicit
expression of p@ is given by
o u g U 1+r—d

b :1+rp T 147 u—d (3.10)
whence
5 (A+r(u—d)—u(l+r—4d) d u—-1-r d
18 _ . - 1-p9). (3.11
P (1 +7)(u—d) Thr w—d 1er0TP) G

By definition of E@[-], we easily compute®
B3[5,] = sy + 501 — ) = 2 oy S )
! 1 ! 147 L+
u\2 d\2 2
_ (S1) 2+ (S7) (1_pQ):EQ|: S1 ]
(14+7)So (14+7)So (14+7)So

(3.12)

4) We can also derive Eﬁ[sl] noting that
~ o §2
EQ[S :]EQ[S @} :E@{il }
[5:] 'Q (1+7)50
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(i) Since Sp is known at time 0, by using (3.12) we plainly have

af] -l )] L)

L+7r| 1+7r So B So

) (S +an ) Sog(ogB)

So N So N (1 + ’I")O
where we have used the Jensen’s inequality and the fact that the conditional expectation
based on no information is simply the (unconditional) expectation, i.e., Eo[-] = E[-].

This proves that the discounted stock price process is a Q-submartingale.
(ii) By means of similar calculations as performed in ), it is easy to check that

EG[S1] = (1+7)So,

as well, where the term (1 + ) is surely greater than 1 if r > 0.
(iii) The equality (3.9) follows directly from (3.12), since the expression of the first
moment of S; under Q is given by

EY[S1] = Sip% + 57 (1 —p?) = (up® + d(1 — p?))So = (1 +7)So.
(iv) Taking into account the last footnote 3 (page 460), the hedge-ratio in the

interesting case dSy < X < uSy is given by (3.3), whereas the probability p@ is defined
in (3.6). These two expressions are equal only when

X — SO Ud,
1+7r
otherwise they are different. The proof is now complete. O

3.2. THE MULTI-PERIOD BINOMIAL MODEL

In the multi-period binomial model we consider N > 2 periods and in each of them the
stock price will either go up or down by the factors u and d, respectively. In particular,
at time ¢t = n < N we have n+1 distinct configurations for S, which we write down as

(i,n—1) S
SP (wd) . — i gn=i 8,

for any integer i € {0,1,...,n}, where p(»*~"(u,d) denotes any permutation with
repetition of the n-tuple

7 n—i

and corresponds to choosing i “up moves” (and n — ¢ “down moves”) for a total of (?)
different paths in the tree. More generally, for any i € {0,...,n} and k < n, taking
the step k as the starting point, we have

Sz(i”“i)(u,d) _ Sg“"“‘”(u,d)ui—jd(n—k)—(i—j)’
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where j € {(i — (n — k))T,...,min(i,k)}. Correspondingly, for any k satisfying
(k=) (4, .
0 <k <n <N the notation cz (u,d) denotes one of the possible &k + 1 values

of the random variable ¢, i.e., one of the possible call prices for a fixed step k in the
binomial tree. For a better understanding one can see Figure 1.

S:(gu,u,u) _ ’U/SS()

-

S = u2S,

/
St = uSo Siond = gl = gl = 424s,
So S5 = S5 = udS,
S = dSo Sibaw) = gidwd) — gluodd — 4423,
\ /

Sy = d2S,
Sédvdad) — dSSO

Fig. 1. Stock price tree for N =3

As in the one period case, our aim is the replication of a risky portfolio by means
of some derivative security, for instance a call option. For each period n < N suppose
we buy A, shares of stock and invest the remaining part at a risk-free rate r (for
more details, see, e.g., [10, Section 1.2]). Similarly to the one-period model explained
in Subsection 3.1, we see that the price ¢,,_; for the short position is expressed
recursively by

(i,(n=1)—1) d 1 (i+1,n—(i+1)) (i,n—1)
SN O gD ) (313)

for any i € {0,...,n — 1}, where the risk-neutral probability Q = (p%, 1 — p?) is still
equal to (3.4). By induction, for any n € {1,..., N} it is easy to see that

o= {Z (0)er gy -y, (3.14)

7
=0

On the other hand, if my denotes the minimum number of upward moves necessary
for the stock to end in the money at time n, (3.14) may be rephrased as

o= — 1 {i (2‘) (u'd™"1Sy — X)(p9)' (1 pQ)”Z},
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which, rearranging the terms, becomes also

1 i n\ ) ) . n n ) )
_ it Qzl_Qn—zS - X Qzl_(@n—z.
(Hm{z ()u OIS Sl G [
1=myo 1=myo
(3.15)
Now let us introduce the complementary binomial distribution

B0 mmo) = 3 (’?)@@)i(l—p@)"-i (3.16)

which represents the probability that the stock price will go up at least mgy times
so that the option will be exercised at time n, and corresponds to N(d3). Therefore,

by using the measure p? defined in (3.6), (3.15) becomes

1

m)@(p@, n,mg), (3.17)

co = So®(p%,n, mp) —

where again we have set

C LS (et

1=myg

this last term corresponds to N(d;) of the Black—Scholes formula.
Incidentally observe that, as a matter of fact, for a fixed n, 0 <n < N,

co = So0{S, > X} — ﬁ@{sn > XV,

and the event {S,, > X} is evaluated under two different measures; thus the analogy
with the continuous case is now quite evident.
More generally, for any k& < n, it may be proved that

X —Q{S, > X|Fe}.
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Indeed, arguing as before concerning the equality (3.15) with slight modifications

leads to
( ] "7> <5 X) (1 p@)mkm]

"

s
_ — k[ i ( ) )(Skuydm K- X) (p@)j(l_p@)(n—k)—j]

SE (i

Jj=my

T ( > e

Jj=mg

where my, is the minimum number of upward moves necessary for the option to end in
the money at time n starting from the step k. Obviously ¢, = 0 if my > n — k; see
also [7, Proposition 2.1.2].

As an improvement, a closed formula® for the value of the call option at each
node of the binomial tree would be desiderable; indeed, for fixed n, k and ¢ satisfying
0<i<k<n<N, a careful and non trivial inspection through the binomial tree
shows that

P (wd)

k
n—k n—k Citgm— (i) ) )
1+r 47k { Z < J )(sg | - )(pQ)J(l_pQ)(n_k)_]

Jj= m

1+ 1 Z (n k) PR =) (4. d) W 4R — 3 (pQyi (1 — p@)(n—k)=i
r ” J
=i

my

n — . )
1—|—Tn (14 r)n—F Z < ) J(l_pQ)(n k)=

i
Jj=my,

n—k

(i k=) (4, n—=~k\, 3. O (n—k)— i
=S¢ (u,d) Z ( ; >(pQ)](1_pQ)( k)—j

j:mk

n— . ) —
1+rnkz< ) 2 (1 - p®) =

3
J=my

5) Non iterative closed formula.
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In the formula above m} is a realization of the random variable my; more formally

— mo, ifk:(),
T mi €40, (mo —i)T}U {+oo}, ifk>0,0<i<k,

where my is the same (deterministic) positive integer appearing in (3.15). Obviously

(k=) (4. d . .
c (”’):01fm§€:+oo.

Summing up, we can write

3 X
cr = Sp®(pLn — k,my) — W@(p@,n —k,my) (3.18)
and
PR (ud) _ gp D (ud) g G X 0 i
(s =5 O(pe,n—k,my) — W@(p ,n—k,my), (3.19)

as generalizations of (3.17).

Remark 3.3. The importance of the last formula (3.19) lies on the fact that it allows

(i, k—1i)
to compute the call price CZ (wd) gt any of the nodes i at time k£ only knowing the

(i k—i)
stock price S ,é' (u.d) corresponding to the same node, together with the realization

m}c This procedure presents a remarkable advantage especially when dealing with
binomial trees which price long expiring options and/or which use a huge number of
time steps in order to get a nice accuracy. Specifically, from a computational point
of view, while it is necessary to move in the tree “forward” until the end at time n for
the stock price, it is pointless the full “backward” procedure from n up to time k, the
unique information useful to compute m;c being the stock price (payoff) at time n.

The following proposition provides further information about the probability
measure Q = (p?, 1 — p?).

Proposition 3.4. For every n < N the (unconditional) @—expectation of Sy is
given by

_ EC[SE]

B = Fopsy

(3.20)

i.e., by the ratio between the second and the first moment of S, under Q.
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-~ . . (i,m—1) u
Proof. Let us start by computing E?[S,]. We know that u’d"~'S, = S§ (wd)

and thus

- n @n=1)(y Q\i n—i
5,0 = 3 ()2 Ry -

_ SO (CL) uidn—i(p(@)i(l o pQ)n—i
=0

n

i=0
n Gn=9) (y,d) \ 2
So n\(sh ) o L
- 90 &n i1 — Q\n—1i
<1+r>n§(i)< o) 0
1 i (n) (i,n—1) d)\2 (., Q\i Q\n—i
SR ey Dl G (AR M (P M B
(1+7”) SO =0 ]
Consequently
~ SQ
Q — FQ n 1

whence the equality (3.20) directly follows, since the expression of the first moment
of S,, under Q is given by
n
B9, =503 (1) a0 (1 -pY = Sola (159" = So(1 4" O
i=0
In analogy with the one-period binomial model, our next goal is to look for another
equivalent measure under which the discounted process is a submartingale.
The underlying idea is to extend the definition of Q in (3.7) to the multi-period
binomial model with N > 2 steps. To this purpose, we are naturally led to consider
the measure Q related to Q by the following Radon—-Nikodym derivative

Q
=~ =7, 3.22
Q (3.22)
where Z is the random variable defined by
SN
7 = 3.23
(]. + T)NS() ( )
For any k < N define the Radon-Nikodym derivative process as
Zr = E2[Z] (3.24)
with Zny = Z. One readily obtains
EQ 147)N
EQ[Z] = [Sn]  (1+7)VS —1

1+7r)NSy  (1+7r)NS,
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and
Sk

e —
P A+ )RSy

since the discounted process is a Q-martingale. Obviously @ = @ if N =1. R
Now we may state the next proposition concerning the newly defined measure Q.

Proposition 3.5. The following properties hold true:

(i) the discounted stock price process (%)MKN s a @-submartingale,

(ii) if r > 0, the stock price process (Si)o<i<n 5 a @—submartingale,
(iii) for any n < N the (unconditional) Q-expectation of S, is given by

o5 — E%IS2)
B = g

(3.25)

i.e., by the ratio between the second and the first moment of S, under Q.
In particular, the expectation of S, is the same under the probabilities Q and
Q (see Proposition 3.4).

Proof. Fix n and k such that 0 <k <n < N.
(i) According to [10, Lemma 3.2.6] and with the help of Jensen’s inequality, one has

2
Q Sn Q Sn
] et a] w|(etr) |
k = =

n - S
(1 +T’) Zk W
2 2
Q| s, S
(Ek |:(1+r)":|> ((1+Z)k> Si
> = = P
T oy wr A

since the discounted stock price process is a Q-martingale.
(ii) Arguing as in (i), it is fairly easy to verify that

~

E2[S,] > (1+7r)"7kS),

where surely (1 +7)""% > 1ifr > 0.
(iii) By virtue of [10, Lemma 3.2.5], an easy calculation shows that

EC[S7] _ EC[SE]

n

(1+7r)nS,  EQ[S,]’

]E@[Sn] = ]EQ[Sn Zn) =

as announced. O

There are alternative ways to prove Proposition 3.5, based upon the general
properties of the conditional expectation under a change of measure. We present these
proofs in the Appendix A with the help of a preliminary lemma.
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APPENDIX A. ALTERNATIVE PROOFS OF (i) AND (iii) IN PROPOSITION 3.5

Consider a discrete Bernoulli random variable U with parameter p and range {u,d}
and recall that

L. E[U] = up +d(1 - p),

2. EUM =up+d"(1—p) (h>2),

3. Var(U) = p(1 — p)(u — d)*.

It is possible to express recursively the stock price process .S, in the N-times binomial
model starting from Sy by putting

Spi=S8Uy-...-Up (n>1), (A1)

where the U;’s are i.i.d. random variables with a Bernoulli distribution with parameter
p@ and range {u, d}; for simplicity we write S,, = S,,_1U where U stands for U,,. For
any 0 < k <n < N, keeping in mind that now EQ[U] = up@ + d(1 — p@) =1+, it is
easy to verify that

1. E2[S,] = Si(1 +r)»*,

n—k
2. BRIt = 5t (5°0)  (h22)
3. Var}(8,) = EZ[S7] — (BF[Sq))* = 57 ((uzp@ + (1 —p))F - (14 r>2<“>).

Before proceeding further, we need the following lemma which perhaps covers an interest
on its own.

Lemma A1l. Let us consider the multi-period binomial model with N > 2 steps and
denote by Sy, the stock price at time n < N, defined recursively by (A.1). Then, for
any 0 <k <n <N, if Q is the risk-neutral measure and r > 0 is the risk-free interest
rate, we have the following properties:

(i) the sequence (Varg(Sn))OgnSN
(ii) for any m € {0,..., N} with n < m we have
(iia) EZ[Sn Sm] = (1+ 7)™ - ER[S7],
(iib) Varg (S, Sm) = S (E[U*)"" - (BE[UZ])™ "
— (U0 - (14 )2 ),
(iic) covl(Sn,Sm) = (1 +7)™"" - Var2(8,) and therefore covZ(Sn, Sm) > 0,
(iid) if p denotes the (auto-)correlation coefficient, then

_ Var®(S,)
QSn;Sm =1+r)m". — kR .
P(Sh Si) = (1+7) vade)

Proof. (i) For any n > 1, due to the independence of the random variables S,, and U
in S,.1 = S,U, it follows that®

Var(g(SnH) = (Eg[Sn})Q VarQ(U) + Varg(Sn)EQ[Uz] > Var(,?(Sn)

18 increasing;

6) Each U; is obviously independent of Fj.
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since

(E2[S,])? Var%(U) > 0 and E%[U? > (EQU])2 = (1 +7)2 > 1.
(ii) For any m € {0,..., N}, if n < m, a direct computation leads to:

(iia) EX[S,Sm] =E[(SoUs ... - Un)? Upgr .- Up] = (1 +7)™ " - E2[S2],

(iib) Varg(SnSm) = Var2((So Uy - ... - Un)? - Upy1 - .. Up)
= SPEY(Upyr - - U)YNEY(Upyr - ... - Up)?
— SEEY(Upyr ... Un)? Upyr - ... - Up))?

= st (B @@

- B (14 r>2<m”>>,

(iic) covd(Sn,Sm) =E2[S2 Uptr -+ Up] — B[S EL[S, - Uns1 .. Upl
EQ[SQ] EQ[ Unt1- Um} (]EQ[SH])QE(S[UWA T UM]
=@+ (B2162) - (BR1S.)%) = (141" - Vard(5.),
m—n Q
(iid) Pk (S0 S) = cov2 (8, Sm) _(1+47) - Varg (Sy)
\/Vark Vark (Sm) \/Vark Vark (Sm)
=1+4rm". Lﬂg (5n)
Varg (Sm)
The proof is now complete. [

Remark A2. If (W;):>0 is a Brownian motion, then for any s and t satisfying
0 < s <titis well-known that

(i) Var(W;) > Var(W,),

(iif) p(Wh, Wa) = /vl

A quick look to the previous lemma highlights clearly the strong interplay between
the discrete process (Sy,)o<n<n and the continuous process (Wy)>o.

Now we present the following alternative proofs of (i) and (iii) in Proposition 3.5,
taking into account the definition (3.24) and the subsequent observation.
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Proof. Fix n and k such that 0 <k <n < N.
(i) By virtue of Lemma Al-(iic) and the Bayes formula, one gets

Q Sh
E@{ Sn } B [““WZ ]
k ( =

1+ T)" 2y
Q Sn Q SN Q SnS
E; |:(1+r) }E [(1+ )N} + couy, ((1+7~)nN+N)
GEDL
? (A4r)N Q ?

Sk +r)" " S,

((1#)’“) t e - Var (Sn) <(1+¢)’“> S
p— > p—
5a Z 5 oE
T e F)

since the discounted stock price is a Q-martingale.
(i)’ (alternative proof) Again the Bayes formula implies

Q Sn Q|_5,8
oo e el

(1 +T) Z o Sk ’

(14r)*

where “taking out what is known” and Jensen’s inequality, together with the indepen-
dence of the U;’s, yield

me| SSv 1 S _gepp U.U U
(14 r)ntN _(1+T)n+N [ fat U Upgre.n ]

52

= A BVl EOUL Bl - EO(U]
Sﬁ Qrrr21yn—*k N—n

= Gy ETDTE A
SI% Q 2(n—k) N—

2 gy EUDTO ()

__ % 2(n—k) Nen_ Sk

_WUH") (1+7) = T

Hence we can conclude that

S2
ol Sa T Sk
EQ[ ] > = ,
(4 r)m (15’;);9 (147r)*

as desired.
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(iii) By virtue of Lemma Al-(iia), one immediately gets

~ ]EQ 1 N-—n EQ 2 ]EQ 2 EQ /2
]EQ [Sn] — ]EQ [Sn ZN] — [S”SN] — ( + ’I") [Sn] — [Sn] _ [Sn] ,
(]. +’I")NSO (1 +7’)NSO (]. +7")n50 EQ[Sn]
and the result follows. O
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