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Abstract. We consider the Darboux problem for the hyperbolic partial functional differ-
ential equation with infinite delay. We deal with generalized (in the “almost everywhere”
sense) solutions of this problem. We prove a theorem on the global convergence of successive
approximations to a unique solution of the Darboux problem.
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1. INTRODUCTION

In this paper we deal with the following Darboux problem for the second order partial
functional differential equation

Dyyz(x,y) = f(m,y,z(m7y)), (z,y) € G, (1.1)
z(x,y) (ﬁ(ﬂf,?J), (x,y) € EOv (12)

where
G =10,a] x [0,b], Eg = E\ ((0,a] x (0,b]) and FE = (—o00,a] X (—00,b].

In the above problem f : G x 8 — R, ¢ : Ey — R are given functions. In the
right-hand side of (1.1) the functional dependence is described by the operator
G > (z,y) = 2(2,y) €B, where z(, ) : (—00,0]2 — R is a function defined by the
formula z(, (s, t) = z(z + s,y + t), (s,t) € (—o0,0]%. Thus B is a vector space of
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real-valued functions defined in (—oo,0]?. The space B is equipped with a seminorm
and satisfies some suitable axioms, which will be given in Section 2.

The axiomatic approach and the model of functional dependence which we use
in this paper is well known for ordinary functional differential equations. Systems of
axioms most often used in this case were given in [9,11, 14| (see also [4,10] with a
rich bibliography concerning functional differential equations with infinite delay). We
adapt the system of [9] to partial functional differential equations.

Convergence of successive approximations for ordinary functional differential equa-
tions as well as for integral functional equations with infinite delay has been proved
by Shin [12,13]. In the case of ordinary differential equations with finite delay, conver-
gence of successive approximations follows from the results of Chen [3]. The fact that
the convergence of successive approximations is a generic property has been proved
for equations with finite delay by De Blasi and Myjak [7], while for equations with
infinite delay by Faina [§].

The Darboux problem for partial functional differential equtions with infinite de-
lay has been studied in [5, 6], both papers concern classical solutions. The axiomatic
approach for such equations was introduced in [5], where the existence theorem was
proved by means of the measure of noncompactness technique. Some existence results
for equations involving first order derivatives of an unknown function were obtained
in [6] via the Banach or the Schauder fixed-point theorems. The Darboux problem
for fractional order partial functional differential equations with infinite delay has
been studied in [1,2]. The existence and uniqueness results in these papers are ob-
tained by using the Banach fixed-point theorem or some nonlinear alternatives of the
Leray-Schauder theorem.

In this paper we get the global convergence of successive appoximations as well
as the uniqueness of solutions for the Darboux problem (1.1), (1.2). We deal with
generalized solutions, i.e. z : (—00,a] x (—o00,b] — R is a solution of (1.1) if it is
absolutely continuous and satisfies this equation almost everywhere on G. In Section 3
we prove a comparison theorem and with the help of it we get the main result in
Section 4. The method of the proof follows the ideas of Shin [12].

2. THE PHASE SPACE %5

Let R_ = (—00,0] and Ry = [0, +00). Assume that B is a linear space of functions
mapping R? into R equipped with a seminorm | - |. If in a classical definition of
continuity we replace a norm with the seminorm |- | then we may discuss continuity
of a function with arguments or values in 5.

For any (§,n) € G denote the rectangle [§,a] x [n,b] by Gg, and its “Darboux-
-boundary”, where initial values are prescribed in the classical case, by I's,, = ([¢, a] x

{nhH) U ({&} x [n,0]).

Suppose that 9B satisfies the following axioms:

(A1) If z: E— R and (§,71) € G are such that z is continuous on G, and z(,4) € B
for all (s,t) € I't; then for any (z,y) € G¢, we have z(, ) € B.
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(Ag) If z and (&,7) are such as in (A;) then the function Gg, > (z,y) = 2(z,y) € B
is continuous.

(A3) There is a constant H > 0, a continuous function K : R — Ry and a locally
bounded function M : Ri — R, satisfying the following conditions: if z and
(&,m) are as in (A;) then for any (z,y) € G¢, we have:

(1) |Z(I7y)‘ SH|Z($,y)|%7
(s,t)€[&:x]x[n,y]
+M(£L'*£,y*?’]) sup |Z(s,t)|%-
(s;t)€([&x]x {nHU({E} x [n,9])
Remark 2.1. Axioms (A;)—(As) that we consider for partial functional differen-
tial equations are adapted from those introduced by Hale and Kato [9] for ordinary
functional differential equations.

Now, we show examples of the phase space B satisfying the axioms (A1)—(As).
Example 2.2. Let B be the set of all functions ¢ : R> — R which are continuous
on [—ayp, 0] X [=bg,0], ag,by > 0, with the seminorm

|0l = sup{[d(s, 1)]: (s,t) € [=ao,0] x [=bo, 0]}

Then H = K = M = 1, and the quotient space B = B/| - | is isometric to the
space C([—ag, 0] x [~bp, 0], R) of all continuous functions from [—ag, 0] X [—bg, 0] into
R with the supremum norm. This means that functional differential equations with
finite delay are included in our axiomatic model.

Example 2.3. Let C,, v € R, be the set of all continuous functions
¢: R? — R for which a limit lim(s 4)|— o0 e"5H) (s, 1) exists, with the norm |plc, =
sup{e?C|p(s, )| : (s,t) € R2}. Then we have H = 1, K(z,y) = max{e 7=+¥) 1}
and M (z,y) = e 7@+ max{e?®, e, 1}.

Example 2.4. Let ag, bg,y > 0 and let

0 0

blon, = sup{lé(s, 0] : (,) € [—ao, 0] x [—bo, 0]} + / / 40| 4(s, )| dsdt

—00 —O0

be the seminorm for the space C'L., of all functions ¢ : R> — R which are continuous
on [—ag, 0] x [—bg, 0], measurable on (—oo, —ag] X (—o0, 0] U (=00, 0] X (—o0, —bp], and
such that [¢|cr, < +0o. Then

0 0
H=1, K(:z;y)://e”(s“)dsdt,

—x —y

M (z,y) = max{1, 2e~ V(@ +Y) max (e, e")}.
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3. A COMPARISON THEOREM

We say that w : Gg¢, x [0,2r] — R, satisfies the Carathéodory conditions if:

(i) w(-,-,u) is measurable for all u € [0, 2r],
(i) w(z,y,-) is continuous for almost all (z,y) € Gey,
(ili) there is a Lebesgue integrable function p : G¢,;, — R4 such that

w(z,y,u) < p(w,y)

for all w € [0,2r] and almost all (z,y) € Ge¢y.

Having fixed (£,n) € G let us consider the integral equation
z oy
o) = Klo =&y =) [ [ wsitiots,t)dsas (31)
I

for (z,y) € Ge¢y, where K(x,y) is as in (Az) and w : G¢, %[0, 2r] — R4 is a comparison
function satisfying the above Carathéodory conditions.

For any ¢ € [0,a] and d € [0,b] write S(c,d) = G\ ((¢,a] x (d,b]). We deal with
continuous solutions of the above integral equation on G¢, NS(c, d). In other words a
solution of (3.1) is a function which belongs to the space C(G¢, N S(c,d), [0,2r]). In
the sequel we will write C.q instead of C(G¢, N S(c,d),[0,2r]) for simplicity.

Theorem 3.1. Suppose that w : G¢, x [0,2r] — Ry is a comparison function satis-
fying the Carathéodory conditions and such that w(x,y,-) is nondecreasing for almost
all (x,y) € Geyy. Then the following conditions hold:

(i) There are constants ¢ € (€,a], d € (n,b] such that for any € € [0,7) equation

z Y

v(r,y) =e+ K(x—&y—n) / /w(s, t,v(s,t))dsdt (3.2)
£

has a solution v(z,y;€) in Ceq.

(i) If 0 < &1 < eg <1, then v(z,y;e1) < v(z,y;€2) on Gey N S(c,d).

(iii) There exists a solution o(x,y) of equation (3.1) for which we have
lim, o+ v(z,y;€) = 0(z,y) uniformly on Ge, N S(c,d) and that it is a mazimal
solution of (3.1).

Proof. (i) There are ¢ € (§,a] and d € (n, b] such that if (x,y) € G¢, N S(c,d) then

T Yy

sup //w(s,t,u(s,t))dsdtg KT (3.3)
£m

)
UECeq cd

where
ch = SU.p{K(J? _€7y - 77) : (m,y) € an ﬂS(Cvd>}
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Obviously C.q is a closed bounded convex subset of the Banach space
C(Gey N S(c,d),R). Define the operators

(Tew)(z,y) =+ (Tu)(z,y),  (Tu)(z,y) = K(z - &y —n)(Wu)(z,y)

Wu)(x,y) = // (s,t,u(s,t))dsdt

for (z,y) € Gen N S(c,d) and u € Ceq. Then from the Carathéodory condition (iii) it

follows that )
(W) (@, y)] < / / (s, t)dsdt,
1]

(W), y) — (W), 9)] < \ / / u(at)dsdt} " \ / /d u(s7t)d8dt'7
£ 9 T n

which means that the set {Wu : u € C.q} is uniformly bounded and equicontinuous
on Gg, N S(c,d). Hence, by the Arzela-Ascoli lemma this set is relatively compact in
C(Geyp N S(e,d),R). Since K(x,y) is continuous, it is clear that also {Tcu: u € Ceq}
is relatively compact in C(Gg¢, N S(c,d),R). From condition (3.3) we obtain that
TeCeq C Cpq for € € [0, T).

We show that the operator 7; : C.q — Ceq is continuous. Indeed, if {u(")} is any
sequence in Ceq such that u(™ — ug then, by the Lebesgue dominated convergence
theorem we have (Wu(™)(x,y) — (Wug)(z,y) for each (z,y) € G¢,NS(c,d). Since the
sequence {Wu(™ 12 | is equicontinuous, this convergence is uniform on G¢, NS(c, d).
Analogously, the equicontinuity of {7zu(™} yields that (Tzu(™)(z,y) = (Teuo)(z,v)
uniformly on G¢, N S(c,d). Therefore, by the Schauder fixed point theorem, there
exists a fixed point of T in C.4, which obviously is a solution of equation (3.2).

(i) Since (&, yie1) = v(@,me1) = 1 < 23 = v(Eyies) — v(w,nies) our claim
follows from the monotonicity of w with respect to the last variable.

(iif) Let
w(z,y;e // (s,t,v(s,t;€))dsdt.

Analogously as in (i) we may prove that the sets {w(z,y;¢) : € € [0,7)} and conse-
quently {v(z,y;¢€) : € € [0,r)} are equicontinuous. From (ii) it follows that the limit
lim,_,o+ v(z,y;€) = 0(x,y) exists and by the equicontinuity of {v(x,y;e): € € [0,7)}
it is uniform on Gg, N S(c, d). Obviously 0(z,y) is a maximal solution of (3.1). O

and

Having fixed (£,1) € G consider the following integral inequality:
z Yy
Z(l‘,y) < K(m—g,y—n)//w(s,t,z(s,t))dsdt (34)
&

for (z,y) € G-
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Theorem 3.2. Suppose that w : G¢y, x [0,2r] = Ry is a comparison function satis-
fying the Carathéodory conditions such that w(z,y,-) is nondecreasing for almost all
(x,y) € Geyy. Then for any c € (§,a] and d € (n,b], v(z,y) =0 is the only solution of
equation (3.1) in Ceq if and only if z(x,y) = 0 is the only solution of inequality (3.4)
m Ccd-

We omit the proof of the above theorem which follows from Theorem 3.1 and from
the monotonicity of w.

4. SUCCESSIVE APPROXIMATIONS

Let X denote the set of all functions ¢ : Eq — R such that ¢, 4y € B for (s,t) € EoNG,
and ¢ is continuous on EygNG. We say that f : G x 8 — R satisfies the Carathéodory
conditions if:

(i) f(-,-,w) is measurable for all w € B,
(i1) f(z,y,-) is continuous for almost all (x,y) € G,
(iii) there is a Lebesgue integrable function m : G — R4 such that

|f(z,y,w)] <m(z,y) for all we B and almost all (z,y) € G.
Observe that z is a solution of the Darboux problem (1.1), (1.2), with
f G xB — R satisfying the Carathéodory conditions and ¢ € X, if and only if
it satisfies the integral equation

for (z,y) € Fy,

(4.1)

Therefore, we define the successive approximations of problem (1.1), (1.2) as follows:
f E
20 (g y) = o(z, or (z,y) € E,
o(x,
(
(

)
) + ¢(0’ y) - ¢(07 O) for (.CE, y) € G,

o w

8

(725 Zz, for ('I,y) € E07

+ ¢(0,y) — ¢(0,0)

Y)
0)
z y
—l—// s,t,zé?)t) dsdt for (z,y) € G.
00

o(z,
Z(n-i—l)(x’ y) —

For any ¢ € X we denote by &4 the space of all functions v : £ — R such that
u(z,y) = ¢(x,y) for all (z,y) € Ey and u is continuous on G.
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Assumption 4.1. Let w : G¢, x [0,2r] — R4, where (§,7) € G, be a comparison
function satisfying the Carathéodory conditions such that w(z,y,-) is nondecreasing
for almost all (z,y) € G¢,. Furthermore suppose that v(s,t) = 0 is the only function
in C(Ge, N S(c,d), [0,2r]) satisfying the integral equation (3.1), with any ¢ € (£, al,
de (n,b.

Theorem 4.2. Let f : G x B — R satisfy the Carathéodory conditions, B satisfy
axioms (A1)—(As) and ¢ € X. Furthermore, suppose that for any (§,m) € G there
exist a constant r > 0 and a comparison function w : Gep x [0,2r] — Ry satisfying
Assumption 4.1 such that the inequality

|f(l', Y, u(r,y)) - f(xv Y, U(m,y))‘ < UJ(LC, Y, |u(:c,y) — U(z,y) “B) (42)

holds for all (x,y) € Gey and u,v € &y such that |ue ) — Vizy)ls < 2r. Then the

successive approzimations 2™ are well defined and converge to a unique solution of
problem (1.1), (1.2) uniformly on G.

Proof. Since f satisfies the Carathéodory conditions the successive approximations are

well defined. Furthermore, the sequences {Z((;L)y)} and {z(”) (z, y)} are equicontinuous
on G. Let

T = sup {9 €[0,1]: {z(")(x,y)} converges uniformly on S(fa, F)b)}.

Since the sequence {z(")(z,y)} is constant on Fy = S(0,0), the above supremum is
well defined. If 7 = 1, then we have the global convergence of successive approxima-
tions. Suppose that 7 < 1 and put £ = 7a and n = 7b. This means that the sequence
{20 (z,y)} converges uniformly on G'\ G¢y Since this sequence is equicontinuous it
converges uniformly on S(&,7) to a continuous function Z(z,y). If we prove that there
are ¢ € (€,a] and d € (n,b] such that {z(" (z,y)} converges uniformly on S(c,d), this
will yield a contradiction.
Put
Z(LL’ y) _ ¢>($ay) for (x,y) € E07
’ Z(z,y) for (z,y) € S(&n).

By force of condition (A3)-(ii) we see that lim, z((:)t) = Z(s) for each (s,t) € I,

and the convergence is uniform with respect to (s,t) € I'g,;. There exists a constant

r > 0 and a comparison function w : G¢, x [0,2r] — R, satisfying inequality (4.2).

There exist ¢ € (§,a], d € (n,b] and ny € N such that ’ZE;L,)y) - zg;'?;)‘% < 2r for all

(x,y) € GenN S(c,d) and n,m > ng. To simplfy the notation we assume that no = 1.
For any (z,y) € G¢n N S(c, d) put

V@) = oy~ Ay oo = sup o)

Since the sequence {v(®)(x,y)} is nonincreasing, it is convergent to a function v(z, y)
for each (z,y) € G, N S(c,d). From the equicontinuity of {v¥)(z,y)}, it follows
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that limy_,o. v*) (z,y) = v(z, y) uniformly on G, NS(c, d). Furthermore, for (z,y) €
Gen N S(c,d) and m,n > k we have

(m) L)
|Z - (my "B -

SK(x—f,y_U) sup ‘Z(m)(svt)_z(n)(svt”—’_
(s,t)€l&,x]x[n,y]

p(mam) (z,9)

(4.3)
Mz — - (m) _ _(n)
+ (’ll' &y 7’) sup ’Z(s t) Z(S t) 137
(s;t)([& 2] x{n}HU({E} x[n,y])

by condition (As)-(ii). We also have the estimate

sup |2 (s,8) — 2 (s, 1) < //|f s t,z(lnt) 1)) f(s, t,z(:t)l))‘dsdt

(s;t)€lg,z] X [n,y]
(4.4)
The integral on [0,z] x [0,y] can be divided into two integrals on [{,z] x [n,y] and
([0,2] x [0,y]) N S(&,n). The latter can be estimated by

sk=1) _ sup / / ‘f s taz(s t) f(s t,z(s t) ’dsdt

m,n>k
S(&m)

If we futhermore set

2

e® = sup sup |57~ 20 |

m,n>k (s,t)€le,
chZSUp{K$—€ay—n)5 (l‘,y)EngﬂS(Qd)},
Mcd:SUP{M(m—fvy_n) : (x,y) EG&UOS(Cvd)}a

then by (4.2), (4.3) and (4.4) we obtain for (z,y) € G¢, N S(c,d) the estimate

m,n (m) (n)
o™ (@, y) = 20 — 2 e <

T Y
<K(£—£,y—n)//!f stz V) = (st 200V | dsdt+

+ Kegd® Y + M.y sup |z(m) (") }% <
(s,t)ETey

K(z—-&y—n) / /W(s,t,v(m7”)(s,t))d5dt+
]

+ ch(s(k_l) + Mcdg(k)a

from which it follows that

z y
v (z,y) < K(z — &y —n) //w(s, t, 0D (s,8) ) dsdt + Kead* ™Y + Moge®).
& n
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Since limy_ o0 ) = limy_, o0 €} = 0, by the Lebesgue dominated convergence theo-
rem we get

v(z,y) < K(x—&y—n) //w(s,t,v(si))dsdt.
&

By Theorem 3.2 and condition (iii) in Assumption 4.1, we have v(z,y) = 0 on
Gen N S(c,d), which yields that limy_,o v®)(z,) = 0 uniformly on Gen N S(c, d).
Thus {zéi)y)}z"zl is a Cauchy sequence on G¢, N S(c,d). By condition (As)-(i), we

have |2(™) (z,y) — 2" (x, y)| < H|z((;nz)/) - z((:)y) o and consequently {20 (z,y)}2, is
uniformly convergent on G¢, N S(c,d) which yields the contradiction.
Thus {z*)(z,y)} converges uniformly on G to a continuous function z*(x,y). By

the Carathéodory condition (iii) and the Lebesgue dominated convergence theorem

we get
z Yy z Y
; (k) _ *
kli)nolo//f(s,t,z(r’y))dsdt—//f(s,t,z(x7y))dsdt,
00 0 0

for each (z,y) € G. This yields that z* is a solution of equation (4.1) which means a
solution of problem (1.1), (1.2).

Finally, we show the uniqueness of solutions of problem (1.1), (1.2). Let v and w
be two solutions of (4.1). As above put

T=sup{f € [0,1]: v(z,y) =w(z,y) for (x,y) € G\ S(ba,ob)},

and suppose that 7 < 1. If we set £ = 7a and n = 7b then there exist a constant
r > 0 and a comparison function w : G¢, x [0,2r] — R, satisfying inequality (4.2).
We choose ¢ € (£, a] and d € (n,b] such that

‘U(z’y) — w(z,y)|$3 <2r for (z,y)€ Gen N S(e, d).
Then for all (z,y) € G, N S(c, d) we obtain

"U(m,y) _w(m,y)|‘3 < K(x—f»y—n) sup |'U(S,t) _w(svt)| <
(s,t)€[€,2]x[n,y]

x Y
< K(I - §7y - 77) //|f(57ta U(s,t)) - f(57t7w(s,t))|d5dt <
&m

z Y

SK(x—fay—n)//W(S»t7 |v(s,t) _w(s,t)|‘3)d8dt'
& m

By Theorem 3.2, we have [v(,,) — Wezy)|s = 0 on Gg,y N S(c,d) and by condition
(As)-(i) we get v(z,y) = w(z,y) on Ge, N S(c,d), which yields a contradiction. Thus
7 = 1 and the solution of (4.1) is unique on G. This completes the proof of Theo-
rem 4.2. O
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5. EXAMPLES

Finally we present two simple equations that are examples of (1.1).

Example 5.1. Let B be the space C defined in Example 2.3 with v < 0. In this
case we have K (z,y) = e~ 7(#+¥), Suppose that ¢ : Fy — R is any continuous function
such that ¢, 4 € C, for (s,t) € Ey N G. Consider the functional differential equation

1
x 2
Dapyz(,y) = _ )z ly>J - (3,9) €6, (5.1)
2(3, §)| +
_1
If we define f : G x C;, — R by the formula f(z,y,w) = @) * _ then f

(=%~ B
satisfies the Carathéodory conditions with m : G — R defined by m(z,y) = (zy)~=.
Furthermore, for any (z,y) € G and w, w € C, we have

)3 (zy)~2
|f(z,y,w) — f(z,y, I_‘
VT % e RV e R [
< May) F|o(=%,~Y) —w(=%,~9)| < Lay) 2 ED @ — w|c,.

This means that condition (4.2) in Theorem 4.2 holds with any (§,7) € G, r > 0
and a comparison function w : Gg, x [0,2r] — R4 given by the formula w(x,y,v) =
%(my)*% e7(3+3)y. We see that w satisfies the Carathéodory conditions with y1 : Gg, —
Ry given by u(z,y) = (my)*%eV(%Jr%)r. Comparison integral equation (3.1) in our
case takes the form

Ty
v(x,y) :6_7(96_5'“’_")//%(st)_%67(5+%)v(s,t)dsdt. (5.2)
1]

Since w is nondecreasing with respect to v, equation (5.2) has only a zero solution by
Theorem 3.2 and consequently the conclusion of Theorem 4.2 holds for problem (5.1),
(1.2).

Example 5.2. Let ‘B be the space C'L, defined in Example 2.4 with ap = by = 0
and v > 0. Then we have

K(z,y) / /ew(qﬁ)dsdt (1= ") (L —e ).

Let ¢ : By — R be an initial function such that ¢ ;) € CL, for (s,t) € Eo NG, and

¢ is continuous on Fy N G. Consider the differential integral equation

z(z,y)
zy

Dyyz(x,y) = xysin +

z oy (5.3)
+ (14 @) / / e V@S YD gin 2 (s, t)dsdt,

—00 —0o0
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where (z,y) € G. We define f : G x CL, — R by the formula

w(0,0)

0 0
+ (1 + 6_7(’“”’))/ /67(s+y) sinw(s, t)dsdt.

—00 —0O0

f(r,y,w) = axysin

We see that f satisfies the Carathéodory conditions with m : G — R, defined by
m(z,y) = zy + %(1 + e 7@+, For any (r,y) € G and w,w € CL,, we also have
\f(x,y,w) - f(if,va)‘ <
w00 g, 20.0),
Ty

Y

< zy|sin

0 0
+ (1 + e (@) / / V) sinw(s, t) — sin (s, t)|dsdt <

—00 —00

0 0
< |w(0,0) — @(0,0)| + (1 4 e *+¥)) / / e (s, t) — w(s, t)|dsdt <
< (1t e D) — o,
From the above estimate we get that condition (4.2) in Theorem 4.2 holds for any
(¢,m) € G, r > 0 and a comparison function w(z,y,v) = (1 + e~ 7@+¥))y, which

satisfies the Carathéodory conditions with p(z,y) = 2(1 + e~ 7#+¥))r. Comparison
integral equation (3.1) now takes the form

)
1
o(r.y) = (1= e CT)(1 - ) / / (14 e 7)o, £)dsdt.
I

Since w is nondecreasing with respect to v, the above equation has only a zero solution
by Theorem 3.2. Thus conclusion of Theorem 4.2 holds for problem (5.3), (1.2).
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