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1. Introduction

In engineering applications, stress-strength models are of special 
importance. A technical system may be subjected to several stresses 
such as pressure, temperature and corrosion and the survival of the 
system heavily depends on its strength. In the simplest terms, stress-
strength model can be described as an assessment of the reliability of 
the component in terms of  X  and Y  random variables where X  
is the random “stress” experienced by the component and Y  is the 
random “strength” of the component available to overcome the stress. 
From this simplified explanation, the reliability of the component is 
the probability that the component is strong enough to overcome the 
stress applied on it. Extensive works have been done for the reliability 
of the component and its estimation under different choices for stress 
and strength distributions [4, 8, 10, 12].

Traditionally, stress and strength random variables are considered 
to be both static when available data on X  and Y  are considered 
not to involve the time of system operation. But in real-life reliability 
studies, the status of a stress-strength system clearly changes dynami-
cally with time. This problem may be achieved by modeling at least 
one of the stress or strength quantities as time-dependent [2, 3, 5, 6, 
7, 9, 13].

In some cases, the reliabilities of the components in the system 
depend on the effect of several stresses which cause degradation. 
Structurally, the reliability of the system depends on the reliability of 
its components. Thus, degradation in components reliabilities in the 
system can lead to the degradation of the entire system reliability. In 

this paper, we aim to propose a new method for computing the time-
dependent reliability of the system using its time-dependent compo-
nents reliabilities under stress-strength setup. A method is presented 
for the case in which the system consists of n  independent compo-
nents whose time-dependent strengths are independent identically 
distributed random processes and these components are subjected to 
m  common multiple random stresses over time. We also note that the 
research concerns only non-renewable systems.

The rest of this paper is organized as follows. Section 2 gives 
some information about coherent systems and consecutive k -out-
of- n  systems. In section 3, we explain the proposed method for 
evaluation of the component’s time-dependent reliability under the 
stress-strength setup. Section 4 contains some numerical results on 
the time-dependent reliability of the four components. In section 5, 
we compute time-dependent reliability of coherent and consecutive-
k  systems with four components.

2. Coherent systems and consecutive k -out-of- n  sys-
tems

In this section, we analyze coherent systems and consecutive  
k -out-of- n : F  and G  systems. 

A coherent system consists of n  components such that the system 
and each component may only be in one of two possible states, work-
ing or failed, can be described as follows.
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Suppose that ix , 1, 2, ,i n= … , the state of component i , is a ran-
dom variable such that:

	

1 if component  works,
0    if component  is failed.i

i
x

i


= 


Let ϕ(x), be the structure function of the system. Then,

	 φ x( ) = 


1
0

if thesystem works
if thesystemisfailed

,
,

where ( )1 2, , , nx x x= …x  which represents the states of all compo-
nents and is called the component state vector.

A system is said to be coherent if each component is relevant and 
the structure function ϕ(x) is non-decreasing in each argument. For 
more details, we refer to [1]. 

The reliability of a coherent system can be computed from the 
structure function ϕ(x) as R P Eφ φ φp( ) = ( ) =( ) = ( )x x1 , where 

( ) ( )1 1, ,  1, , 1n np p P x x= … = = … =p . 

Example 1. Consider the four-component serial-parallel system 
whose structure is illustrated by Figure 1. Its structure function can 
be expressed as:

	 φ x x x x x x x x1 2 3 4 1 2 3 4, , , min ,max , , .( ) = ( )( )

Fig. 1. Four-component serial-parallel system

The system reliability which is the stochastic independence of 
components is given by:

	 R p p p p E x x x xφ 1 2 3 4 1 2 3 4, , , min ,max , ,( ) = ( )( )( )

	 ( ) ( )1 2 3 4 2 3 2 4 3 4 2 3 4                                                                   1p p p p p p p p p p p p p= + + − − − + 	 (1)

A consecutive k -out-of- n : F  system consists of n  ordered com-
ponents such that the system fails if and only if at least k  consecutive 
components fail. Another special type of system related to the con-
secutive k -out-of- n : F  system is the consecutive k -out-of- n : G   
system. A consecutive k -out-of- n : G  system is an ordered sequence 
of n  components such that the system works if and only if at least 
k  consecutive components work. Consecutive k -out-of- n : F  
and G  systems are divided into linear and circular systems corre-
spond to the components arranged along a line or circle. 

Lambiris and Papastavridis [14] developed an exact formulas for 
the reliability of a consecutive k -out-of- n : F  system with n  linear-
ly or circularly arranged independent and identically distributed com-

ponents. But in some cases components are not necessarily identical. 
Therefore, Zuo and Kuo [15] obtained the following closed-form equa-
tions for the reliability of a linear consecutive k -out-of- n : F  system, 
say ( ), ,LF iR k n p , and circular consecutive k -out-of- n : F  system, 
say ( ), ,CF iR k n p , respectively. Here, the value ip , 1, 2, ,i n= …  is 
called the reliability of the i th component. 

( ) ( ) ( )
1 1

1
1

, , 1 1 ,     1,    2 ,             2
n k i k

LF i i k j n
i j i

R k n p p p p k n k
− + + −

+ +
= =

 
 = − − ≡ ≤ ≤
 
 

∑ ∏   (2)

where 1, 2, ,i n= …  and ( ), , 1LF iR k n p =  for 0 n k≤ ≤ , and 

( ) ( ) ( ) ( )
1

1 1
, , 1 1 1 ,     2 1,           3

n i k n
CF i i k j i

i j i i
R k n p p p p k n k

+ −

+
= = =

 
 = − − − − < ≤ +
 
 

∑ ∏ ∏

(3)

where 1, 2, ,i n= … , j j np p −≡  for j n> , ( ), , 1CF iR k n p =  for 

0 n k≤ <  and ( ) ( )
1

, , 1 1
n

CF i i
i

R k n p p
=

= − −∏  for n k= .

Fig. 2. Linear consecutive 2 -out-of- 4 : F  system

Example 2. Consider the linear consecutive 2 -out-of- 4 : F  sys-
tem in Figure 2. It consists of a sequence of four components along a 
line such that the system is failed if and only if at least two consecu-
tive components in the system are failed. Using Equation (2), one ob-
tains the system reliability as:

	 ( )1 2 3 42,4, , , ,LFR p p p p

( )( ) ( )( ) ( )( ) ( )3 1 2 4 2 3 3 41 1 1 1 1 1 1                                  4p p p p p p p p = − − − + − − + − −   (4)

Example 3. Consider the circular consecutive 2 -out-of- 4 : F  
system. It consists of a sequence of four components along a circle 
such that the system is failed if and only if at least two consecutive 
components in the system are failed. Using Equation (3), one obtains 
the system reliability as:

	 ( ) ( )( ) ( )( )1 2 3 4 3 1 2 4 2 32,4, , , , 1 1 1 1 1CFR p p p p p p p p p p= − − − + − −

( )( ) ( )( ) ( )( )( )( ) ( )1 3 4 2 1 4 1 2 3 4 1 1 1 1 1 1 1 1           5p p p p p p p p p p+ − − + − − − − − − − (5)

Kuo et al.[11] state that the consecutive k -out-of- n : G  and F  
systems are the duals of each other. Therefore, the reliability of the lin-
ear consecutive k -out-of- n : G  system, denoted by ( ), ,LG iR k n p  , is 
then equal to ( )1 , ,1LF iR k n p− −  and the reliability of the circular 
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consecutive k -out-of- n : G  system, denoted by ( ), ,CG iR k n p , is 

then equal to ( )1 , ,1CF iR k n p− − .

Example 4. Consider the linear consecutive 2 -out-of- 4 : G  sys-
tem. It consists of a sequence of four components along a line such 
that the system is good if and only if at least two consecutive com-
ponents in the system are good. Using Equation (4) for 1i ip p= − , 

1, 2, 3, 4i = , one obtains the system reliability as:

	 ( ) ( ) ( )1 2 3 4 1 2 3 2 3 4 3 42,4, , , , (1 ) 1                                                 6LGR p p p p p p p p p p p p= − + − +    (6)

Example 5. Consider the circular consecutive 2 -out-of- 4 : G  
system. It consists of a sequence of four components along a circle 
such that the system is good if and only if at least two consecutive com-
ponents in the system are good. Using Equation (5) for 1i ip p= −  , 

1, 2, 3, 4i = , one obtains the system reliability as:

	 ( )1 2 3 42,4, , , ,CGR p p p p

( ) ( ) ( ) ( ) ( )1 2 3 2 3 4 3 4 1 1 4 2 1 2 3 4 1 1 1 1                     7p p p p p p p p p p p p p p p p= − + − + − + − +  (7)

From the equations for system reliability given above, we can see 
that the reliability of a system with components whose reliabilities 
are not necessarily identical is a function of ip  and the component 
reliabilities are constant. But, the reliabilities of the components in 
the system can change as a result of their deterioration or in conse-
quence of variable stresses over time. The components may not fail 
completely, but can degrade. Degradation in components reliability 
can lead to the degradation of the entire system reliability. Consid-
eration of dynamic component reliability under stress-strength setup 
offers realistic application to real life applications.

In the following section, we propose a new approach for deter-
mining the dynamic components reliabilities of the system when it is 
subjected to a common multiple stresses over time.

3. Proposed method

Consider a system that consists of n  independent components 
whose deteriorating strengths ( ) 0iY t ≥ , 1,2, ,i n= …  are independent 
identically distributed random processes with continuous cumulative 
distribution function ( )( ) ( ){ }ii tG y P Y t y= ≤ . Assume that these 
components are subjected to common multiple stresses ( ) 0jX t ≥ , 

1,2, ,j m= … . Let the stresses are independent random processes hav-
ing cumulative distribution function ( )( ) ( ){ }jj tF x P X t x= ≤ . 

Let us defined the random lifetime, iT , of the component i  as:

	 ( ) ( ) ( ){ } ( )1:inf : 0, ,                                           8i m iT t t t X t Y t= ≥ < 	 (8)

where:

	 ( ) ( ) ( )( )1: 1min , , .m mX t X t X t= …

In this framework, the component i  is fail if ( ) ( )1:i mY t X t< . Be-
cause the i th component’s strength remains weak in all stresses.

Given that component i  is of age t , the remaining life after time t  
is random. For a specific time period [ ),t t h+ , the reliability of the 
component i , ( )ip t , which is defined as the probability of surviving 
at time t h+ , follows from (8) that:

	 ( ) ( ) ( ){ }| .i i ip t P T t t h T t t= > + >

The above conditional probability function depends on h  and 

event ( )iT t t> . Thus, from the definition of conditional probability 
we have:

	 ( ) ( ){ }
( ){ }

( )
( ) ( )1

                                           9
1

i i
i

i i

P T t t h H t h
p t

P T t t H t
> + − +

= =
> −

	 (9)

where ( ) ( ){ }i iH t P T t t= ≤ , 1,2, ,i n= … . Clearly, as ( )iH t  is abso-

lutely continuous, the probability distribution function ( ) ( )i i
dh t H t
dt

=  

exists almost everywhere. Then, we have main exponential formula:

	 ( ) ( ) ( )
0

1 exp                                                    10
t

i iH t u duλ
 

= − −  
 
∫ 	 (10)

where ( )i uλ , 1,2, ,i n= …  is the corresponding failure rate. 

Then, using Equation (10) in (9), we can obtain the i th compo-
nent’s reliability as follows:

	 ( ) ( ) ( )exp .                                                  11
t h

i i
t

p t u duλ
+ 

= −  
 

∫ 	 (11)

An important tool for system reliability in our proposed method is 
the failure rate that describes the component reliability. Therefore, the 
shape of the failure rate plays an important role under stress-strength 
setup of the system.

Assume that the failure rate, λi( )i tλ , is increasing as a result of their 
deterioration and common multiple stresses. As the finite mean of 
( )iY t  and ( )jX t ; say ( )iEY t  and ( )jEX t  respectively, exists the 

λi( )i tλ  can be expressed as:

	 λ ψi
j

m
i j EY t EX t

t EY t EX t
i i

j
j i

j( ) = ( ) − ( )( )










= ( )− ( )>
−

∑
1 0

1

,���������������������12( ) 	  (12)

where ψ is an indicator function such that:

	 ψ A
A t
A t

=
1

0
,
, .

if event occurs at time
if event does not occurs at time



Using Equation (12) in (11), when running into time t , the ( )ip t  
can be obtained under stress-strength setup as:

p t EY u EX ui
t

t h

j

m
i j EY t EX ti i

j
j i

j( ) = − ( ) − ( )( )





+

= ( )− ( )>∫ ∑exp
1 0

ψ






















( )
−1

13du .�����������������  (13)

It should be noted that:
If the failure rate λi1)	 ( )i tλ  is increasing (decreasing) in t , then the 
reliability ( )ip t  is decreasing (increasing) in [ ]0,1 . Therefore, 
the system is decreasing (increasing).
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The range of 2)	 j
it  is 0 j

it< < ∞ , which represents the time that 
j th stress is equal i th component strength. 

Thus, the dynamic system reliability under stress-strength setup 
can be computed by substituting the Equation (13) in the equations for 
system reliability given in Section 2. 

In the following section, we use parametric statistical model to 
compute the dynamic reliability of the components under stress-
strength setup.

4. Dynamic reliability for four components

In this section, we compute reliability for four components un-
der the stress-strength setup. We assume that all components are 
subjected to three stresses, which are stochastically increasing 
in time, whereas its strengths are independent identically dis-
tributed random variables, which are stochastically decreasing 
in time. We use Weibull process for stress and strength vari-
ates, because it is a useful model for events that are changing 
over time.

Let, ( )iY t , 1, 2, 3, 4i =  be a Weibull processes whose dis-
tribution is:

	

G y y
t

yi t
i

i

( ) ( ) = − −
( )






















>1 0exp

α

β

, ,

	

where  αi( )i tα ( ) 0i tα > , βi 0iβ > . Because of αi( )i tα  decreases over time, 

let αi( )i tα ( ) 1 /i it tα α=  then we have the finite mean of ( )iY t  as:

	 EY t
ti

i i
( ) = +











1 1 1
α β

Γ . 	 (14)

Let, ( )jX t , 1, 2, 3j =  be a Weibull processes whose distribution 
is:

	 F x x
t

xj t
j

j

( ) ( ) = − −
( )






















>1 0exp

θ

λ

, ,

where θj( ) 0j tθ > , λj 0jλ > . Because of θj ( )j tθ  increasing over time, let θj 

( )j jt tθ θ=  then we have the finite mean of ( )jX t  as:

	 EX t tj j
j

( ) = ( ) +








θ

λ
Γ 1 1 .	 (15)

Then, using (14) and (15) in (13) we have:

p t
t

ti
t

t h

j i i
j

j
( ) = − +









 − ( ) +















+

=
∫ ∑exp

1

3 1 1 1 1 1
α β

θ
λ

Γ Γ




































( )− ( )>

−

ψ
EY t EX ti i

j
j i

j du
0

1

.

( )16
where 1, 2, 3, 4i = . 

Using Equation (16), we can obtain dynamic reliability for four 
components under stress-strength model. The reliability of the com-
ponents decreases over time, depending on the various selection of the 

parameters αi, βj, θj and λj . For an illustration, let α1=0.02, β1=0.2 and 
θ1=0.8, λ1=0.6; θ2=1.2, λ2=0.6; θ3=1.1, λ3=1.6 . Then 1

1 70.6031t = , 
2
1 57.6472t =  and 3

1 77.9985t = . This implies that after the time 2
1t  

the stress ( )2X t  is above of the strength ( )1Y t , after the time 1
1t  the 

stress ( )1X t  is above of the strength ( )1Y t  and after the time 3
1t  the 

stress ( )3X t  is above of the strength ( )1Y t . As a result, we observe 
that the 1th component strength cannot resist all of the stresses after 
the time 3

1t  and component 1 is assigned to be completely failed. 
In Table 1, we give the j

it , 1, 2, 3, 4i = ; 1, 2, 3j = , time for vari-
ous selection of αi, βj, θj and λj . From the table we observe that the 
component 4 has the highest reliability compared to other component 
and component 3 has the lowest reliability compared to other com-
ponents. 

In Table 2, we compute dynamic reliability for four components 
for the parameters given in Table 1. From the table we observe that 
component 1 can resist all three stresses until the time period [ )72,74 , 
component 2 can resist all three stresses until the time period [ )60,62 , 
component 3 can resist all three stresses until the time period [ )24,26 , 
and component 4 can resist all three stresses until the time period 
[ )108,110 , after the these time periods all four components are as-
signed to be completely failed component. 

We have everything in place now for obtaining the dynamic reli-
ability of the components under stress-strength setup, which is crucial 
for reliability of the system. In the following section, we compute 
dynamic reliability of the system with four components under stress-
strength setup.

Table 2.	 Dynamic reliability for four components for selected time period 
[ ),t t h+   

[ ),t t h+ ( )1p t ( )2p t ( )3p t ( )4p t

0-2 0.9998 0.9998 0.9992 0.9999

12-14 0.9985 0.9977 0.9876 0.9992

24-26 0.9967 0.9947 0.8996 0.9985

36-38 0.9941 0.9887 0 0.9975

48-50 0.9883 0.9647 0 0.9962

60-62 0.9687 0.6780 0 0.9942

72-74 0.8196 0 0 0.9901

84-86 0 0 0 0.9794

96-98 0 0 0 0.9441

108-110 0 0 0 0.3611

Table 1.	 The j
it  time that j th stress is equal i th component strength (θ1=0.8, 

λ1=0.6; θ2=1.2, λ2=0.6; θ3=1.1, λ3=1.6)

α1=0.02,
β1=0.2

α2=0.03,
β2=0.2 α3=0.01, β3=0.3 α4=0.01, β4=0.2

1
1 70.6031t = 1

2 57.6472t = 1
3 27.7374t = 1

4 99.8478t =

2
1 57.6472t = 2

2 47.0687t = 2
3 22.6475t = 2

4 81.5254t =

3
1t = 77.9985 3

2 63.6855t = 3
3 30.6428t = 3

4 110.307t =
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5. Reliability for coherent and consecutive k -out-of-n  
systems with four components

In this section, using dynamic reliability for four components 
given in the previous section, we compute dynamic reliability of 

coherent systems and consecutive k -out-of- ( ):n F G  systems with 
four components. In Table 3, we compute the dynamic reliability for 
coherent system and consecutive k -out-of- ( ):n F G  systems given 
in Section  2, using the ( )ip t , 1, 2, 3, 4i =  values given in Table 2.

6.  Conclusion

In this paper, it is theoretically assumed 
that a system which consists of n  components 
operates under m  common multiple stresses. 
We provide a new method for computing the 
time-dependent reliability of the system using 
its time-dependent components reliabilities un-
der stress-strength setup. The proposed method 
described here is a simple and clearly show the 
chance of component and system reliability de-
pending on time. 

Table 3.	 Dynamic reliability for systems for selected time period [ ),t t h+

[ ),t t h+ ( )( )iR p t ( )( )2,4,LF iR p t ( )( )2,4,CF iR p t ( )( )2,4,LG iR p t ( )( )2,4,CG iR p t

0-2 0.9998 1. 1. 1. 1.

12-14 0.9985 0.9999 0.9999 0.9999 0.9999

24-26 0.9966 0.9993 0.9992 0.9991 0.9996

36-38 0.9940 0.9862 0.9862 0.9828 0.9940

48-50 0.9881 0.9610 0.9610 0.9534 0.9881

60-62 0.9668 0.6740 0.6740 0.6567 0.9668

72-74 0.8114 0 0 0 0.8114

84-86 0 0 0 0 0

96-98 0 0 0 0 0

108-110 0 0 0 0 0
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