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Introduction

In vibrating parametric systems oscillations are induced by
periodic variations of the systems properties, such as stiff-
ness, damping, moment of inertia etc. Disturbances in the
system are excited by the system itself, not due to outer
forces. The simplest examples of one-degrees-of-freedom
parametric systems are pendulum with fluctuating length
or a child playing on the swing. Parametric systems are de-
scribed in general by Hill’s differential equations or by
Mathieu equations in case of sinusoidal variations of the
system’s parameters.

In the parametric systems, in which stiffness or damp-
ing are changing, eigenfrequencies are also varying. How-
ever, similarly to the vibrating systems with constant
parameters, there also resonance phenomenon can be ob-
served. It is called parametric resonance and occurs when
parameters vary with certain frequencies. However condi-
tions, which need to be satisfied to induce parametric res-
onance are more complicated than in forced vibrations. For
one-degrees-of-freedom parametric systems and sinusoidal
excitation are widely described in literature [1-3]. Analysis
of stability of two degrees-of-freedom (TDOF) was per-
formed in [4,5]. In the works [6,7] parametric excitations
were used to suppress vibrations of TDOF systems. The
spectra of parametric systems was presented inter alia in [8].

In this article the results of spectral analyses of that sys-
tem are presented.

Model

We will consider two rotating cylinders, which are stressed
to each other (fig.1). One of them has metallic surface and
the second one is covered with rubber material. On the sur-
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Figure 1. Considered cylinders system: cylinders in contact
(a) and the moment of canals encounter (b)
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Figure 2. Model of a system
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face of each cylinder a rectangular channel is placed. The
canals encounter after each cylinders revolution and in that
moment the contact between cylinders disappear (fig. 1b),
which results in declining to the minimum the stiffness and
damping properties of the system. After a while, when the
cylinders are again in contact, both parameters grow up
and reach their maximum value. Such periodical fluctua-
tions of the parameters excite parametric vibrations.

A model of the cylinders system is presented in figure 2.
It can be described by system of Hill’s equations (1).

Mi+C()x+R(t)x = 0
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M - the mass matrix, € — the damping matrix , K ~
the stiffness matrix, 7, m» — the masses of the

cylinders; ¢, ¢, — the damping coefficients of the
bearings in which cylinders are mounted; 4, k2,— the
stiffness coefficients of the bearings in which the
cylinders are mounted; k(f)=kf(t) — the stiffness of
the system in the cylinders' contact zone; ¢(f) = ¢f (¢)
~ the damping of the system in the cylinders' contact
zone; f(#) — the function of parameters' variations.

The changes of variations of the parameters /(%)
and ¢(z) are defined by function f{z) (2), which is
presented in figure 3. Function f{#) also defines the
form of the exciting force.

1, T <t<T,

f(©)=17°3-21), T, <1 <T, )
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where:

n=0,1,2...; T= (Te - t)/g; T =Thi1— &

Tye = Thyr — 26T, =nT;, T = 27T/w ~ period of the
cylinders' load variations; f(t + T) = f(t); 2& — time

in which the cylinders are not in contact (see Fig. 3).

For computations purposes the order of differential
equations system (1) was reduced and the new variables
were introduced: X = Zy; X1 = Zy; Xy = Zg; Xp = Zy.
In that way four differential equations were obtained in

the form (3).
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Figure 3: Character of system's stiffness and damping vari-
ations (function f(t))
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The systems of two rotating cylinders with canals on
their surfaces, like the one described above, are commonly
used in printing presses. The presented model lets specify
critical speed of working machine in which the system is
stable and parametric resonance does not occur.

Results

System of equations (3) was solved in Matlab® (license
number: 69266). Integration of the system of four equa-
tions was performed with the fourth order Runge-Kutta
method. The parameters of the system (masses, stiffness and
damping coefficients) used in calculations were close to the
real ones, which occur in the printing presses (Tab. 1).

Table 1. Parameters of the system [4]

Parameter Value
mi 85,0 [kgl
mz 105,0 [kg]
ki 2.94¢9 [Nm™]
k2 3.16e9 [Nm™]
k 2.05e8 [Nm™]
1 4,90¢2[Ns'm™]
e 4,90e2[Ns'm™]
c 9,21e2[Ns'm™]

Parametric systems are instable for frequencies of the
exciting force f'(the force induced by variation of the sys-
tem’s parameters) equal to
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Parametric resonance does not occur if the system is ex-
cited with the frequencies, which are in relation (4) to the
lower of the system’s natural frequency Q.

Spectral analysis was performed in the following man-
ner: System of equations (3) was solved for time period of
[0;10] seconds. From the vibratory signal obtained in the

time domain the last 3 seconds were taken into account
with the frequency satisfying equation (4), in which Q;is ~ when performing FFT transformation. The reason of such

equal to Q, — the larger one of two system’s natural fre-  procedure was to avoid peaks in the spectrograms, which
quencies. Parametric resonance for all cases of system’s in-  are related to vibrations appearing only just after exciting

w =2/ )

where: n=1,2,...,7 and Qz’ are the system's natural frequen-
cies (calculated as in [4]) of the modified system with con-
stant parameters.

Considered TDOF system is instable when it is excited

stability is shown in phase space in figure 4. the system.
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Figure 5. Comparison of masses m1 and m2 vibrations
spectra
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Fourier transformation was conducted with Matlab‘s
built in algorithm. In order to optimize work of the algo-
rithm, length of the inpuct signal was enlarged to the closest
power of 2 by adding zeros at the end of the data sequence.
Frequencies on the spectrograms are relative values with re-
spect to §y.

Spectrograms of exciting force f{t) were prepared with
the same procedure.

Spectral analysis of the resonating masses showed,
that their spectra are similar and the only difference

occurs in the values of certain peaks. Thus analysis of
only one mass (m;) vibrations are further presented.
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Figure 5 shows an exemplary comparison of the
vibrations spectra of masses m; and m. for exciting

frequency equal to w = L /
In figure 6 spectra of Vrbrations of m; and exciting
force f* are depicted.

As one can see there does not exist simple relation
between frequencies of exciting force f and those of
system body's vibrations. There is visible correlation only
for even values of factor 7, i.e. n=2, 4, 6. If we consider
odd values of 7 (1, 3, 5, 7), peaks of the exciting force
spectrum are located exactly in between of body's
vibrations frequencies.

All spectra presented in figure 6 indicate the largest

peak for the relative frequency equal toQZ / Q. Next to it

there is noticeable peak corresponds to lower of natural

frequencies 1/ Q, It is visible only in figure 6f and 6g,
because of the scale used in the figures. Other graphs

show that harmonics of &, / dominate over it. With

the growth of factor 7 (decrease of excitation frequency)
there appear larger number of peaks in the spectrum. The
relation between frequencies of the peaks and values of
parameter 7 are collected in table 2.

Odd values of factor 7 imply appearing of peaks in
2k—1 /

frequencies equal to n Wwhereas even 7 values
induce peaks in frequencies 2k/n (k=1,2,3...).

If we consider vibrations of the stable system,
correlation between spectrum of vibrations and exciting

function are similar to those in the case of parametric
resonance spectra. The difference is that peak repre-

senting frequency Ql/ Q,’ which becomes dominating

over harmonics of frequency . An example of these
relations for 7=8 is presented in figure 7.
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Figure 7. Poincaré section (a) and spectra of mass m1 vi-
brations and exciting function f for n=8 (b)

Table 2. Relation between frequencies

n Relative frequencies

1,3,5

202,412, %02, 812,/

s, 1,515,715

Ya, 1,312, %1, 512, %12, 712,812, ° 12, 112, 1o, 2

1/5’3/5, 1, 7/5,9/5’ 11/5)13/5, 15/5, 17/5, 19/5’21/5

26,46, 1, %16, L6, 215, Y16, 15, 1816, X1, 216, 216, 16

7,317, %17, 1,%17, M7, 8317, 517, V5, Pl 2 7, B, P, Y

NI XY AV,3 UN ROV I (O

Conclusions

In the paper the analysis of the model of two rotating cylin-
ders with variable stiffness and damping was investigated.
The conducted spectral analysis of the system’s vibrations
shown, that spectrum of the instable system consists mainly
of the frequency corresponding to the larger one of two its
natural frequencies and its super- and subharmonics. The
frequencies of the harmonics are fractions of parameter 7,
which defines the exciting force frequency. However, the
spectra of system’s bodies vibrations and the exciting force
do not simply correlate to each other. Such correlation of
both spectra is noticeable only in the case of even values of
parameter 7.

If the system is stable, in its spectrum sub- and superhar-
monics of the larger one of the natural frequencies decrease
significantly and more meaningful becomes the peak corre-
sponding to the smaller one of two natural frequencies.
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