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Abstract 

The article focuses on the proposal of a model of a skyscraper equipped with a semi-active pendular 

vibration eliminator utilizing the phenomenon of fluid transfer, which could be used in monitoring the condition 

of slender structures. The proposed model consists of two main elements: an upper member, representing the 

dynamic mass of a skyscraper in the form of a trolley, and a lower member - a pendulum attached to the trolley. 

To consider the fluid transfer, a variable mass factor represented by an inverse tangent function was included 

in the equation of motion. Simulation studies in a dimensionless time domain were performed to investigate 

the influence of mass distribution on changes in the system’s response. Three dynamic states of the system 

were considered, during which the system’s total mass remained constant. Diagnostic parameters enabling the 

detection of changes in the mass of the eliminator and stiffness of a damped structure have been proposed. 
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List of Symbols/Acronyms 

  – differentiated mass of the pendulum to the mass of 

the pendulum ratio [-]; 

  – dimensionless frequency [-]; 

  – dimensionless time [-]; 

D – the dissipative potential of the system [J]; 

  – excitation frequency [Hz]; 

  – excitation frequency to the natural frequency of the 

trolley ratio [-]; 

  – flow rate coefficient [1/s]; 

F – forcing amplitude [N]; 

  – forcing amplitude to structure’s equivalent stiffness 

ratio [m]; 

g  – gravitational constant [m/s2]; 

mp0 – initial mass of the pendulum [kg]; 

  – initial mass of the pendulum to the mass of the 

system ratio [-]; 

 – kinetic energy of the system [J]; 

L – Lagrangian of the system [J]; 

l – length of the pendulum [m]; 

mp – mass of the pendulum [kg]; 

  –  mass of the pendulum to the mass of the system ratio 

[-]; 

mf – mass of the transferred liquid [kg]. 

f – mass of the transferred liquid to the mass of the system 

ratio [-]; 

mt – mass of the trolley [kg]; 

  – mass transfer activation dimensionless time [-]; 

  – members natural frequencies ratio [-]; 

  – natural frequency of the pendulum [Hz]; 

  – natural frequency of the trolley [Hz]; 
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  – pendulum’s angular displacement [rad]; 

  – Rayleigh’s damping coefficient proportional to the 

stiffness matrix [-]; 

c  – structure’s equivalent damping coefficient [Ns/m]; 

k  – structure’s equivalent stiffness [N/m]; 

t  – time [s]; 

ms – total mass of the system [kg]; 

X – trolley’s horizontal displacement [m]; 

(X(t)) – virtual displacement of the trolley [m]; 

W – virtual work [J]; 

DAF – Dynamic Amplification Factor; 

PTMD – Pendular Tuned Mass Damper; 

SHM – Structural Health Monitoring; 

TMD – Tuned Mass Damper; 

 

1. INTRODUCTION 

 

A growing demand for light and slender 

structures, caused by a limited area of urban 

agglomerations, makes modern buildings more 

susceptible to dynamic loads [16][26]. It is a direct 

reason for an increased interest in the subject of 

vibrations affecting buildings and, thus, publications 

on vibration damping using tuned mass dampers 

[10][11]. Vibration absorbers are devices that 

dampen the vibrations of a main oscillator. They 

usually consist of a mass attached to a main 

oscillating system by means of damping and elastic 

elements. An appropriate selection of a TMD’s 

parameters reduces vibrations of a structure being 
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affected by an exciting force [7]. Passive absorbers, 

i.e., covering a narrow range of excitation 

frequencies, the damping of which is initiated only 

by the phenomenon of vibrations, are the most 

commonly used solutions. However, the number of 

active or semi-active systems being applied is 

increasing, where the damping initiation, frequency 

range and operation time are conditioned by control 

and monitoring mechatronic apparatus design [12]. 

Thanks to technological development, it is possible 

to select diagnostical parameters of a TMD by 

analyzing a physical model in available simulation 

environments, where complex phenomena can be 

easily mapped in a simplified way and still properly 

reproduce the features of a real structure. The 

possible utilization of the variable mass phenomenon 

for vibration-damping purposes was previously 

studied and proved the concept’s validity. A 

theoretical model of a double pendulum was 

analyzed as an alternative approach for dynamics 

control in  [17][19], continued in [18], and also 

independently in [20]. These separate researches 

conducted on chaotic systems led to the conclusion 

that the mass redistribution for a system in motion 

provides additional damping and thus reduces the 

vibration amplitudes. Still, it is important to mention 

that the character of movement remains highly 

chaotic and dependent on a choice of members 

subjected to mass variation. Another interesting 

example directly refers to the concept of a tuned 

mass damper [23][24]. Theoretical considerations 

upon a vertically forced mass with a TMD attached, 

supported by empirical research, were introduced. 

Besides the aspect of a type of analyzed dynamic 

model, the main difference lies in the approach in 

which mass variation was taken into account. The 

authors focused on the ability of retuning a passive 

tuned mass damper to proper operating conditions by 

providing discrete changes in its mass, utilizing a 

control algorithm analyzing subsequent acceleration 

ratios. Simulations and experiments both delivered 

satisfying results. Comparison of the stated works 

raised a supposition that it is possible to introduce a 

solution of a variable mass TMD not only designed 

to sustain its characteristics in typical operating 

conditions but also reactive to sudden changes in 

them by allowing a rapid fluid flow when in motion. 

The aforementioned observation led to the 

preparation of a combined trolley-pendulum model 

in this article. The proposed model is more general 

than the system presented in [24], as it includes more 

physical phenomena occurring in the typical 

operation of objects damped by PTMDs. It can be 

concluded that the operation of structures with 

pendular tuned mass damper enables linearizing the 

system and applying further simplifications. So, if 

the model is linearized, then the entire analysis will 

be performed in the neighborhood of a stable critical 

point of the structure. It allows to exclude the 

analysis of the chaotic behavior of the PTMD, which 

is beyond the scope of the article. 

An assumption of a periodically constant mass 

makes it possible to obtain an analytical solution 

that, despite the simplifications, maintains high 

compliance with the simulation results for the 

nonlinear model and can be used to create a dynamic 

amplification factor spectrum. In order to define 

proper diagnostic criteria, dimensionless time and 

parameters were used, as in [17], since the 

dimensionless approach allows for simpler 

investigation of influence factors and easy 

comparison between engineering cases at different 

scales. An operating principle of a tuned mass 

damper is based on its adjustment with regard to a 

main structure, vibrations of which have to be 

suppressed.  

The tuning process requires proper identification 

of the natural frequency of a main system [3][14]. 

Focusing on buildings, it is necessary to note the 

continuous degradation of materials taking place 

from the very beginning of a structure’s work life 

[4][25]. Regardless of causes (environmental, design 

flaws, poor maintenance, etc.), the general term of 

degradation could be divided into corrosion (relevant 

to metals, reinforcement and polymers) and 

deterioration (concrete, plasters, mortars). Both 

factors may result in a change of a construction’s 

stiffness [1][5][8], which affects its natural 

frequency and leads to non-optimal operating 

conditions, and thus the performance of a passive 

tuned mass damper [2][6][21][28]. Semi-active 

TMDs, as proposed in the article, similarly to active 

mass dampers, provide the ability to overcome an 

issue of detuning but with a less complex design.  

Control algorithms are fundamental for properly 

operating active/semi-active TMD mechatronic 

systems and SHM environments [27]. An aspect of 

optimization between the effectiveness of a damping 

system, its overall application cost, and complexity 

results in various structural solutions and 

mathematical approaches to implementing a control 

loop [13][24]. Especially in the case of active mass 

dampers, one of the most crucial problems lies in a 

proper assessment of activation/delay time [9][22]. 

Nonetheless, semi-active systems are also sensitive 

to changes in activation time parameter [15]. The 

problems of control algorithms, as well as analyzing 

and selecting a suitable damping delay time, do not 

lay in the scope of this article. However, 

familiarization with the topic was necessary due to 

the unavoidable consideration of such a parameter 

when simulating the system’s behavior in the 

transient state connected with a fluid transfer. 

 

2. PHYSICAL MODEL 

 
A simplified physical model consisting of basic 

elements imitating considered parts of a structure 
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was developed to analyze the operation of a pendular 
dynamic vibration eliminator with a variable mass. 
In general, the degree of complexity of the model 
depends on a studied phenomenon. To simplify 
calculations, a model with two degrees of freedom 
was used to describe the dynamics of the considered 
system. The generalized coordinate X was used to 
represent the displacement of the dynamic mass of a 
skyscraper modeled as a trolley with respect to the 
ground. The coordinate Φ describes an angular 
displacement of the TMD modeled as a pendulum. 
The generalized excitation force F models wind 
interacting with the skyscraper. The harmonic force 
allows for the investigation of dynamics under 
resonance condition by selecting an appropriate 

frequency of excitation . The model (Figure 1) is 
based in the gravitational field, which affects the 
pendulum and the liquid transfer between the 
members. During operation, the system’s total mass 
remains constant and transferred liquid does not alter 
the length of the pendulum eliminator but affects the 
damping of both members. It was assumed that three 
states will be considered during simulations: 
- whole liquid volume in the upper member,  
- transitional state, liquid transferred between the 

upper and lower members,  
- liquid has been completely transferred into the 

lower member. 

 
Fig. 1. Physical model of the considered 

system 

 

Equations of motion of the variable-mass system 

were derived using the Euler-Lagrange equations. 

After linearization, the Rayleigh damping model was 

adopted. Further, a dimensionless form of equations 

of motion with dimensionless time and parameters 

was presented, enabling the study of dependencies 

for easy comparison between cases at different 

scales, as they allow to establish a condition of 

similarity between a model and a full-scale object. 

Calculations were carried out using proprietary 

libraries in the Python programming language. 

 

3. DIMENSIONLESS EQUATIONS OF 

MOTION 

 

Based on the proposed model, kinetic energy (1), 

potential energy (2) and dissipative potential (3) 

were stated, then the Lagrangian of the system (4) 

was determined. Moreover, generalized forces were 

derived from the virtual work method (5): 

 𝑇 =
𝑙2𝑚𝑝𝛷̇2

2
+ 𝑙𝑚𝑝cos(𝛷)𝛷̇𝑋̇ +

𝑚𝑝𝑋̇2

2
+

𝑚𝑡𝑋̇2

2
  (1) 

 𝑉 =
𝑘𝑋2

2
− 𝑔𝑙𝑚𝑝 𝑐𝑜𝑠(𝛷)  (2) 

 𝐷 =
𝑐𝛷2̇

2
+

𝑐𝑋2̇

2
 (3) 

 𝐿 = 𝑔𝑙𝑚𝑝cos(𝛷) −
𝑘𝑋2

2
+

𝑙2𝑚𝑝𝛷̇2

2
+

𝑙𝑚𝑝cos(𝛷)𝛷̇𝑋̇ +
𝑚𝑝𝑋̇2

2
+

𝑚𝑡𝑋̇2

2
  (4) 

 𝛿𝑊 = 𝐹 𝑠𝑖𝑛(𝛺𝑡) 𝛿(𝑋(𝑡))  (5) 

Lagrangian and dissipative potential were taken for 

calculations of appropriate derivatives of Lagrange 

method. (Non-potential forces come from virtual 

work method.) All of obtained terms (3)-(5) were 

used to form the system’s equations of motion: 

 (𝑚𝑝 + 𝑚𝑡)𝑋̈ + (𝑚𝑝̇ + 𝑚𝑡̇ + 𝑐)𝑋̇ + 𝑘𝑋 +

𝑙 𝑚𝑝𝑐𝑜𝑠(𝛷) 𝛷̈ + 𝑙𝑚𝑝̇ 𝑐𝑜𝑠(𝛷) 𝛷̇ −

𝑙𝑚𝑝 𝑠𝑖𝑛(𝛷) 𝛷2̇ = 𝐹 𝑠𝑖𝑛(𝛺𝑡)  (6) 

 𝑙2𝑚𝑝𝛷̈ + (𝑙2𝑚𝑝̇ + 𝑐)𝛷̇ + 𝑔𝑙𝑚𝑝 𝑠𝑖𝑛(𝛷) +

𝑙𝑚𝑝 𝑐𝑜𝑠(𝛷) 𝑋̈ + 𝑙𝑚𝑝̇ 𝑐𝑜𝑠(𝛷) 𝑋̇ = 0  (7) 

By approximating individual derivatives with a 

Taylor series around the equilibrium point of the 

system, the linearized equations of motion for the 

system were derived: 

 (𝑚𝑝 + 𝑚𝑡)𝑋̈ + (𝑚𝑝̇ + 𝑚𝑡̇ + 𝑐)𝑋̇ + 𝑘𝑋 + 𝑙𝑚𝑝𝛷̈ +

𝑙𝑚𝑝̇ 𝛷̇ = 𝐹 𝑠𝑖𝑛(𝛺𝑡)   (8) 

 𝑙2𝑚𝑝𝛷̈ + (𝑙2𝑚𝑝̇ + 𝑐)𝛷̇ + 𝑔𝑙𝑚𝑝𝛷 + 𝑙𝑚𝑝𝑋̈ +

𝑙𝑚𝑝̇ 𝑋̇ = 0   (9) 

Based on linearized equations of motion (8)-(9), the 

Rayleigh damping model was adopted with a 

damping coefficient  proportional to the system’s 

stiffness matrix. The damping coefficient 

proportional to the inertia matrix is equal to 0: 

 (𝑚𝑝 + 𝑚𝑡)𝑋̈ + 𝜆𝑘𝑋̇ + 𝑘𝑋 + 𝑙𝑚𝑝𝛷̈ + 𝑙𝑚𝑝̇ 𝛷̇ =

𝐹 𝑠𝑖𝑛(𝛺𝑡)   (10) 

 𝑙2𝑚𝑝𝛷̈ + (𝑙2𝑚𝑝̇ + 𝜆𝑔𝑙𝑚𝑝)𝛷̇ + 𝑔𝑙𝑚𝑝𝛷 + 𝑙𝑚𝑝𝑋̈ +

𝑙𝑚𝑝̇ 𝑋̇ = 0   (11) 

Subsequently, transformations were conducted by 

introducing dimensionless time with respect to the 

trolley’s natural frequency and by dividing the 

coefficients at the accelerations of individual 

coordinates, which resulted in dimensionless 

parameters: 

 𝑚𝑠  =  𝑚𝑝    +  𝑚𝑡   (12) 

 𝜖 =
𝑚𝑝

𝑚𝑠
 (13) 

 𝜖̇ =
𝑚𝑝̇

𝑚𝑠
 (14) 

 𝜖0 =
𝑚𝑝0

𝑚𝑠
 (15) 

 𝜖𝑓 =
𝑚𝑓

𝑚𝑠
 (16) 

 𝜇 =
𝑚𝑝̇

𝑚𝑝
 (17) 

 𝜒 =
𝛺0

𝜔0
 (18) 
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 𝜓 =
𝛺

𝜔0
 (19) 

 𝛿 =
𝐹

𝑘
 (20) 

 𝜏 = 𝜔0𝑡  (21) 

By substitution of the obtained formulas (12)-(21) to 

linearized equations of motion with assumed 

Rayleigh’s damping model, their dimensionless 

versions were obtained: 

 𝑋̈ + 𝜆𝜔0𝑋̇ + 𝑋 + 𝜖𝑙𝛷̈ +
𝑙𝜖̇

𝜔0
𝛷̇ = 𝛿 𝑠𝑖𝑛(𝜓𝜏)    (22) 

 𝛷̈ + (𝜒2𝜆𝜔0 +
𝜇

𝜔0
) 𝛷̇ + 𝜒2𝛷 +

𝑋̈

𝑙
+

𝜇

𝑙𝜔0
𝑋̇ = 0 (23) 

The transfer of liquid was modeled using the arctan 

function. Flow rate coefficient  and mass transfer 

activation dimensionless time   were considered: 

 𝑚𝑝 = 𝜖0𝑚𝑠   + 𝜖𝑓𝑚𝑠 (
atan(

𝜌𝜏

𝜔0
 − 

𝜌𝜏0
𝜔0

)

𝜋
+ 0.5) (24) 

 𝑚𝑡 = 𝑚𝑠(1 − 𝜖𝑓 − 𝜖0) + 𝜖𝑓𝑚𝑠 (−
atan(

𝜌𝜏

𝜔0
 − 

𝜌𝜏0
𝜔0

)

𝜋
+

0.5)   (25) 

 

Fig. 2. Liquid flow chart for various flow rate 

coefficients and sample data 

 

Figure 2 explains the influence of parameter  on 

mass flow change in the transfer function. With a 

higher value of the coefficient, the rate of liquid 

transfer increases and it is easier to prevent mass 

changes beyond the damping activation 

dimensionless time. Thus, the parameter  becomes 

more precise. 

 

 

Fig. 3. Liquid flow chart for various mass 

transfer activation dimensionless time and 

sample data 

Figure 3 shows the influence of parameter   on 

mass transfer function. The parameter allows for 

control of the activation time of the liquid transfer. 

The mass transfer function for the pendulum 

operates similarly to that of the trolley, with the 

difference being that the pendulum's mass increases. 

At the same time, the influence of the parameters 

  and  remains the same. 

Expressions (22)-(25) form the basis for 

describing the motion of the model and serve to 

conduct research on the influence of individual 

parameters on the system’s dynamics. Given the 

intricate nature of the motion equations, it becomes 

feasible to introduce simplifications, resulting in an 

analytical solution applicable to a model with 

constant mass. 

 

4. STUDY ON SYSTEM DYNAMICS 

 

The lack of a closed analytical solution of 

equations of motion with a variable mass resulted in 

selecting the numerical approach as a method of 

solution for further works, as it allows to study the 

influence of the phenomenon of mass transfer on the 

dynamics of individual members. The main set of 

simulations was run, where each time, a single 

parameter was analyzed for multiple value ranges 

while others remained constant. The proposed 

default constant values of the parameters are shown 

in Table 1. The dimensionless damping time 

activation   was set to 10π (five periods of the main 

oscillator in a dimensionless time domain) as such 

delay enables observation of the trolley’s dynamics 

under resonance vibrations with low damping but 

also ensures that the amplitude of occurring 

oscillations potentially does not exceed values that 

could be considered threatening to the real structure. 

 
Table 1. Default values of the system’s parameters 

 Parameter Value 

1  0.001 

2  1 

3  0.6264 

4  0.0051 

5 l 25 

6  0.03 

7  10 

8  10 

9 f 0.003 

10  1 

 

A study was conducted to analyze how the 

amplitudes of individual members are influenced by 

the ratio of the mass of the transferred liquid to the 

overall system mass. Simulations were performed 

for the parameter ranging from 0.0001 to 0.005. 

Figure 4 shows that the amount of mass of the 

liquid transferred into the lower member positively 

impacts the damping of vibrations of the main 

oscillator. The greater mass of the eliminator after 

the liquid transfer leads to faster damping of 

vibrations of the main oscillator and lowers the 

vibration amplitude of the trolley displacement. The 
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effective mass of the TMD is equal to 0.004-0.006 

dynamic mass of the main oscillator modeled as a 

trolley. 

 

 
Fig. 4. Trolley displacement depending on the 

transferred mass to the mass of the system 

ratio 

 
Fig. 5. Linear acceleration of the pendular 

tuned mass damper 

 

Figure 5 presents how the linear acceleration of 

the pendulum is affected by the ratio of the 

transferred liquid’s mass to the overall system mass. 

As the mass increases, the linear acceleration 

decreases. Greater TMD weight results in more 

effective energy dissipation from main oscillator 

vibrations due to the inertia forces of the pendulum. 

The sudden mass transfer results in a temporary 

change in acceleration due to the momentum of the 

transferred liquid, but the peaks do not exceed 

maximum amplitude values in the range of the 

simulation. Further research on damping time 

activation should be performed to determine better 

the influence of a mass momentum on the behavior 

of the system’s dynamics. 

 
Fig. 6. Linear acceleration of the pendulum in 

the dimensionless frequency domain 

 

The frequency spectrum of the pendulum’s linear 

accelerations for different values of the masses ratio 

of the transferred liquid is shown in Figure 6. The 

amplitudes of the pendulum vary depending on the 

amount of the transferred mass. The vibration 

amplitude of a linear acceleration may serve as a 

diagnostic parameter that could be used to determine 

the pendulum’s mass in the case of a known tune 

ratio. 

 
Fig. 7. Trolley displacement as a function of 

the members’ natural frequency ratio 

 

The chart in Figure 7 shows the influence of the 

tune ratio on the damping of the main member’s 

oscillations. Ideally tuned eliminator effectively 

absorbs energy from the trolley, which results in 

faster damping of vibrations, while for other values 

of parameters, the main oscillator tends to stay in the 

resonance zone. The closer the members’ natural 

frequencies are to themselves, the lower the 

amplitude and faster damping of vibrations. 

 

 
Fig. 8. Linear acceleration of the pendulum as 

a function of the members’ natural frequency 

ratio 

 

Figure 8 shows the linear accelerations obtained 

during the pendulum operation for different 

members’ natural frequency ratio values. In the case 

of TMD tuned for the natural frequency of the main 

system, amplitudes of linear acceleration achieve 

high values very quickly right after mass transfer 

initiation. For the mistuned eliminator, amplitudes 

do not reach high values and the pendulum is less 

sensitive to the influence of the transferred mass. 

Similarly to the studies of the previous parameter, 

peaks of accelerations occur during the mass 

transfer. However, in the case of a mistuned 

eliminator, it is impossible to predict the PTMD’s 

behavior unambiguously at this stage of dynamics 
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analysis, whether the pendulum will accelerate or 

decelerate. 

 
Fig. 9. Linear acceleration of a pendulum in 

the dimensionless frequency domain in the 

function of various tune ratios 

 

The plot presented in Figure 9 shows the 

frequency spectrum of linear accelerations obtained 

during the operation of the pendulum for different 

values of the tune ratios. The highest amplitudes can 

be seen for TMD tuned to the main system’s natural 

frequency, which ensures the best damping of the 

main oscillator. A direct read-out from an 

acceleration sensor alone would not provide accurate 

information about whether the frequency of a 

pendulum is lower or higher than the natural 

frequency of a main oscillator. Still, it would help to 

find a range in which the tuning parameter is located. 

Narrowing this range to a minimum ensures a proper 

tuning of a TMD. The smaller the total mass of a 

pendulum after a liquid transfer, the more sensitive a 

pendulum is to high amplitudes of linear 

accelerations during ideal tuning. Thus, it is easier to 

tune a TMD. This information might be used in 

controlling and monitoring the health of structures. 

With the progress of concrete cracking, a structure’s 

stiffness decreases, which leads to a change in the 

natural frequency of the damped member, 

amplitudes of a linear acceleration of the eliminator 

drop and amplitudes of a structure’s displacement 

increase during resonance. Using this diagnostic 

parameter, it is possible to detect changes in TMD’s 

operation and retune the eliminator to a proper 

frequency, which results in extending the working 

life of a structure. 

Figure 10 shows the dynamic amplification 

factor of the trolley’s displacement in the case of 

various tuning ratios. The charts were divided into 

those before and after the transfer of the mass and 

calculated using an analytical solution with the 

assumption of constant mass. 

A comparison of maximum DAF values and 

indices is provided in Table 2. The highest 

displacement amplitude before liquid transfer equals 

0.271 m, which happens during resonance when 

TMD is not mounted on an excited structure.

Fig. 10. DAF of trolley’s displacement, BT - before mass transfer, AT - after mass transfer 
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Table 2. A comparison of dynamic amplification 

factor amplitude values and indices for different cases, 

BT - before mass transfer, AT - after mass transfer 

Case Max. value 

[m] 

𝜓 at max. 

 value 

Amplitude  

for 𝜓 = 1 [m] 

w/o TMD 

BT 

0.271 1 0.271 

w/o TMD 

AT 

0.276 1.001 0.274 

BT χ = 0.8 0.269 1.001 0.267 

AT χ = 0.8 0.263 1.005 0.229 

BT χ = 0.9 0.264 1.003 0.255 

AT χ = 0.9 0.246 1.01 0.172 

BT χ = 1 0.155 0.983 0.071 

AT χ = 1 0.149 0.969 0.022 

BT χ = 1.1 0.255 0.998 0.248 

AT χ = 1.1 0.246 0.991 0.178 

BT χ = 1.2 0.259 0.999 0.257 

AT χ = 1.2 0.257 0.995 0.232 

 

Transferring the same ratio of fluid mass out of the 

trolley without an eliminator barely changes its 

natural frequency and even negatively affects the 

achieved vibration amplitudes, increasing them due 

to the lower mass of the structure. The addition of 

TMD changes the resulting frequency of the trolley 

and pendulum, moving them away from the 

resonance region and thereby reducing the vibration 

amplitude during its occurrence. Parameter χ equal 

to 1 provides the best results by effectively 

decreasing the amplitude of the trolley in the 

resonance zone, especially after mass transfer, 

achieving displacement of 0.022 m for ψ = 1 and 

around 0.15 m for values of ψ near 1. In other cases 

of tuning parameters, the transferred mass is not so 

critical because the resultant natural frequency after 

transfer does not change much. The most significant 

impact on the change in the trolley’s frequency 

compared to the system without a dynamic vibration 

absorber is the proper tuning of TMD to the natural 

frequency of the structure and the mass of TMD. 

 

5. CONCEPT OF A METHOD FOR 

STRUCTURE HEALTH CONTROL 

 

Performed investigation indicates a sensitivity of 

the system with PTMD on specified changes in its 

natural frequencies. It affects the dynamic response 

of the entire damped object (strictly subjected to the 

influence of a vibrational absorber) and results in 

higher amplitudes in most cases. On the one hand, 

shifts in the spectral structure of the system are 

caused by changes in the system’s health (due to a 

decrease of, e.g., stiffness as presented in the 

introduction), which indicates that the performance 

of object members is lower (in the sense of 

measurable parameters). On the other hand, the 

structure’s health can be treated as the dynamic 

behavior of the entire system, not as a state of the 

isolated members, since the load capacity of single 

parts is not too low to ensure proper maintenance of 

the monitored structure. Basically, the system’s 

general (dynamic) state results in certain amplitudes 

and frequencies. It can be recalculated directly to 

operational time due to fatigue strength, which is one 

of many ways to estimate a structure’s health. It can 

be claimed that if the parameters of the system’s 

members change, but the dynamical response of an 

entire system is the same, then it will not 

significantly affect the structure’s health. The 

proposed concept assumes this approach to control 

(keep at the same level) the health of the entire 

structure, even if the parameters of members are 

worsening. It is needed to highlight that it is useful 

since the changes in parts structure do not 

significantly impact its performance and possibility 

to carry the loads. In such case, lower amplitudes 

ensure an extended operation period despite the 

worse health of the selected elements. It can be 

concluded that the properly tuned TMD (as 

commonly used attenuating device) and the 

possibility of online control of the mass of the 

members can be efficiently used to increase system 

durability. Moreover, the concept assumes that the 

commonly used PTMD is equipped or enhanced 

with an additional feature of transferring a small 

amount of mass. 

 

Fig. 11. Diagram describing a method of 

tuning the TMD to proper operation 

 

The diagram in Figure 11 illustrates the TMD’s 

tuning process to the skyscraper’s natural frequency, 

which is needed to utilize the presented proposal 

correctly. Based on the model calculations, it is 

possible to obtain the desired skyscraper’s natural 

frequency. Subsequently, the pendulum should be 

tuned to the main oscillator. Application of 

subsequent mass changes of both members (due to 

small transfers of liquid) allows to estimate the 

influence of mass changes on structure dynamics. 

This procedure should be repeated until TMD linear 

accelerations achieve values similar to the model. 

Implementing a mechatronic diagnostic system that 

monitors the pendulum’s performance during 

various excitation frequencies becomes feasible. 
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Fig. 12. Diagram describing a method of 

controlling structural health 

 

Figure 12 presents a simple diagram describing a 

structure health control method. An appropriate 

tuning of a TMD causes a structure to work in a 

range of vibrations assumed by a designer, which 

significantly extends its service life and increases 

safety. The proposed concept assumes that the 

algorithm operates automatically using a specially 

developed mechatronic system combining several 

sensors, including a linear acceleration sensor 

located on the TMD and a computer program 

performing signal analysis comparing the received 

accelerations with the data collected during the 

model analysis. In case of deviations exceeding the 

predefined threshold, the mechatronic system signals 

the need for readjusting the pendulum to the changed 

natural frequency of the skyscraper. 

 

6. CONCLUSIONS 

 

The article proposes a model with two degrees of 

freedom, consisting of a trolley and a pendulum, 

which may be successfully used in diagnostics to 

control health and attenuate resonant vibrations of 

large and slender structures. Performed simulations 

show that the eliminator allows for vibration 

amplitude reduction of about 89% in the resonance 

zone and 47% near the resonance zone. In the rest of 

the frequency spectrum, the TMD barely works, as it 

is not tuned to excitation frequency and the trolley 

itself does not reach amplitudes higher than 0.03 m 

outside the resonance area. The paper shows two 

exemplary simulations, which were done in order to 

show diagnostic possibilities, but the scope of the 

investigation also included the influence of 

Rayleigh’s proportional to the stiffness matrix 

damping coefficient, excitation frequency to natural 

frequency of upper member ratio, and members’ 

initial mass ratio. The proposed model provides an 

interesting alternative to systems that consider only 

linear displacements of a TMD. The carried-out 

simulations provide useful information on the 

concept of a dynamic vibration eliminator with a 

variable mass and prove the positive effect of the 

mass of a transferred liquid on the damping of 

vibrations of a main oscillator. The effective range 

of a total pendulum mass equal to the dynamic mass 

of an oscillating structure was assessed to 0.004-

0.006. It was proven that the pendulum’s linear 

acceleration amplitudes decreased with an 

increasing mass of a transferred liquid. Further 

research showed that the considered TMD is 

sensitive to a tune ratio parameter, which results in 

reducing its linear acceleration amplitudes the more 

the parameter deviates from the value equal to 1. 

Based on the provided information, a diagnostic 

parameter defined by measuring a linear acceleration 

of the pendulum was proposed. By using a simple 

acceleration sensor mounted on an eliminator, it is 

possible to monitor the mass of a pendulum or 

control the health of a structure by retuning the TMD 

to a proper frequency, dependent on structure’s 

changing stiffness and consequently natural 

frequency due to reinforced concrete corrosion, steel 

beams fatigue or other factors. An analytical solution 

can be used for successful model-based diagnosis for 

states before and after liquid transfer in an 

implemented mechatronic system for controlling the 

health of a structure, as described in the suggested 

control loop. In the future, a more detailed study on 

damping time activation and flow rate is needed to 

provide useful information about how it affects the 

system’s dynamics due to the momentum of a 

transferred mass. In addition, the solution to the 

problem can be improved by modeling transients, 

mass transfer process and considering the system’s 

stochastic properties. 
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