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1. INTRODUCTION

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff topology
such that for each s € S, the mappings s — ts and s — st from S to S are continuous,
and let BC(S) be the Banach space of all bounded continuous real-valued functions
with supremum norm. For f € BC(S) and ¢ € R, we write f(s) — c as s — oop if for
each € > 0, there exists w € S such that |f(tw) — ¢| < ¢ for all t € S; see [1].

A semitopological semigroup S is said to be left (resp. right) reversible if any two
closed right (resp. left) ideals of S have nonvoid intersection. If S is left reversible,
(S, ) is a directed system when the binary relation “ >" on S is defined by ¢ = s if
and only if {t}UtS C {s} UsS for t, s € S. Similarly, we can define the binary relation
“ =" on a right reversible semitopological semigroup .S. Left reversible semitopological
semigroups include all commutative semigroups and all semitopological semigroups
which are left amenable as discrete semigroups; see [2]. S is called reversible if it is
both left and right reversible.

As is well known, the construction of fixed points of common fixed points of nonex-
pansive semigroups is an important problem in the theory of nonexpansive mappings
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and its applications, i.e., image recovery, convex feasibility problems, and signal pro-
cessing problems (see, for example, [3-5]).

In 1969, Takahashi [6] proved the fixed point theorem for a noncommutative semi-
group of nonexpansive mappings which generalizes De Marr’s result [7]. He proved that
any discrete left amenable semigroup has a common fixed point. In 1970, Mitchell [8]
generalized Takahashi’s result by showing that any discrete left reversible semigroup
has a common fixed point; see also [9]. In 1981, Takahashi [10] proved a nonlinear
ergodic theorem for an amenable semigroup of nonexpansive mappings in a Hilbert
space. In 1987, Lau and Takahashi [11] considered the problem of weak convergence
of a nonexpansive semigroup of a right reversible semitopological semigroup in a uni-
formly convex Banach space with Fréchet differentiable norm. After that, Lau [12-16]
proved the existence of common fixed points for nonexpansive mappings related to
reversibility or amenability of a semigroup. In [17], Kakavandi and Amini proved a
nonlinear ergodic theorem for a nonexpansive semigroup in CAT(0) spaces as well as
a strong convergence theorem for a commutative semitopological semigroup. In 2011,
Anakkanmatee and Dhompongsa [18] extended Rodé’s theorem [19] on common fixed
points of semigroups of nonexpansive mappings in Hilbert spaces to the CAT(0) space
setting. In 1988, Takahashi and Zhang [20,21] established the weak convergence of an
almost-orbit of Lipschitzian semigroups of a noncommutative semitopological semi-
group. Later, Kim and Kim [22] proved weak convergence theorems for semigroups of
asymptotically nonexpansive type of a right reversible semitopological semigroup and
strong convergence theorems for a commutative case. For works related to semigroups
of nonexpansive, asymptotically nonexpansive, and asymptotically nonexpansive type
related to reversibility of a semigroup, we refer the reader to [23-30].

In this paper, we introduce a new semigroup for a left (or right) reversible semi-
topological semigroup on Banach spaces, called a total asymptotically nonexpansive
semigroup, which is more general than the semigroups of nonexpansive, asymptotically
nonexpansive, asymptotically nonexpansive type and generalized asymptotically non-
expansive. We also prove the existence and convergence theorems for such semigroup
in uniformly convex Banach spaces. The results obtained in this paper extend and
improve many recent results in [20-22,24].

2. PRELIMINARIES

A Banach space X is called uniformly convez if for each € € (0, 2] there is a § > 0 such
that for 2,y € X with ||z]| <1, |y|| <1 and ||z —y|| > ¢, ||z +y|| < 2(1 —6) holds. It
is known that a uniformly convex Banach space is reflexive and strictly convex. The
function dx : [0,2] — [0,1] which called the modulus of convexity of X is defined as
follows:

Tty

Sx(e) = inf{l -

H 2y € X, |zl = Iyl = L Jlz — oIl > }

We now give some important properties of the modulus of convexity of Banach
spaces.
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Proposition 2.1 ([31]).

(i) A Banach space X is uniformly convez if and only if dx(¢) > 0 for all e € (0,2].

(ii) A Banach space X is strictly convez if and only if §x(2) = 1.
(i) Let X be a uniformly convex Banach space. For any r and ¢ with r > & > 0 and
x,y € X with ||z|| <7, ||yl <7, [z —yl > ¢, there exists a § = 6x(£) > 0 such

that i
<o fen (9]

A Banach space X is said to satisfy the Opial property [32] if for each weakly
convergent net {z,} in X with weak limit z, the inequality

limsup ||zo — || < limsup ||z — ||
[ [0}

holds for every y € X with y # z.

Let {z,} be a bounded net in a nonempty closed convex subset C' of a Banach
space X. For x € X, we set

T(:v, {ma}) = limsup HLL‘ - xa“'
(03
The asymptotic radius of {z,} on C' is given by
r(C{za}) = inf r(z,{za}),
zeC
and the asymptotic center of {x,} on C is given by

A(CH{z}) ={z € C:r(x,{za}) =7(C,{za})}.

It is known that, in a uniformly convex Banach space, A(C,{z,}) consists of exactly
one point; see [33,34].
The following lemmas are useful for our results.

Lemma 2.2 ([35]). Let X be a uniformly convex Banach space, let {t,} be a sequence
of real numbers such that 0 < a <t, <b<1 for alln € N, and let {z,} and {y,} be
sequences of X such that imsup,,_, o ||z, || < r, imsup, o |yn] <7 and

lm |[thxn + (1 —tn)ynl| =1 for some r > 0.
n— oo
Then lim, o ||Zn — yn|| = 0.

Lemma 2.3 ([36]). Let {a,}, {bn}, and {c,} be sequences of nonnegative real numbers
satisfing:
ant1 < (14 by)ay + ¢, for alln € N,

where Y 0" b, <00 and Y2 | ¢, < oo. Then:

(i) limy, o0 an exists,
(ii) 4f liminf,, o a, = 0, then lim, . a, = 0.
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3. EXISTENCE THEOREMS IN UNIFORMLY CONVEX BANACH SPACES

In this section, we first introduce the concept of a semigroup of total asymptotically
nonexpansive mappings in Banach spaces as follows:

Let S be a semitopological semigroup and C' be a nonempty closed subset of a
Banach space X. A family T = {T; : s € S} of mappings of C' into itself is said to be
a semigroup if it satisfies the following:

(S1) Tsix = TsTix for all s,t € S and = € C,
(S2) for every x € C, the mapping s — Tsx from S into C' is continuous.

We denote by F(T) the set of common fixed points of ¥, i.e.,

F(@)=(F(T)=({zeC: T =ux}.

ses SES

Definition 3.1. Let S be a left (or right) reversible semitopological semigroup and
C' be a nonempty closed subset of a Banach space X. A semigroup T = {T; : s € S}
of mappings of C' into itself is said to be total asymptotically nonerpansive if each
T is continuous and there exist nonnegative real numbers kg, s with limg ks = 0,
limg us = 0 and a strictly increasing continuous function ¢ : [0,00) — [0,00) with
¢(0) = 0 such that

[Tsx = Tsyll < llz = yll + kso(llz — yll) + s

for each z,y € C and s € S.

Remark 3.2. If ¢(\) = ), then a total asymptotically nonexpansive semigroup
reduces to a generalized asymptotically nonexpansive semigroup. If ¢(A) = A\ and
ks = 0 for all s € S, then a total asymptotically nonexpansive semigroup reduces
to an asymptotically nonexpansive semigroup. If ¢(A) = A and ks = ps = 0 for all
s € 9, then a total asymptotically nonexpansive semigroup reduces to a nonexpansive
semigroup.

We now prove existence of common fixed points for total asymptotically nonex-
pansive semigroups in uniformly convex Banach spaces.

Theorem 3.3. Let S be a left reversible semitopological semigroup, C be a nonempty
closed convex subset of a uniformly convex Banach space X, and T = {Ts: s € S} be
a total asymptotically nonexpansive semigroup of C into itself. Then F(%T) # 0 if and
only if {Tsx : s € S} is bounded for some x € C.

Proof. The necessity is obvious. Conversely, we assume that z € C such that
{Tsx : s € S} is bounded. We first show that

if Tox — y for z,y € C, then y € F(X). (3.1)

Let € > 0 be given. Fix t € S. By the continuity of T; at y, there exists 6 > 0
such that ||z — y|| < ¢ implies ||T;z — Tyy|| < § for z € C. Since ||Tsz — y|| — 0 as
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s — oo, there exists w € S such that ||T,,2 — y|| < min{$,0} for each a € S. Then
| T Towr — Tyy|| < 5. So, we have

e €
1Ty~ o1l < 1Ty~ Toawel + W — ol < § + 5 ==
Since € is arbitrary, we get that Tyy = y for each t € S, so y € F(%T). Therefore, we
obtain (3.1).
Since {Tsx : s € S} is bounded, there exists a unique element z € C such that
z € A(C,{Tsx}). Then

R :=r(z,{Tsz}) =r(C,{Tsz}) = inelgT(y, {Tsx}).

If R = 0, then limsup, ||z — Tsz|| = 0 and so Tsx — z. It implies by (3.1) that
z € F(%). Next, we assume R > 0. Suppose that z ¢ F(%). This implies from (3.1)
that {Tsz} does not converge to z. Then, there exists € > 0 and a subnet {s,} in S
such that

Sq =« and ||z —Ts_z| > e for each a € S. (3.2)

We choose a positive number 7 such that

(R+1) <1§<Rin>) <R

Since ¥ is a total asymptotically nonexpansive semigroup, there exists sg € S such
that

Tz = Ty < limsup | Tz — Tyl + 2 <

) (33)

A Ui
2 2

<limsup ||z =yl + k(|2 = yll) + o) + 5 = [z = yll +

for each s € S with s = sg, and y € C. It is known from [1] that

inf sup ||z — Tisx|| = limsup ||z — Tyx||.
t s u
Then, inf; sup, ||z — Tysz|| = R. So, there exists ¢y € S such that for all ¢ € S with
t = tOv
Iz — Thez| < R + g for each s € S. (3.4)

Since S is left reversible, there exists v € S with v = s¢ and 7 = tg. Then, by (3.2),
we have s, = v and
|z —Ts, 2| > e (3.5)

Let t > s,7v. By the left reversibility of S, we get ¢ € {s,7} Us,7S. Then we may
assume t € s,vS. So, there exists {tg} in S such that s,vtg — t. It follows by (3.3)
and (3.4) that

|Ts, 2 — Ts, Typx|| < ||z — Tyepxl| + g < R+n for each f.
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By (3.4) and s,vtg — t, we have
|Ts, 2z — Tyz| < R—i—g <R+n forallt> syy. (3.6)

Again, by (3.4), we get that ||z — T, T,z < R+ 4 < R+ n for each 3. Since
sy7tg — t, we have

|z = Ty §R+g<R+n for all t = s.,7. (3.7)

So, by the uniform convexity of X, (3.5), (3.6), and (3.7), we have

€
<(R+n)|1-0 .
= ?7){ (R+77>]
This implies that

r (HQTSWZ’{Ttm}) < (R+n) [1 =9 (Rinﬂ <

which is a contradiction. Hence, z € F(%). O

z2+Ts,z

-7
2 w

As direct consequence of Theorem 3.3, we obtain the following lemma.

Lemma 3.4. Let S be a left reversible semitopological semigroup, C be a
nonempty bounded closed convex subset of a uniformly convex Banach space X, and
T={T,:s €S} be a total asymptotically nonexpansive semigroup of C into itself.
Then F(T) # 0.

We present the following property of total asymptotically nonexpansive semigroups
in uniformly convex Banach spaces.

Theorem 3.5. Let S be a left or right reversible semitopological semigroup, C
be a nonempty closed convex subset of a uniformly conver Banach space X. If
T ={Ts:s €85} is a total asymptotically nonexpansive semigroup of C into itself
with F(X) # 0, then F(T) is a closed convex subset of C.

Proof. To show that F(%) is closed, we let {x;} be a net in F(¥) such that z; — x.
Since T; is total asymptotically nonexpansive, we have

[Tz — 2| < | Tow — o]l + [l — 2] < 2flw — 2|l + Bed(llz — @) + pa-
This implies that Tyz — x. Hence, z € F(%) so that F(T) is closed.

Next, we show that F(T) is convex. Let z,y € F(T) and z = “f¥. For t € S, we
have

1 1
75z — ol < s =l + kil = o) + e = ke = ol + 816 5l =91 +
and

1 1
75z = ol <l =yl + il = vl + o= 51l =l + 16 ke = 1) + e
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By the uniform convexity of X, we have

2 — Tl < & [1 ox (”Qy”)} ,

where & = Z||lz — y|| + k¢ (3]lz — yl|) + 1. This implies that T;z — z. So, we have
z € F(%). Hence, F(%) is convex. O

Taking S = N in Theorems 3.3 and 3.5, we obtain the following existence theorem
of total asymptotically nonexpansive mappings in uniformly convex Banach spaces.

Theorem 3.6. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space X, and T : C — C be a continuous total asymptotically nonexpansive

mapping. Then F(T) # 0 if and only if {T"z : n € N} is bounded for some x € C.
Moreover, F(T) is a closed convex subset of C.

4. WEAK CONVERGENCE THEOREMS
IN UNIFORMLY CONVEX BANACH SPACES

In this section, we study the weak convergence theorems for total asymptotically
nonexpansive semigroups in uniformly convex Banach spaces.

Lemma 4.1. Let S be a right reversible semitopological semigroup, C be a nonempty
closed convex subset of a uniformly convexr Banach space X, and T = {Ts: s € S} be
a total asymptotically nonexpansive semigroup of C into itself with F(T) # 0. Then
lim, | Tsx — z|| exists for each z € F(T).

Proof. Let z € F(%) and R = inf, || Tsxz — z||. For € > 0, there is sg € S such that
5
| Ts,z — 2|l < R+ 7

Since ¥ is a total asymptotically nonexpansive semigroup, there exists ¢ty € S such
that

ITiTsox — z|| <limsup||T,Ts,x — 2| + % <

= |Type = 2]+ 2

DN | ™

< limsup([|Tsox — 2| + kud([Tsox = 2[) + 1) +
u

for each ¢t = tg. Let b = tpsg. Since S is right reversible, we have b € {tpso} U Stgso.
Then we may assume b € Stgsg. So, there exists {s,} in S such that s,tgso — b.
Therefore, || T, 1ysoz—2|| < [|Ts,2—2[[+5 for each a. Hence, ||Tpz—z2|| < ||Tsyz—z2[|+5.
This implies that

€
R < inf sup ||[Tyz — || < sup |[[Tyx — z|| < [Tz — 2| + 3 < R+e.

s trs bxtoso
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Since ¢ is arbitrary, we get

inf sup ||T3x — z|| = R = inf ||Tsx — z|.
s trs s

Thus, limg | Tsx — z|| exists. O

Theorem 4.2. Let S be a right reversible semitopological semigroup, C' be a nonempty
closed convex subset of a uniformly convexr Banach space X with the Opial property,
and © € C. Assume that T = {Ts : s € S} is a total asymptotically nonerpansive
semigroup of C' into itself with F(T) # 0. If lim, || Tsx — Tysx|| = 0 for allt € S, then
{Tsx : s € S} converges weakly to a common fized point of the semigroup <.

Proof. By Lemma 4.1, we have lim, ||Tsz — z|| exists for each z € F(%), and so
{Tsz : s € S} is bounded. Since X is uniformly convex, we have that X is reflexive.
Then, there exists a subnet {T,_x} of {Tsx} such that {T,_ x} converges weakly to
y € C. We will show that y € F(%). Let ¢ > 0. Since ¥ is a total asymptotically
nonexpansive semigroup, there exists tg € S such that

|71y, = Thyll < limsup |T,Ts, @ — Tuyl| 4+ <
a

<Tlimsup([|Ts,z =yl + kad([Tsx = yl) + pa) + 6 < [Ts,z =yl + ¢
a

for each t > ty and each (. This implies that
1Ts,x — Teyll < [|Ts, 2 — Tos || + [[Tesow — Tayl| < T2 — Tis ol + | Tsz —yll + €

for each t > to and each . By the assumption that limg ||Tsx — Tisx|| = 0 for all
t € S, we have limsup,, ||Ts,x — Tyy|| < limsup,, ||Ts,z — y|| + ¢ for all t = ;. Since ¢
is arbitrary, we get

lim sup ||Ts, 2« — Try|| < limsup ||Ts, 2 — v
for all ¢ = to. By the Opial property, we get that Tyy = y for all t = ty. So, Tiy — y.
This implies by (3.1) that y € F(%). By Lemma 4.1, lim, ||Tsz — y|| exists. Now, we
show that {Tsz} converges weakly to y. To show this, suppose not. Then, there must
exist a subnet {T,,x} of {T,x} such that {T,,x} converges weakly to u € C and

u # y. Again, as above, we can conclude that u € F(T). By Lemma 4.1 and the Opial
property, we have

limsup ||Tsx — y|| = limsup || T,z — y|| < limsup [|Ts 2z — ul| =
S [e3 (03
= limsup ||Tsz — u|| = limsup || T,z — ul| <
s B

<limsup || Ty, — y|| = limsup || Tsz — y|
B S

which is a contradiction. Hence, {Tsx} converges weakly to a common fixed point of
the semigroup ¥. O
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Taking S = N in Theorem 4.2, we obtain the following weak convergence theorem
of total asymptotically nonexpansive mappings in uniformly convex Banach spaces.

Theorem 4.3. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space X with the Opial property and x € C. Assume that T : C — C
is a continuous total asymptotically nonexpansive mapping with F(T) # 0. If
lim, o | T2 — T" 2| = 0, then {T™z : n € N} converges weakly to a fized point
of T.

5. STRONG CONVERGENCE THEOREMS
IN UNIFORMLY CONVEX BANACH SPACES

In this section, we prove two strong convergence theorems for total asymptotically
nonexpansive semigroups in uniformly convex Banach spaces.

Theorem 5.1. Let S be a right reversible semitopological semigroup, C' be a nonempty
closed convez subset of a uniformly convex Banach space X, and x € C. Assume that
T ={T, : s € S} is a total asymptotically nonexpansive semigroup of C into itself with
F(%) #£0. Then {rTsx} converges strongly to a common fized point of the semigroup
T, where m : C — F(X) is the metric projection. Moreover, if S is reversible, then
Px :=lim, w75z is the unique asymptotic center of the net {Tsx : s € S}.

Proof. By Theorem 3.5, F/(%) is closed and convex. So, the mapping 7 is well defined.
Put R = inf, | Tsz — nTsz||. As in the proof of Lemma 4.1, we have

R =inf | Tsz — nTszx|| = limsup || Tsz — nTsx]|.

We will show that {nTsz} is a Cauchy net. To show this, we divide into two cases.
Case 1. R = 0. For £ > 0, there exists sy € S such that

€
|Tsx — nTsx| < 1 for each s > sq.

Since ¥ is a total asymptotically nonexpansive semigroup, there exists ¢ty € S such
that

|Tisox — mTsox|| < limsup ||TyTsox — TounTsox|| + Z =
u

. 3
< hmsup(HT‘iox - 7rT;ox” + ku¢(||T90‘T - 7TT‘m:’j”) + ,u'u) + 1 =

€
= ”TSO$ - ﬂ—Tl?()‘,l"|| + Z
for each t = tg. Let a,b = tgsg. By the right reversibility of S, we have a,b €

{toso} U Stpso. Then we may assume a,b € Stgsg. So, there exist {¢,} and {sg} in S
such that t,tgso — a and sgtpsy — b. Therefore, we have

”Ttatosox - TSBtOSDIH < HTtatoSox - 7T-TS()J:H + ”TSﬁtoSDm - 7TTSO‘/I:H <

€
<2||Tsx — mTs || + 7
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This implies that

|7 Toz — 7Tha|| < 2||Tsyx — 7Ts x| + % <2 (%) + g —c.

Hence, {nTsz} is a Cauchy net.

Case 2. R > 0. Suppose that {nTsz} is not a Cauchy net. Then, there exists € > 0

such that for any s € S, there are as, bs € S with as,bs = s and |77, 2 — 7T x| > €.
We choose a positive number 7 such that

(R+1) (15<Rin>) <R

So, there exists ug € S such that

|Tix — nTix|| < R+ g for each t > uy. (5.1)

Then |77y, x — 7T, x| > €. Since T is a total asymptotically nonexpansive semi-
group, there exists vg € S such that

|T:Tsx — nTsx|| < limsup ||T,Tsx — nTsx|| + g <
< limsup(|Tye — 7 Ts| + kug(|Tux — 7Tsall) + ) + 5 = (5.2)
_ n
= ||Tsx — nTsx|| + 2

for each t = vy and each s € S.

Since S is right reversible, there exists ¢ € S such that ¢ > voa,, and ¢ > voby,.
Then, there exist {to} and {sg} in S such that t,voa,, — ¢ and sgvgb,, — c. So, by
(5.1) and (5.2), we have

170y = 7Tyl < |Tasy@ = 7Ta, @l + 5 < Rt

VoAug ug

and

1Tesvasg@ = TTh 2l < | Th,,@ = 7Th,, 2l + 3 < R+,

©o ©o

This implies

|Tex — 7T, 2| < R+n and [|Tex — 7T, x| < R+

w0

By the uniform convexity of X, we get

T,

T — Lo z+ 1y, @
c

2

oo (z)) <
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Since 7 is the metric projection of C' onto F(%), we have

wly, x+ 7y, x
T.x — 0 0

R.
5 <

|Tex — nTex|| < ‘

This contradicts with R = inf; ||Tsz — nTsx||. Then {nTsz} is a Cauchy net.

By Case 1 and Case 2, we get that {nTsz} is Cauchy in a closed subset F(T) of
a Banach space X, hence it converges to some point in F(¥), say Pz.

Finally, by Lemma 4.1, we have {Tsz : s € S} is bounded. So, let z € A(C, {Tsz}).
Since S is reversible and by the same arguments as in the proof of Theorem 3.3, we
have z € F(%). Thus, by the property of m, we obtain

limsup ||Tsz — Pz|| < limsup(||Tsz — nTsz| + ||7Tsx — Px||) =

= limsup [|Tsz — 7nTsz|| < limsup | Tsz — z||.
S S
This implies, by the uniqueness of asymptotic centers, that Px = z. O

Taking S = N in Theorem 5.1, we obtain the following strong convergence theorem
of total asymptotically nonexpansive mappings in uniformly convex Banach spaces.

Theorem 5.2. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space X, and x € C. Assume that T : C' — C is a continuous total asymp-
totically monexpansive mapping with F(T) # (§. Then {rT"x} converges strongly
to a fized point of T, where m : C — F(T) is the metric projection. Moreover,
Px :=lim,,_,o 7Tz is the unique asymptotic center of the sequence {T"z : n € N}.

In the case S = [0, 00), we obtain a strong convergence theorem of modified Mann
iteration for uniformly Lipschitzian and total asymptotically nonexpansive semigroups
in uniformly convex Banach spaces. Recall that a semigroup ¥ = {T; : t € [0,00)}
is said to be uniformly Lipschitzian if there exists a nonnegative real number L; for
t € [0,00) such that

[Tz — Ty < Lel|z — y|

for all z,y € C and t € [0, 00).

Theorem 5.3. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space X. Let T = {T} : t € [0,00)} be a uniformly Lipschitzian with Ly such
that L = sup;¢(g ) Lt < 00 and be a total asymptotically nonezpansive semigroup of
C into itself with ky, , jue, such thaty oo ki, < oo and Y .| p, < oo. Assume that
F(%) # 0 and there exist positive constants M and M* such that ¢(X) < M*X for all
A> M. Let {z,} be a sequence defined by

Tpt1 = 0Ty + (1 — )Ty, 0, n > 1,

where {an} is a sequence in (0,1) such that o, € [a,b] C (0,1) and {t,} is an
increasing sequence in [0,00). If the following conditions are satisfied:
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(C1) for any bounded subset B of C,

lim sup Tyt — Ty, x| =0,
n—=0 zeB,s€[0,00)

(C2) there exist a compact subset K of X such that ¢y o) T+(C) C K,

then the sequence {x,,} converges strongly to a common fixed point of the semigroup .

Proof. Let p € F(T). Then, we have

[€nt1 = pll < anllzn —pl + (1 = an) | T, 20 — pll <
<aplzn —pll+ (1 = an)(lzn = pll + ke, d([l2n = pl) + pe,) = (5.3)
= llen = pll + (1 = an)(ke, o(llzn — pl) + pr,,)-

Since ¢ is an increasing function, it results that ¢p(\) < ¢(M) if A < M and ¢(A\) <
M*Xif A > M. In either case, we can obtain that ¢(\) < ¢(M) + M*X. Then, (5.3)
becomes

[#ns1 = pll < llzn = pll + (1= an) (ke (G(M) + M ||2n = pll) + p2,,) =

= (1+ (1= )Mk, )||n — pl| + 0 (54)

where 0,, = (1—a)(kt, ¢(M)+ps,). By Yooy ki, < 00, > ooy pir,, < 0o and Lemma 2.3
we have that lim,,_, ||z» — p|| exists. So, the sequence {z,,} is bounded, and there is
¢ > 0 such that

i [, —pl| = c. (5.5)

Since ||}, zn — || < ||zn — || + ki, ¢(||zn — p||) + p1¢,, and ¢ is a continuous function,
we have
limsup |73, zn, — p|| < c. (5.6)

n—oQ

From lim,, o ||Zn+1 — pl| = ¢, we get that

lm |lap(zn, —p) + (1 — apn)(Ty,zn — )| = c. (5.7)

n—oo

It follows by (5.5), (5.6), (5.7) and Lemma 2.2, we can conclude that

nhﬁngo |z — T}, zn] = 0. (5.8)

By condition (C2), there exists a subsequence {x,,} of {x,} such that
lim; .0 Tt,,, Tn, = q for some g € K. Since ||z, —q|| < |lwn, =Ty, T, |+ T2, 20, — 4l
by (5.8) we see that lim;_, . z,, = ¢. For any ¢t € S, we have

+ ||Tt+t Ln; — Tt‘T’ﬂi

n;

||xﬂl - Ttx?h” < ||$7lz - Tt Tn, + HTtnixni - Tt+tnixni =

= ”Im - Ttnlxnz” + HTtn,ixni - ,Tt-i-tnian‘, ” + ”Ttﬂnixm — Tian, ” <

n;

+ sup 1T,y — Tstt,,yll-
y€{xn, },5€[0,00)
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By condition (C1) and (5.8), we get

=0.

lim ||@,, — Tyzn,
71— 00
This implies that

lg = Tegll < llg = @nill + [, = Ten, || + [ Town, — Tegl <
<+ L)llg— o,

+ ||#n, — Tyzn,|| = 0 as i — oco.

Thus, ¢ = Tiq for all t € S. So, ¢ € F(%). Since lim,,—, , ||z, — ¢|| exists, we have that
lim,, o0 ¢, = ¢ € F(T). O

Remark 5.4.

(i) It is known that every commutative semigroup is both left and right reversible
and every discrete amenable semigroup is reversible. Then Theorems 3.3, 3.5,
4.2, and 5.1 are also obtained for a class of commutative and discrete amenable
semigroups.

(ii) Theorem 4.2 extends and generalizes the results of [22,24] to total asymptotically
nonexpansive semigroups.
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