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Abstract

Introduction and aim: This paper shows the analytical and numericalt®ols of some not
exact differential equations. Some short descmptiba search procedure for integral factor in all
three cases has been shown in the consideratidmes. nfain aim of this paper is to use
Mathematicgprogram to solve the not exact differential equragi

Material and methods In the paper have been analyzed exact diffefemtjaation and four not
exact differential equations. In order to solve ewgact differential equations and create some
graphs of obtained solutions has been appliethematicaprogram. Analytical and numerical
methods have been used in the paper.

Results In the case of integrating factor which dependsntwo variables has been shown the
way of its searching by using sorepectation methodn particular case, when integrating factor
has formu(x,y)=x" the quantities a and b we can find by solving atey of two linear
equations with unknown values a and b.

Conclusion: Program Mathematica allows us to look, for more difficult cases, some
integrating factor dependent on two variables x yabg using a expectation method.

Keywords: Not exact differential equation, integrating fagtgeneral and particular integral,
analytical and numerical method, graphical inteiggren of solutionMathematica.
(Received: 01.07.2013; Revised: 15.07.2013; Acck8.07.2013)

ANALITYCZNO-NUMERYCZNE ROZWHZANIE ROWNAN ROZNICZKOWYCH
NIEZUPELNYCH Z INTERPRETACJ4 W PROGRAMIE MATHEMATICA

Streszczenie

Wskp i cele: W pracy pokazano rozgdania analityczne dla réwma rézniczkowych
niezupetnych. Przestawiono krotki opis procedunkamia czynnika catkggego we wszystkich
trzech przypadkach. Glownych celem pracy jest szastanie programu Mathematica do
rozwigzywania rowna rozniczkowych niezupetnych.

Materiat i metody: Zanalizowano rdéwnanie taiczkowe zupetne oraz cztery rownania
rozniczkowe niezupetne. W celu wykonania wykresowyroimych rozwizai szczegoélnych
zastosowano program numeryczny Mathematica. W praastosowano zaréwno megod
analityczmy jak i numeryczap

Wyniki: W przypadku czynnika callggpgo zalénego od dwoéch zmiennych pokazano sposob
jego wyznaczania stoggj metog przewidywd. W szczegoldei gdy czynnik catkgcy ma
posta: £1(x,y)=3y" wyktadniki a oraz b znajdujeesiozwigzujgc uktad dwdch réwnalinowych o
zmiennych a i b.

Whnioski: Program Mathematicapozwala na anakz dla bardziej trudniejszych przypadkéw,
czynnika catkujcego zalenego od dwodch zmiennych x oraz y stgsupetod przewidywa.

Stowa kluczowe: Réwnanie réniczkowe niezupetne, czynnik callay, catka ogoélna i
szczegOlna, metoda analityczna i numeryczna, ird&pja graficzna rozwizania, Mathematica.
(Otrzymano: 01.07.2013; Zrecenzowano: 15.07.20E&keéeptowano: 25.07.2013)
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1. Exact differential equation

A differential equation of the form [4]-[8], [10]11]:
M(x,y)dx+ N(x,y)dy =0 1)

is said to bea exact differential equatioif its left-hand side is exact differential of sem
function u = u(x, y), that is
M(x,y)dx + N(x,y)dy = duz%dx+@dy. (2)
0x ay

Theorem 1.
For equation (1) to be exact differential equaitde necessary and sufficient that the con-
dition
oM _ON
/=~ 3
dy OX ®)
should be hold in some range D of the variablesdya

The general integral of equation (1) is of the f¢4R[8], [10], [11]:

u(x,y)=C (4)
or
X y
J'M(x,y)dx+ j N(x,y)dy =C. (5)
X, Yo
Example 1.

Let us consider the following exact differentiabegon [1], [3], [4], [10]:

(@xcog y) dx + 83y - x2sin2y)dy =0, (6)

where
Mo(X,y) = 2xcos y, (7)
No(x,y) =8y —x2sin2y. (8)

* Analytical solution
Let us verify if this differential equation is estaequation:

OMg _ 0 (2x cos y) = —2x [2cosy [$iny = -2xsin 2y, 9)
dy oy
%Z%(&% - x?sin2y) = -2xsin2y. (10)
So that
Mo %o 11
oy ox -

l.e. condition (3) is fulfilled. Thus the given egjion (6) is exact differential equation. So
exists a function u(x, y) that
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ou
== =2xcod , 12
o y (12)
—= —X“sin2y. 13
oy y y (13)
Form the equations (12)-(13) we find the functigr, ).
The first, let us integrate the equation (12) wébpect to x, where y is constant:
u(x,y) = j (2x cos y)dx = 2cos yj (x)dx = x2coSy + d(y) (14)
where¢(y) is some differentiable function.
Now let us differentiate the equation (14) withpest to y, where x is constant:
ou_20d| 2 ] 2 . do
= =" |x%coLy + =-X“sin2y +—.
oy oy y+o(y) Y+ ay (15)
Next let us compare the equations (13) and (1B} te obtain:
83y —x?sin2y = -x?sin2y +@, (16)
do _ 3
—= : 17
ay -8 (17)
So that
o(y)=6yfy +C, cOm. (18)
Thus the general solution of exact differential&gn (6) has the following form:
u(x,y) =x?cofy+6ydly +C, COL. (19)

* Numerical solution

Let us make a procedure 1 for the equation (6)gragh of function (19) for C=0 [12].

Program 1(Mathematica 4.1)

Commentary

In[1]:= M[x_,y_]=2x[{ Cos[y])"2

NO[ x_,y_]=8*y"(1/3)-(x"2)*Sin[2*y]

DI M[x,y],yl=DINO[x,y],x]//Sinplify

st epl=I ntegrate[ M[ x, y], X]

step2=D[ stepl+qd y], V]

st ep3=Sol ve[ st ep2==NO[ x, y] +¢@[y]]//Sinplify
stepd=Integrate[ @g[y]/.step3[[1]], VY]

sol uti on=st epl+st ep4+C

Qut[1] = 2xCos[ y]?

aut [ 2] = 8yY 3 -xZsi n[ 2y]
Qut[ 3] = True

Qut[ 4] = x°Cos[y]?

Qut[5] = -2x°Cos[y] Sin[y]+d y]
cut[6]= {dy] -8y 3

Function My(x,y)

Function N(X,y)
Checking derivatives
Integrating of function M
Differentiation

Determiningg(y] function

Integrating of functiorpfy]
Determining the solution

Function My(x,y)
Function N(x,y)
Checking if My =NOy
Result of integration Wl
Result of differentiation
Obtained functionply]
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out[7] = 6y¥3
out [ 8] = C+6y*Y 3 +x2Cos[ y]?

Pl ot 3D[ sol ution/.C >0,{x,0,5Pi },{y, 0,5Pi },

Col or Function - Hue]

Cont our Pl ot [ sol ution/.C >0,{x, 0, 5Pi },

{y,0,5Pi }, Col or Functi on - Hue]

DensityPl ot[sol ution/.C >0, {x, 0, 5Pi },

{y,0,5Pi }, Col or Functi on - Hue]

Obtained functiorgy]
General solution of equation (6)

CreatingPl ot 3D
CreatingCont our Pl ot

CreatingDensi t yPI ot

Qut[9] =

Fig. 1a.Pl ot 3D of solution (19) for C=0Mathematica (program 1)
Source: Elaboration by the Authors

Ot

0 2.’5 5 7.’5 16 12:5 15
Qut[10] =

15

10

7.5

2.5

0 2.5 5 7.5 10 12.5 15
Qut[11] =

Fig. 1b.Cont our Pl ot of solution (19) for C=0 Fig. 1c.Desni t yPI ot of solution (19) for

Mathematica (program 1)
Source: Elaboration by the Authors

C=0Mathematica (program 1)
Source: Elaboration by the Authors
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2. Not exact differential equation and integratinfigctor

In some cases, when equation (1) is not exactrdifteal equation, it may be possible to
select a functiopu = u(x, y) after multiplying by which the left-hand sidf (1) turns into a
total differential:

du=pM dx +uNdy. (20)

This functionpy = p(X, y) is calledan integrating factorFrom the definition of integrating
factor we have [4]-[8], [10], [11]:

ou ou
—(UM) =—=(uN 21
aym )axm) (21)
or
N%_Ma_“: a_M_a_N u, (22)
0x oy dy 0Xx
whence

olnp dlnp _ oM ON
N -M = -——. 23
ox oy dy 0OX (23)

We have obtained the partial differential equatiofind an integrating factor. We discuss
some particular cases where it is relatively eadynd a solution of equation (23), i.e. to find
an integrating factor.

Case 2 If p=u(x), theng—ll =0 and equation (23) will take the form [4]-[8], [1(11]:
y

M _on
A(X)Ealnp: oy 0Xx (24)
ox N(x,y)

The integration factor, depending on x alone, wefoad from the formula:
u(x) = expl[ A(x)dx]. (25)
Case 2 If p=u(y), theng—g =0 and equation (23) will take the form [4]-[8], [1(11]:
oM ON ON oM

B(y)Eagr;u:_ayMaxzaxMay_ (26)

The integration factor, depending on y alone, wefoad from the formula:
u(y) = exp[[ B(y)dy]. (27)

Case 3. If p=u(x,y), then [4]-[8], [10], [11]:

& o =00 -Ma) (28)
6(x) = expl[ f (x)dx], (29)
W(y) = expl[ g(y)dy]. (30)
In that case the integrating factor depending dah kand y can be fund from the formula:
H(X,Y) = (<) TW(y). (31)
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3. Analytical and numerical analysis of not exact ifferential equations and integrating factors

Example 2.

Let us analyse the following not exact differengguation [1], [3], [4], [10]:

(2x2%y +2y + B)dx + (2x3 + 2x) dy = 0, (32)

where
Mq(x,y) = 2x2y +2y+5, (33)
Ny(X,y) = 2x3 + 2x. (34)

* Analytical solution
Let us verify if this equation is not exact dietial equation:

oMy _,.2
—==2X"+2
dy X (35)
ON; _ .2
—==6X"+2 36
I (36)
So that
My _ Ny
171 37
oy ox (37)

I.e. condition (3) is not fulfilled. Thus the givaguation (32) is not exact differential equa-
tion.

Let us define the formula (24)

_ (2x2+2)—(6X2+2) _ - 4x2 _ 2 (38)

A(x)

2x3+2x 2x3+2x - x2+1'

The function A(x) depends on x. The integrating fagix) we find from the formula (25):

p(x):exp{—J 2X dxj:exp[—ln(x2 +1)]:exp{ln( 1 H: 1 : (39)
X2 +1 x2 +1 X2 +1

Now we multiply both sides of the equation (32}%&# and after simplification we have:

X +1
5
(Zy t— jdx +2xdy =0, (40)
X +1
where
5
Mo(X,y) =2y + : 41
2 x2 +1 (41)
N2(x,y) = 2x. (42)
Let us verify if the equation (40) is exact diffetial equation:
M,
—2=2
Y (43)
oN,
=2, 44
e (44)

10
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what means that
oM, _0dN,
dy  ox
Thus the obtained equation (40) is exact diffeetrtguation.
So exists a function u(x, y) that

The first, let us integrate the equation (46) wehpect to x, where y is constant:

5
x2+1

Taking into account the known formulae

JLFG0 +900)Idx = [ f (x)dx+ [ g(x)elx,

u(x.y) = [2y+ jdx+¢(y),

I 2X =arctgx) +C
X“+1

and integrating the equation (48) with respect teexhave:
u(x,y) = 2xy +sarctg(x) + ¢(y)
where¢(y) is some differentiable function.
Now let us differentiate the equation (51) withpest to y, where x is constant:

Next let us compare the equations (47) and (52} te obtain:
do

2X =2X +—,
dy
®_p
dy
After integration (54) with respect to y, we have:

o(y)=C, cOO.

Thus the general solution of the differential equrat32) has the following form:
u(x,y) =2xy +5arctgx) + C, CO0O.

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

11
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* Numerical interpretation of solution

Let us make a procedure 2 of solution for equaf8®) and graphical illustrate of the solu-

tion (56) for constant C=0 [2], [9], [12].

Program AMathematica 4.1)

Commentary

In[1]:= M[x_,y_]=2x"2*y+2y+5
N[ x_,y_] =2*x"3+2x
DML X, y],yl=DINL[x,y],x]//Sinplify

Al x_]=(D{ ML[x, y], y]-DI N1[x, y], x)/
NL[ X, y]//Simplify

st epO=Exp[ I ntegrate[ Al X], X] ]

M2[ X_,y_]=stepO*ML] X, y]

N2[ x_,y_] =stepO0*NL1[ x, y]

DL Me[x,y], y]=DI N2[ x, y], x]// Simplify

st epl=I nt egrate[ M2[ X, y], X]

step2=D[ stepl+@ y], vl

st ep3=Sol ve[ st ep2==N2[ x, y] +¢@[y]]//Sinplify
stepd4=Integrate[ @g[y]/.step3[[1]], Y]

sol uti on=st epl+st ep4+C

Qut[1] = 5+2y +2x%y
Qut[2] = 2x +2x°3
Qut [3] = 2+2x% ==2+6x>
Qut[4]= - 2X2

1+x

2
Qut [ 5] = 5+2(1+2x)y
1+x

Qut[6]= —

1+x
Qut[7] = 2x
Qut[ 8] = True
Qut[9] = 2xy +5ArcTan|[ x]

Qut[10] = 2x +¢[ y]

Qut[11]= {dy] -0}
Qut[12]= 0

Qut[13] = C+2xy +5ArcTan[ x]

12

Function M(x,y) of EQ.(32)
Function N(x,y) of Eq.(32)
Checking derivatives: False

Definition of a function A(x)

Definition of a function(x)
Function My(x,y) of Eq.(40)
Function N(x,y) of Eq.(40)
Checking derivatives: True
Integration of function W
Differentiation

Determininggly] factor

Integration of factorg(y]

Determining the solution
Function M(x,y) of Eq.(32)
Function N(x,y) of Eq.(32)

Checking derivatives: False

Function A(x)

Integrating factorz(x)

Function My(x,y) of Eq.(40)

Function N(x,y) of Eq.(40)
Checking if M2y =N2y
Result for integration Mx,y)
Result for differentiation
Obtained functiorply]

Obtained functiorgy]
General solution of equation (32)
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Pl ot 3D[ sol ution/.C >0, {x,0, 2P },{y, 0, 2Pi }, CreatingPl ot 3D
Col or Function - Hue]

Contour Pl ot [ sol ution/.C >0, {x, 0, 2Pi }, CreatingCont our Pl ot
{y, 0, 2Pi }, Col or Functi on - Hue]
Densi tyPl ot [ sol ution/.C >0, {x, 0, 2Pi }, CreatingDensi t yPI ot

{y,0,2Pi }, Col or Functi on - Hue]

Qut[14] =
Fig. 2a.Pl ot 3D of solution (56) for C=0Mathematica (program 2)
Source: Elaboration by the Authors

15 15
12.5 12.5
10 10
7.5 7.5
5 5
2.5 2.5
0 2.5 5 7.5 10 12.5 15 0 2.5 5 7.5 10 12.5 15
Qut [ 15] = Qut[16] =
Fig. 2b.Cont our Pl ot of solution (56) for C=0  Fig. 2c.Densi t yPl ot of solution (56) for
Mathematica (program 2) C=0Mathematica (program 2)
Source: Elaboration by the Authors Source: Elaboration by the Authors

13
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Example 3.

Let us analyse the following not exact differengguation [1], [3], [4], [10]:

(2xy? - 3y3)dx + (7 - 3xy?)dy =0, (57)

where
M3(x,y) = 2xy? - 3y°, (58)
N3(X,y) = 7 - 3xy>. (59)

For differential equation it is taken into accothm initial condition:
ux=14y=1=1 (60)
* Analytical solution
Let us verify if this equation is not exact di#etial equation:

M3 2
—=2 = 4xy -9y~
oy y -9y (61)
ON3 2
—2 =-3y~“. 2
™ y (62)
So that
OM3 _ ON3
o173 63
ay 0X (63)

I.e. condition (3) is not fulfilled. Thus the givaguation (57) is not exact differential equa-
tion.

Let us define the formula (24)

A = BV - (87 _ axy-6y” _ 22x=3y)y. (64)
7- 3xy2 7- 3xy2 - 3xy2
The function A(x) depends on x and .
Let us define the formula (26)

B(y) = CY) =y —9y%) _ —axy+6y® _-2yx-3y) _ 2 (65)

2xy2 - 3y3 2xy2 - 3y3 y2 (2x—3y) y

The function B(y) depends only on variable y. Thiegrating factop(y) we can find from
the formula (27):

M(y) :ex;{— ZIQJ=exp(—2ln y) =exy{|n %J=i2 (66)
y ye) y
Now we multiply both sides of equation (57) by esgsion 1/
(2x - 3y)dx + (12 - SXde -0, (67)
y
where
M4(X,y) = 2x =3y, (68)

14
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7
Na(x,y) =—5 =3 (69)
y
Let us verify if the equation (67) is exact diffetial equation:
oM 4
—=-3 70
o (70)
ONg =-3. (71)
ox
what means that
oM, _ 0Ny
T4 _TT4 72
oy 0x (72)
Thus the equation (67) is exact total differendi@lation. So exists a function u(x, y) that
ou
— =2x -3y, 7
™ y (73)
ou_ 7
—=— -3 74
The first, let us integrate the equation (73) wéhpect to x, where y is constant:
u(x,y) = [ (2x = 3y)dx + ¢ (y), (75)
u(x,y) =x? = 3xy +(y), (76)

where ¢(y) is some differentiable function. Now let usfdientiate the equation (76) with
respect to y, where x is constant:

ou dd
— =-3X+—.
oy dy (77)
Next let us compare the equations (74) and (7@} te obtain:
12—3xz—3x+@, (78)
y dy
) = 12 (79)
dy y
After integration (79) with respect to y, we have:
7
¢(y):—§+C, coa. (80)
Thus the general solution of exact differential agn (67) has the following form:
u(x,y)=x2—3xy—§+C, coo. (81)

Let us take the initial condition (60) in generalwion (81), then we obtain the following
particular solution for the differential equatidsv{:

u(x,y) =x? —3xy—§ +10, (82)

15
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* Numerical interpretation of solution

Let us make a procedure 3 for equation (57) anghgeal illustrate of the solution (82) for

constant C=0 [2], [9], [12].

Program 3IMathematica 4.1)

Commentary

In[1]:= M3[x_,y_]=2*x*y"2-3*y~"3

MB[ X_,y_]=7-3*x*y"2

uo: =1 x0:=1 y0:=1

D MB[ x,y],yl =D N3[x, y], x]//Sinmplify
Al x_]=(DIM3[x,y],yl-DIN3[x, y],x])/
N3[x,y]//Sinmplify

Bly_]1=(DIN3[x, y],x]-DIM[x,y],yl)/
MB[ X, y]//Sinplify

st epO=Exp[ I ntegrate[ B[ y], y]]
MA[X_,y_]=stepO*MB[x,y]//Sinmplify

NA[ x_,y_] =stepO*N3[x,y]//Sinplify

DL MA[x, y], yI =D N[ x, y], x]// Sinmplify
stepl=Integrate[ P[ x, VY], X

step2=D[ stepl+@ y], Y]

st ep3=Sol ve[ step2==N4[ x, y] +¢@[y]]//Sinplify
stepd=Integrate[ @g[y]/.step3[[1]], Y]
Sol uti onl=st epl+stepd+C

sol uti on2=sol uti onl==u0/. {x-x0,y -yO0}
sol uti on3=Sol ve[ sol uti on2, C]

sol uti on4=stepl+stepd4+C .sol ution3

Qut[1] = 2xy?+3y3
Qut[2] = 7-3xy?
Qut [ 6] = 4xy- 9y? ==- 3y?
out[7]= 2(2x-3y)y
7—3xy2
Qut[8]= -2
y
Qt[9]= 1
y2
Qut[ 10] = 2x -3y
QUt[11] = - 3x+_
y2
Qut[12] = True
Qut[ 13] = x2—3xy
Qut[14] = -3x+qy]
— 7
et fen-3]
y
ut[16]= -
y

16

Function My(x,y) of EQ.(57)
Function N(x,y) of Eq.(57)
Initial conditions for u(x,y)
Checking derivatives

Definition of a function A(x)

Definition of a function B(y)

Defining functionu(y)
Function My(x,y) of EQ.(67)
Function Ni(x,y) of Eq.(67)
Checking derivatives
Integrating of function P
Differentiating of stepl
Determininggfly] factor
Integrating of factorgfy]
General solution of Eq.(57)
Using initial condition (60)
Determining constant C
Particular solution of Eq.(57)

Function M(x,y) of Eq.(57)

Function N (x,y) of Eq.(57)
Checking derivatives: False

Function A(x,y)

Function B(y)
Integrating factorz(y)
Function My(x,y) of Eq.(67)
Function N(x,y) of Eq.(67)

Checking if Nng, = N4y
Result of integration Mx,y)

Result of differentiation

Obtained functionply]

Obtained functiongy]



Analytical and numerical solutions of not exacfetiéntial equations with interpretation in Mathercatprogram

Qut[17] = C+x2—z—3xy
y

Qut[18] = -9+C==
Qut[19]= {{C - 10}}

Qut[20] = {10+x2 —5—3xy}

Pl ot 3D sol uti on4, {x, 0, 2Pi },{y, 0. 05, 2Pi },
Col or Function - Hue]

Cont our Pl ot [ sol ution4, {x, 0, 2Pi },

{y, 0.05, 2Pi }, Col or Functi on - Hue]

Densi tyPl ot [ sol ution4, {x, 0, 2Pi },

{y, 0.05, 2Pi }, Col or Functi on - Hue]

General solution of Eq. (57)

Equation with constant C
Determining the constant C

Particular solution of Eq. (57)

CreatingPl ot 3D
CreatingCont our Pl ot

CreatingDensi t yPI ot

Qut [ 21] =

Fig. 3a.Pl ot 3D of solution (82) for C=10Mathematica (program 3)

Source: Elaboration by the Authors

6

2 3 4 5

3 4 5 6

0 1 0 1
Qut[22] = Qut[23] =
Fig. 3b.Cont our Pl ot of solution (82) for C=10  Fig. 3c.Densi t yPl ot of solution (82) for C=10
Mathematica (program 3) Mathematica (program 3)
Source: Elaboration by the Authors Source: Elaboration by the Authors

17
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Example 4

Let us analyse the following not exact differengguation [1], [3], [4], [10]:

3
(X+3x2jdx+{1+X—de= 0
X y

where
Msg(X,y) = DA 3x2,
X

3
N5 (X, y) =1+
y

* Analytical solution
Let us verify if the equation (83) is not exadfetiential equation:

oMg _ 1
oy X
6N5 _3X2
Xy
So that
Ms , Ng
oy 0Xx

(83)

(84)

(85)

(86)

(87)

(88)

I.e. condition (3) is not fulfilled. Thus the eqigat (83) is not exact differential equation.

Let us define the formula (24)

X | =

_y-38

S
A(X)="—2

1+L x(y+x3)'

The function A(x) depends on x and y. Let us detime formula (26)

3x2 1
- T 3
X 3X° -
By) =L —2=— L
Y132 y@Ex+y)
X

The function B(y) also depends on x and .

Let us see to the third case. Thus in accordanttetiwe formula (28) we have:

2 3
2-3% E[1+X—] (%) —(¥+3x2] ()
X y y X
Usingexpectation methofibr the functionsi{(x) and g(y) we propose that:
A
fi(x) =1L,
1(X) <
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ai(y) = %- (93)

Inserting functions (92) and (93) into (91) weaibt

2 3

1_3x_5[1+x_]gﬁ_(z+3xzjg'z. en
X y y | X X y

After transformation in (94) we have:

1 X2 2

——37 =(A1-By) G)%+(A1‘3Bl) (95)

X
X y

If we compare the right functions in above equat{®8) we have the following system of
unknown coefficients:

Al—Blzl . A1:3 (96)
A1—381:—3 81:2.

The functions f(x) and g(y) have the following forms:

3

fi(x) = ~ (97)
6i(y) = 5 (98)
So the functiong(x) andy(y), in accordance with (29)-(30), are defined by formulae:
d(x) = exp{SJ'%j =exp@BInx) = exp(lnx3) = x3, (99)
W(y) :ex;{zj %:expelny) =exp(iny?) =y~ (100)

The integrating factou(x, y) = ¢(x)p(y) has the following form:

K(X,Y) = 0(x) [(y) = x3y2. (101)

Multiplying both side of equation (83) by the exgs®n Xy* we obtain the following differ-
ential equation:

(x2y3 +3x5y2)dx+(x3y2 +x6y)dy: 0. (102)
where
Mg (x,y) = x%y® +3x°y?, (103)
Ng (X, y) = x3y? +x5y. (104)
Let us see if the equation (102) is exact diffaedr@quation:
Me = i(x 2y3 +3x5y2) =3X 2y2 + 6x5y, (105)
oy 0y
ONg _ 9 (x3y? +x%y) = 3x%y? + 6x°y. (106)
ox  0Xx
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what means
"(';"_yﬁ . "(’)“_XG (107)
Thus the given equation (102) is exact differergliation. So exists a function u(x,y) that
Z_E:MG(x,y) - %:x2y3+3x5y2, (108)
o= Nety) o =y (109

» The first way to obtain the general solution of diferential equation (83)

Let us integrate the equation (108) with resp@atwhere y is constant and agify):
u(x,y) = [ (x?y® +3x>y?)dx + o (y), (110)
u(x,y) = X B3+ X Oy +(y), (111)

whered(y) is some differentiable function.
Now let us differentiate the equation (111) witepect to y, where x is constant:

9 [1 x3y3+ Xy ¢(y)} K2 +xBy + 80 (112)
dy  dy|3 dy
Next let us compare the equations (109) and (b2} we obtain:
x3y2 + x6y = x3y2 + x6y + g—q;/ (113)
do _ (114)
dy
After integration (114) with respect to y, we have:
d(y)=C, COD. (115)

The obtained functiop(y) we put into the formula (111). Thus the geneaa@lution of the
exact differential equation (102) and not exactatigm (83) has the following form:

u(x,y) =%X3y3+%x6y2+& com. (116)

» The second way to obtain the general solution of ffierential equation (83)
The first, let us integrate the equation (109) wébpect to y, where X is constant:

u(x,y) = j (Y2 + xﬁy)dy+1(x> (117)

u(x, y)— X3y += x 6y2 +7(x) (118)

wherel(x) is some differentiable function.
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Now let us differentiate the equation (118) witepect to x, where y is constant:

ou_0|133 152 2.3 25,2, dd
— = — | =Xy + =Xy +(X) | = XY° + 3Ky +—. 119
F ax[sy > XY ¢(x) y Yot (119)
Next let us compare the equations (108) and (1h@% we obtain:
x2y3 + 3x5y2 = x2y3 + 3x5y2 +g—z, (120)
X
d¢
—=0. 121
dx (121)
After integration (121) with respect to x, we have:
((x)=C, cOono. (122)

The obtained functio(x) we put into the formula (118). Thus the genemlution of the
exact differential equation (102) and also notoexguation (83) has the following form:

u(x,y) :%x3y3+%x6y2 +C, COO.

As we can see the formulae (1)1&nd (116) are identical.

(116)

* Numerical interpretation of solution (116) for equdion (83)

Let us make a procedure 4 for the equation (83) graghical illustrate of the solution

(116) or (116 for constant C=10 [2], [9], [12].

Program 4Mathematica 4.1)

Commentary

In[1]:= Mo[x_,y_]=(y/Xx)+3*x"2
NS[x_,y_]=1+(x"3)/y

D MB[ x, y], y] =D N5[x, y], x]// Sinplify
AL[x_]1=(D{ Mb[ x,y],y]-DINS[x,y],x])/
NS5[ x,y]//Sinplify
Bl[y_]=(DINS[x,y],x]-DIM[x,y],y])/
NS[x,y]//Sinmplify

{expectation nmethod of determ nation coeffi

wi={{1,-1},{1,-3}}
wal={{1,-3}.{-1,-3}}
wbl={{1, 1} {1,-3}}

WL=Det [ wl]

WAL=Det [ wal]

WB1=Det [ wb1]

A;=VWAl/ WL

B:=V\B1/ W

{the end of expectation nethod};
f1[ x_] =Adl X

gl[y_]=Bi/y

cal kal=I ntegarte[f 1] X], X]
cal ka2=I ntegarte[ gl[x], Y]
F1=Exp[ cal kal, x]

F2=Exp[ cal ka2, y]

Function My(x,y) of Eq.(83)
Function N(x,y) of Eq.(83)
Checking derivatives: False

Defining function A(x)

Defining function B1(y)

cients Ay and By},

Matrix wl

Matrix wal
Matrix wb1
Determinant wl
Determinant wal
Determinant wb1l
Coefficient A
Coefficient B

Definition of a function{x)
Definition of a function ¢y)
Integrating of function{x)
Integrating of function dy)
Determine of a functiog(x)
Determine of a functiogAx)
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F3=F1*F2

MB[ X_,y_]=F3*Mp[x,y]//Sinplify

N6[ X _,y_]=F3*N5[x,y]//Sinplify

DL MB[ x, y], y] =DI N6[ x, y], x]// Simplify
stepl=Integrate[ M5[ X, y], X]

step2=D[ stepl+@ y], Y]

st ep3=Sol ve[ st ep2==N6[ X, y] +@[y]]// Sinplify
step4=Integrate[ @g[y]/.step3[[1]].,Y]

sol uti on=st epl+st ep4+C

CORR=sol ution/.C >10

Qut[1]= 3x2+Y
X
3
ut[2]= 1+%
y
2
Qut[3] = 1__3x%
2 y
3
Qut[4]= 3X°*Y
x(x3+y)
3
Qut[5]= 3X ¥
3x%y +y?

{expectation nmethod of determ nation coeffi

Qut[7] = {{1,-1},{1,-3}}

Qut[8] = {{1,-3},{-1,-3}}

Qut[9] = {{1 1} {1,-3}}

Qut[10] = -

Qut[11] = -6

Qut[12]= -4

Qut[13]= 3

Qut[14]= 2

{the end of expectation nethod}
Qut[16] =

3
X
out[17]= 2
y

Qut [ 18] = 3Log[ x]
Qut[19] = 2Log[y]
Qut[20] = x3
Qut[21] = y?
Qut[22] = x3y?
Qut [ 23] = xA{3x3 +y)
Qut[ 24] = x3y( x3 +y)
Qut[ 25] = True
6,,2 3,3
out[26]= =X +XY
2 3

22

Determine of a functiop(x,y)
Function My(x,y) of Eq.(65)
Function N(x,y) of Eqg.(65)
Checking derivatives: True
Integrating of function Nl
Differentiating of stepl
Determine of ap[y] factor
Integrating of factorg(y]
General solution of EQ.(83)
Particular solution of Eq.(83)

Function My(x,y) of Eq.(83)

Function N(x,y) of Eqg.(83)

Checking derivatives: False
Function A(X)

Function B(y)

cients Ay and Bi}
Matrix wl

Matrix wal

Matrix wb1

Determinant of matrix wl
Determinant of matrix wal
Determinant of matrix wb1
Coefficient A

Coefficient B

Obtained functions{x)

Obtained function gy)

Integration of a functiornx)
Integration of a function gy)
Function ¢(x)
Function(Ay)

Functionu(x,y)=@(X)iAy)
Function My(x,y) of Eqg.(102)

Function N(x,y) of Eqg.(102)
Checking if M6y =N6y

Integration NM(x,y)
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Qut
Qut
Qut

Qut

Cut
Pl o

{y,-0.05,0. 25Pi }, Col or Functi on - Hue]

[27] = x6y +x3y2 +q y]
[28] = {{dy] - o}}
[29]= O
6,2 3,3
[30]= c+2 X +XJ
2 3
6,2 43,3

[11= 10+ 4
2 3
t 30 CSRR, {x, - 0. 25, 0. 25Pi },

Cont our Pl ot [ CSRR, { x, - 0. 25, 0. 25Pi },

{y,-0.05,0. 25Pi }, Col or Functi on - Hue]

Densi tyPl ot [ CSRR, { x, - 0. 25, 0. 25Pi },

{y,-0.05,0. 25Pi }, Col or Functi on - Hue]

Result of differentiation

Obtained functionpfy]
Obtained functiorgy]

General solution of Eq. (83)

Particular solution of Eq. (83)

CreatingPl ot 3D
CreatingCont our Pl ot

CreatingDensi t yPI ot

0.75

0.5

0.25

-0.25

-0.5

-0.75

oQut[32] =

Fig. 4a.Pl ot 3D of solution (116) for C=10, Mathematica (program 4)

o

-

-0.7%5 -0.5 -0.25 0 0.25 0.5 075

Qut[33] =
Fig. 4b.Cont our Pl ot of solution (116) for

C=10 Mathematica (program 4)
Source: Elaboration by the Authors

0.75

0.5

0.25

-0.25

-0.5

-0.75

-0.75 -0.5 -0.25 0 0.25 0.5 0.75

Qut[34] =
Fig. 4c.Densi t yPI ot of solution (116) for C=10

Mathematica (program 4)
Source: Elaboration by the Authors
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Example 5

Let us analyse the following not exact differengguation [1], [3], [4], [10]:

By —2xy - 3y2)dx + (2x2 +3xy —4x)dy =0
where
M7 (x,y) =3y - 2xy - 3y,

N, (X,y) = 2x2 +3xy — 4x.

* Analytical solution

Let us verify if the equation (123) is not exaiftedential equation:
aM_7 =3-2x -6y,
ay
N7 _ 4x +3y - 4.
So that
oM " ON-
oy 0x

(123)

(124)

(125)

(126)

(127)

(128)

I.e. condition (3) is not fulfilled. Thus the eqigat (123) is not exact differential equation.

Let us define the formula (24)
3-2Xx-6y-4x-3y+4  7-6x-9y
3y - 2xy —3y? y@-2x-3y)’
The function A(x) depends on x and y. Let us detime formula (26)
B(y) = 4x+3y2—4—3+2x +t6y __ 7-6x-9y .
2% 2 +3xy — 4x X(2x +3y - 4)

A(x) =

The function B(y) also depends on x and y.

Let us see to the third case. Thus in accordanttetive formula (28) we have:

—6x =9y +7 = (2x° +3xy —4x) O5(x) = (3y — 2xy —3y°) [(y).

Usingexpectation method fahe functions4(x) and g(y) we propose that:

Inserting functions (132) and (133) into (131) el#ain:

—6x—9y+7E(2x2+3xy—4x)ﬁ6¥2—(3y—2xy—3y2)ﬁ.
X y

After transformation in (134) we have:
-6X — 9y -7= (2A2 - ZBz)X + (3A2 + 382)7 + (—4A2 —382).
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If we compare the right functions in above equaiid85) we have the following system of
unknown coefficients:

A2+82:—3 ~ A2:2 (136)
—4A2—3BZ =7 BZ =-5,

The functions 4(x) and g(y) have the following forms:
2

fz(x)E)( (137)
_-5

92(y) = v (138)

So the function®(x) andy(y), in accordance with (29)-(30), are defined hg tormulae:
0(X) = exr{Z I %j = exp@Inx) = exp(Inx?) = x2, (139)
w(y) :ex;{—5jﬂJ =exp(5iny) :exr{ln isj :is' (140)

y y y
The integrating factou(x, y) = ¢(x)p(y) has the following form:
2

H(X,y) = 6(x) () = % (141)

Multiplying both side of equation (123) by the eapsion X/y> we obtain the following exact
differential equation:

2 3 2 4 3 3
£3x4 _2x4 _3x3 JdXJ{sz +3x4 _4x5 }dy:O (142)
y y y y y y
where
E;x2 2x3 E;x2
Mg(X,Y) =—f ——F ——%, (143)
ytoyt YR
4 3 3
Ng(x,y) = 2x5 + 3x4 B 4x5 . (144)
y y y

Let us see if the equation (142) is a total dififeiad equation:

Mg :i[sxz a3 3sz _ 122 8 9x® | xP(-12+8x+9y) (145)
ay ay y4 y4 y3 y5 y5 y4 y5 !
ONg :i[2x4 N 3x3 3 4x3J _ 8x3 N 9x? _12x2 _ x2(—12+ 8x +9y). (146)
ox ox| y> oyt oy )yt oyt y>
what means
§g$§=:§gi§- (147)
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Thus the given equation (142) is exact differerg@liation. So exists a function u(x,y) that

2 5u3 a2
a—u:Mg(x,y) _ a_u::%x4 _2x4 _3x3 ’ (148)
1) 1) y y y

4 A3 3
MoNglxy) = M2, (149)
oy d y> oyt oy

» The first way to obtain the general solution of diferential equation (83)
Let us integrate the equation (148) with respestwhere y is constant and adi)):

2 3
u(x,y) = j(sx S X ]dx+¢<y) (150)
y y y
X3 X4 X3
U(X,y):—_—_—+¢(y), (151)
yt o2yt oyl

whered(y) is some differentiable function.
Now let us differentiate the equation (151) witepect to y, where x is constant:

u_oa|x> x* x° 4x3 2x* 33 do (152)
oy oy i oA 3= 57y
oy ay|y* 2 y> oyt o dy
Next let us compare the equations (149) and (162§ we obtain:
4 3 3 3 4 3
2x5 N 3x4 B 4x5 __ 4x5 N 2x5 N 3x4 +@, (153)
y> oyt oy y> oy yr o dy
a0 _ : (154)
dy
After integration (154) with respect to y, we have:
d(y)=C, CUL. (155)

The obtained functiop(y) we put into the formula (151). Thus the geneam@lution of the
exact differential equation (142) and also not éxguiation (123) has the following form:

x3 x4 X3

u(x,y)==,-—,-—+C, COD. (156)
y - 2y y

» The second way to obtain the general solution of ffierential equation (83)
The first, let us integrate the equation (149) wébpect to y, where X is constant:

4 3
u(x,y) = I{Zx 3x _4x de+Z(X) (157)
y y
xt x3 X3 (158)
u(x,y)=——5 =5+ +{(x)
2y* vy
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wherel(x) is some differentiable function.
Now let us differentiate the equation (118) witepect to x, where y is constant:

4 3 .3 3 2 2
@:i —X_—X_+X_+Z(X) :_2X _3X +3X +£. (159)
oX OX 2y4 y3 y4 y4 y3 y4 dx
Next let us compare the equations (148) and (168§ we obtain:
2 3 2 3 2 2
3x4 B 2x4 B 3x3 __ 2x4 B 3x3 N 3x4 +£’ (160)
y* ooyt oy y* oyt oyt X
d¢
—=0. 161
dx (161)
After integration (161) with respect to x, we have:
((x)=C, CcOoD. (162)

The obtained functio(x) we put into the formula (158). Thus the genemlution of the
exact differential equation (142) and also notogxguation (123) has the following form:

4 X3 X3

X
ux,y) =—-—=+—+C, COL. (156)
2yt y2 oyt

As we can see the formulae (168nd (156) are identical.
* Numerical interpretation of solution (116) for theequation (83)

Let us make a procedure 5 for the equation (12d)graphical illustrate of the solution
(156) or (156 for constant C=10 [2], [9], [12].

Program 5Mathematica 4.1) Commentary
In[1]:= M7[x_,y_]=3y-2xy-3y"2 Function My(x,y) of EQ.(123)
N7[x_,y_]=2(x"2)+3y-4x Function N(x,y) of Eq.(123)
DIM[x,y],yl=DIN7[x,y],x]//Sinmplify Checking derivatives: False

A2[x_]1=(D{ M7[x,y],y]-DIN7[x,y],x])/
N7[ x,y]//Sinplify
B2[y_] =(DIN7[x,y],x]-DIM/[x,y],y])/
N7[ x,y]//Sinplify

{expectation nmethod of determ nation coefficients A, and By};

Definition of a function AXx)

Definition of a function Ky)

w2 ={{1, 1},{-4,-3}} Matrix w2
wa2={{-3,1},{7,-3}} Matrix wa2
wb2={{1,-3},{-4,7}} Matrix wb2

W2=Det [ W2] Determinant w2
WA2=Det [ wa2] Determinant wa2
V\B2=Det [ wb2] Determinant wb2
A2=\WA2/ W\ Coefficient A

B2=\B2/ \2 Coefficient B

{the end of expectation nethod};

f2[ x_]=Asl x Definition of function£(x)
92[y_]=B.y Definition of function gy)
cal kal=I ntegarte[f2[X], X] Integration of functionXx)

27



A.A. Czajkowski, B. Mazur-Chrzanowska, R. Chrzakipws Udata

cal ka2=I ntegarte[ g2[ X], Y]
F1=Exp[ cal kal, x]

F2=Exp|[ cal ka2, y]

F3=F1*F2
MB[X_,y_]=F3*M7[x,y]//Sinplify
N8[x_,y ]=F3*N7[x,y]//Sinplify

DL MB[ x, y], y]=DI N8[ x, y], x]// Simplify
stepl=Integrate[ MB[ X, y], X]

step2=D[ stepl+@ y], Y]

st ep3=Sol ve[ st ep2==N8[ X, y] +@[y]]// Sinplify
stepd=Integrate[ @g[y]/.step3[[1]], Y]
sol uti on=st epl+st ep4+C

CORR=sol ution/.C >10

Qut[1] = - 2xy +3y -3y?
Qut[2] = —4+2x% +3xy
Qut[ 3] = 3-6y ==-4+4x
3
Qut[4]= 3 *Y
x(x3 +y)
3
Qut[5]= 3X ¥
3x3y+y2

{expectation nethod of determ nation coeffi

Qut [ 7] = {{1, 1} {-4,-3}}
Qut[8] = {{-3,1}{7,-3}}
th[9]: {{11'3}1{'4!7}}
Qut[10]= 1
Qut[11]= 2
Qut[12] = -5
Qut[13]= 2
Qut[14] = -5
{the end of expectation nethod}
Qut [ 16] = 2/x
Qut[17]= -5/y
Qut[ 18] = 2Log[ x]
Qut[19] = -5Log[y]
Qut [ 20] = x?
Qut[21]= 1/y®
Qut[22] = xZ%y°
Qut [ 23] = -x{-3+2x +3y)/y*
Qut[24] = xY-4+2x+3y)/y°
Qut[25] = True

3 4 3
Qit[26]= p-Tp-To

y 2y y
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Integration of function gy)
Determinition functiong(x)
Determinition function/(x)
Determinition functionu(x,y)
Function My(x,y) of Eq.(65)
Function N(x,y) of Eqg.(65)
Checking derivatives: True
Integrating of function
Differentiating of stepl
Determine ofgfy] factor
Integrating of factorg(y]
General solution of EQ.(123)
Particular solution of Eq.(123)

Function M(x,y) of Eq.(123)
Function N(x,y) of Eq.(123)
Checking derivatives: False

Function A(x)

Function B(y)

cients Ay and By}

Matrix w2

Matrix wa2

Matrix wb2

Determinant of matrix w2
Determinant of matrix wa2
Determinant of matrix wb2
Coefficient A

Coefficient B

Obtained functiony{x)
Obtained function gy)
Integration of functionxXx)
Integration of function gy)
Function ¢(x)

FunctionAy)

Function(x,y)=@(x)iAy)
Function My(x,y) of Eq.(142)

Function N(x,y) of Eq.(142)
Checking if MB;, =6N8y

Integration M(x,y)
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4x3 2x4 3x3

Qu[27]= =g+ s ]
Qut[28] = {{¢ly] - o}
Qut[29]= 0

3 4 3
Qit[30]= C+lp-—p-T

y' o2yt oy

3 4 3
Qit[1]= 10+ -2 ="

y' o2yt oy

Pl ot 300 CSRR, {x, -Pi ,Pi },{y, 1, Pi},
Col or Function - Hue]

ContourPlot[ CSRR, {x,-Pi,Pi},{y, 1, Pi},

Col or Function - Hue]

DensityPl ot [ CSRR, {x,-Pi ,Pi },{y, 1, Pi},

Col or Function - Hue]

Result of differentiation

Obtained functionpfy]
Obtained functiorgy]

General solution of Eq. (123)

Particular solution of Eq. (123)

CreatingPI ot 3D
CreatingCont our Pl ot

CreatingDensi t yPI ot

Qut[32] =

Fig. 5a.Pl ot 3D of solution (156) for C=10, Mathematica (program 5)

w

2.5

N

15

1

3 -2 -1 0 1 2 3

Qut [ 33] =

Mathematica (program 5)
Source: Elaboration by the Authors

3

2.5

1.5

1

3 -2 -1 0 1 2 3

Qut[34] =
Fig. 5b.Cont our Pl ot of solution (156) for C=10 Fig. 5c.Densi t yPI ot of solution (156) for C=10

Mathematica (program 5)
Source: Elaboration by the Authors
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Conclusions

» To solve a not total differential equations you dhee find a function called integrating
factor. Integrating factor may depend only on theable x, only the variable y, or of both
variables x and y. After determination a suitabkegrating factor it is necessary to multiply
both sides of the not total differential equatignthis factor. Then it is obtained a complete
differential equation that we can solve.

« In order to find an integrating factor and to caot the entire procedure of solving some
not total differential equations can be used onknoivn numerical programs. One of them
is aMathematicgprogram.

» ProgramMathematicaallows us to look, for more difficult cases, someegrating factor
dependent on two variables x and y by ussogheexpectation method.et us notice that
search an integral factor, which depends only envidriables x and y, in generally is not
easy way.
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