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Abstract
We propose a Marine Vessel Protection Area (MVPA) model as the means of satellite-based augmentation 
system (SBAS) integrity data presentation in an electronic chart system (ECS) display. The model takes into 
account several factors that influence the shape and dimensions of the MVPA. These factors include GNSS 
signal aspects, where measurement errors depend on the geometry of visible satellites and the signal propaga-
tion, the ship’s size, the ship’s heading and its estimated accuracy, position of the GNSS/SBAS antenna relative 
to the ship’s hull, and SBAS integrity data. The resultant safety contour or domain can be displayed within 
the ECS or ECDIS as a graphical representation of the marine ship position and the protection level of the elec-
tronic position/course fixing equipment, equivalent to the horizontal protection level (HPL) used in aviation.

Introduction

Satellite-based augmentation systems (SBAS), 
such as the European Geostationary Navigation 
Overlay Service (EGNOS) system, provide rang-
ing signals transmitted by GEO satellites. Wide area 
differential corrections and additional parameters 
aim to guarantee the integrity of the GNSS. Integ-
rity monitoring according to IMO (IMO, 2001) 
is the process of determining whether the system 
performance, or individual observations, can be 
used for navigational purposes. Overall GNSS 
system integrity is described by three parameters: 
the threshold value or alert limit (AL), the time to 
alarm (TAL) and the integrity risk (IR). The output 
of integrity monitoring is a decision on whether indi-
vidual error observations, or the overall GNSS sys-
tem, can or cannot be used for navigation. In other 
words, the output is an alert for the user to inform 
them if they experience a position error larger than 
the fixed AL value. To enable the user to estimate 
the position error, or its equivalent protection level 
(PL), the SBAS integrity data consist of estimations 
of each satellite ranging error. These data have been 

successfully used for calculations of instantaneous 
point positioning PL which is the standard in avia-
tion (ICAO, 2006; RTCA, Inc. SC-159, 2013).

For example in the EGNOS system this con-
cept is based on the broadcast of differential GPS/
GLONASS corrections in message types MT 1-5, 
7, 9, 17-18, 24-26 and corresponding integrity data 
in MT 2-6, 10, 24, 26-28 (Pisonero Berges, 2006; 
ESA, CNES, 2009; RTCA, Inc. SC-159, 2013). 
The input quantities derived from GNSS and SBAS 
messages for the integrity algorithm on the user side 
are:
1) The geometry between GNSS satellites and user 

derived position from observations of the GNSS 
satellites is described by the geometry matrix G 
of size n×4:
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Where arguments eli and Azi are the eleva-
tion and azimuth angles, respectively, between 
the receiver antenna and the ith satellite 
(i = 1,2,...,n), where n is the number of visible 
satellites.

2) The weight matrix W is constructed under 
the assumption of uncorrelated, SBAS-corrected 
measurements characterized by the inverse vari-
ances of the distances to the observed satellites.
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where:
σ2

i,flt	 – is the estimated variance for the residu-
al error associated with user differential 
range error σi,UDRE, which can be calculat-
ed in a similar way to the model of (RTCA, 
Inc. SC-159, 2013) [m2];

σ2
i,UIRE – is the estimated variance for the slant range 

ionospheric error associated with the grid 
ionospheric vertical error σi,GIVE, which 
can again be calculated in reference to 
(RTCA, Inc. SC-159, 2013) [m2];

σ2
i,tropo – is the estimated variance for the residual 

tropospheric error (RTCA, Inc. SC-159, 
2013) [m2];

σ2
i,mr – is the estimated variance of a marine or 

shipborne receiver error, which depends 
on the receiver properties and site-specif-
ic GNSS signal propagation effects, like 
the multipath effect, which must be locally 
evaluated. This variance cannot be derived 
from the SBAS message [m2].

Based on (1) and (2) the covariance matrix can 
be found:
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where:
s2

E – is the variance of the receiver antenna East-
ing measurements in the local reference 
frame centered on the GNSS antenna (East, 
North, Up, ENU) [m2];

s2
N – is the variance of the receiver antenna 

Northing measurements in the local refer-
ence frame (ENU) [m2];

s2
U – is the variance of the receiver antenna verti-

cal measurements [m2];
s2

T – is the variance of the receiver time-correc-
tion measurements, multiplied by the speed 
of light [m2]. The mixed terms, for example 
sEN, are the covariances of the respective 
measurements [m2].

Finally the circular assessment of the point 
positioning integrity on the user side can be given 
as a length of the protection circle radius, named 
the horizontal protection level (HPL) – see Figure 1:
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where k is a coverage factor calculated using nor-
mally distributed uncertainties in both the North and 
East directions of position coordinates.

The elaborated concept treats the moving vessel 
as a point. This is why the new concept of a Marine 
Vessel Protection Area (MVPA) has been devel-
oped for the marine ECS or ECDIS, where a vessel 
is shown as a two-dimensional spatial object that is 
a contour model of a ship.

SBAS uncertainty Ellipse Determination

The “elliptical” assessment of the SBAS point 
positioning user integrity can be given as a protection 

Figure 1. SBAS circular HPL and HAL
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ellipse (PE), which is specified by 4 parameters: (1) 
the semi-major axis of the estimated position error 
ellipse, da [m]; (2) the semi-minor axis of the error 
ellipse, db [m]; (3) the orientation of the error ellipse, 
Φ; and (4) the coverage factor, k, based on the con-
fidence intervals. The integrity risk – or probability 
of Misleading Information (MI) – is the probability 
that the user will experience a true position outside 
the protection ellipse, PEmr. It can be formulated as 
follows – refer to Figure 2:
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Φ	 – a clockwise angle of rotation from North	either 
of the semi-major ellipse’s axis (if sE > sN) or 
of the semi-minor axis (if sN > sE);

atan2 – the four-quadrant inverse tangent (arctan-
gent) function of the real parts of two argu-
ments (y, x) in Cartesian reference frame; and 
the formulae (7), (8) and (9) are derived from 
the square root of the eigenvalues of the cova-
riance matrix (4) confined to:
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and oriented in the direction of the eigenvectors 
of (5).

The elliptical presentation of a protection area 
provides a navigator with additional benefits coming 
from information of N-E variances and covarianc-
es, resulting in changes of the orientation and shape 
of the ellipse.

Marine Vessel Protection Area 
Determination Based on SBAS Data

The mathematical model describing how the ves-
sel is presented on the ECS display can be expressed 
by two observation equations:

  jjGPSNNj dxxx   cos,  

 

 (11)
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xj, yj – the calculated coordinates of consecutive 
points j of the ship contour in the body-fixed 
reference frame. This means it is fixed to 
the marine vessel at the common reference 
point of aft perpendicular with positive x	axis 
to fore, y axis to starboard, following the con-
vention used in marine craft hydrodynamics 
and simulations – see Figure 3;

xGPS, yGPS – the coordinates (offsets from 0 at aft 
perpendicular) of EGNOS-augmented GPS 
receiver antenna in the body-fixed reference 
frame;

xj,N, yj,E – the calculated coordinates of consecutive 
points j of ship contour in the local reference 
frame (ENU);

xN, yE – the recorded positions of EGNOS-augment-
ed GPS receiver antenna in the local reference 
frame (ENU);

ψ – the heading of marine vessel counted clock-
wise from North in the local reference frame 
(ENU);

dj – the jth distance between the GPS antenna and 
jth point of the ship contour;

αj – the jth angle between the GPS antenna and jth 
point of the ship contour, counted clockwise 
from the x-axis in the body-fixed reference 
frame.

Figure 2. Elliptical representation of an SBAS point posi-
tioning protection area
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The errors of parameters in equations (11) and 
(12) will propagate to the final MVPA according to 
the Gauss’s Error Propagation Law. The statistical 
evaluation of this propagation effect has been pre-
sented in (Zalewski & Tomczak, 2005) and fully 
elaborated in (Zalewski, 2013).

The systematic errors of xGPS, yGPS, dj and αj can 
be minimized to a negligible magnitude by a precise 
dimensional control. Therefore, only the propaga-
tion of other parameter errors (xN, yE, ψ) are taken 
into account in the MVPA determination according 
to the formula:

 Cj,PA = Jj C Jj
T (15)

where:
Cj,PA – the covariance matrix of derived quantities:
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s2
j,E – the Easting variance of consecutive points 

j of the ship contour in the local reference 
frame (ENU) [m2];

s2
j,N – the Northing variance of consecutive points 

j of the ship contour in the local reference 
frame (ENU) [m2];

sj,EN – the covariance of points j respective coordi-
nates [m2];

Jj – the Jacobian matrix containing first-order 
partial derivatives of equations (11) and (12), 
excluding xGPS, yGPS	due to their negligible 
errors: 
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C – the covariance matrix of observations: 
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where s2
ψ is the marine vessel heading vari-

ance, relevant to the marine-specific attitude/
heading equipment (the typical values for 
marine gyros in transport vessels are in range 
0.5°–1°);

Jj
T – the transposed Jacobian matrix (17).

The estimated error of each jth contour point 
involves the errors of two jointly distributed vari-
ables of xj,N and	yj,E coordinates. Thus, the positional 
error follows a bivariate normal distribution. By tak-
ing this into account to fully describe the estimated 
error of each jth point, it is necessary to determine 
the orientation Φj and lengths of the semi-major axis 
dj,a and semi-minor axis dj,b of the jth error ellipses, 
according to the formulas similar to (7)–(9) given 
here:
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where Φj is a clockwise angle of rotation from 
the ship’s body-fixed	 x-axis	either of the semi-ma-
jor ellipse axis (if sj,E > sj,N) or the semi-minor axis 
(if sj,E < sj,N).

Each of the determined ellipses j can be further 
enlarged to the established confidence level by mul-
tiplying dj,a and dj,b by a coverage factor k, in a simi-
lar calculation to formula (6).

Knowing the parameters (19)–(21) of uncertain-
ty ellipses centred on contour points j, the next step 
is to find the extreme outer points of these ellipses 
in order to construct the MVPA. In order to do this 
the maximum vertical values for a generalized, rotat-
ed ellipse in the Cartesian reference frame, fixed to 
the jth segment of ship contour (xc-axis	between con-
secutive j and j+1 points), i.e., the upper bounding 
line or tangent of such an ellipse has to be calculated 
(see Figure 4).

The algorithm is as follows:
1) The angle βj is the clockwise angle between 

the line leading through points j and j+1 and 
the x-axis. In the case where the maximum num-
ber for j is reached, j+1 is set to j=1. The points are 
counted clockwise from the x-axis in the body-
fixed reference frame. The angle βj is determined 
according to the formula:

Figure 3. The model marine vessel contour consisting of 14 
points in the body-fixed reference metric frame. The GNSS 
antenna position point is located at the fore part
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2) Tangent points of ellipses with lines of slope βj 
are determined according to the formulas:
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where: Φj,c is the counter-clockwise angle of the jth 
ellipse rotation to the x-axis, in a standard Cartesian 
0xy reference frame, and xj,tp,	yj,tp,	xj,tn,	yj,tn are the coor-
dinates of consecutive tangent points j in body-fixed 
reference frame. The extreme outer points are either 
xj,tp,	yj,tp if βj > 0 or xj,tn,	yj,tn if βj ≤ 0.

The MVPA is constructed by linear connection 
of the resultant tangent points. This way the bound-
ing spline representing the furthest points of ellipses 
with respect to the ship’s hull are found. In order to 
achieve an acceptable level of coverage by ellipse 

Figure 4. Construction of two tangent points highlighted 
with red circles for the j-th error ellipse

Figure 5. Examples of MVPAs around a ship heading to 45° in the body-fixed reference metric frame. The antenna position 
point is located in fore part
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areas by the MVPA, or to minimize the linear spline 
approximation error, the number of tangent points 
can be increased by adding additional tangent lines 
of slope angles in the range between βj and βj+1.

In the Figure 5a the resultant MVPA is presented 
in red and was built from three tangent points for 
each uncertainty ellipse in blue, for input parameters: 
ψ = 45°, sE = 1 m, sN = 2 m, sEN = 0 m2, sψ = 2°, k = 1. 
It should be noticed that in the body-fixed reference 
frame the ellipses are rotated according to the ship’s 
heading. Specifically, the ellipses’ semi-major axes 
are approximately oriented towards North, i.e. 
the direction where the position error has the larg-
est variance (sN). The semi-major axes are bigger 
in the aft section due to heading error propagation, 
as the GPS antenna is assumed to be in the forepart 
of the vessel.

Assuming non-zero covariances of xN, yE 
the MVPA will change gradually, as presented in Fig-
ures 5b and 5c. The resultant MVPA in Figure 5b is 
built from three tangent points for each uncertain-
ty ellipse, for input parameters: ψ = 45°, sE = 1 m, 
sN = 2 m, sEN = 1 m2, sψ = 2°, k = 1. The ellipses have 
changed their dimensions and rotation in compari-
son to Figure 5a due to the East-North (EN) positive 
covariance.

In the Figure 5c the MVPA is built for input 
parameters: ψ = 45°, sE = 1 m, sN = 2 m, sEN = 2 m2, 
sψ = 2°, k = 1. This gives a perfect positive correla-
tion of position estimation errors in the East and 
the North directions. This 100% covariance between 
E-N parameters of GNSS EGNOS corrected posi-
tion, while heading to 45°, results in a very small 
MVPA margin close to the ship’s starboard bow. 

There is very low probability of an erroneous ship 
contour position in this area.

It must be emphasized that in Figures 5a, 5b, 5c 
the k-factor corresponds to 1σ uncertainty ellipse 
(39.3% confidence level). In reality the MVPA 
should be based on ellipses of confidence derived 
from the accepted risk level. For example, for 5% 
risk, the confidence level of the ellipses will rise to 
95%, meaning the ellipses forming the MVPA will 
be approximately 2.45 times larger.

A presentation of a MVPA based on SBAS integ-
rity data in an ECS display is shown in Figure 6 as 
a black envelope around the red ship’s contour.

Conclusions

The MVPA concept has been developed for 
marine ECS or ECDIS where a vessel is shown as 
a two-dimensional spatial object as a contour mod-
el of a ship. Utilization of the heading variance 
and the elliptical components of SBAS-estimated 
GNSS errors, in the protection area model, provide 
a navigator with an additional benefit coming from 
the information of changes in the MVPA orientation 
and shape.

Two types of alerts can be generated by the MVPA:
1. Alert based on the fixed limit values: activated 

if circular protection level HPL, derived solely 
from GNSS/SBAS, exceeds the horizontal alert 
limit (HAL) set for a specific marine area and 
operation.

2. Alert based on the domain methodology: acti-
vated if there are dangers to navigation inside 
the constructed MVPA. The MVPA can be 
of variable size depending on the k-factor which 
is set for a specific marine area and operation and 
relevant to the integrity risk.
Taking the geometric properties of MVPA 

into account, the best location for the installa-
tion of the GNSS antenna is the centre of ship’s 
waterplane contour in the body-fixed reference 
frame. This location for the GNSS antenna leads 
to similar values of heading errors when propa-
gated to the MVPA envelope at the fore and aft. 
The realization of this condition is usually imprac-
ticable in the majority of marine transport vessels, 
so mariners must be aware of a larger uncertainty 
in the ship’s position at the fore or aft depending on 
the construction of the vessel. For example, when 
the navigation bridge and GNSS antenna are located 
in the forepart then the MVPA is larger in the aft, and 
in case of the navigation bridge and GNSS antenna 
in the aft, the MVPA is larger at the fore.

Figure 6. Presentation of a MVPA based on SBAS integrity 
data in an ECS display
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