POZNAN UNIVERSITY OF TECHNOLOGY ACADEMIC JOURNALS

No 89 Electrical Engineering 2017
DOI 10.21008/j.1897-0737.2017.89.0001

Tadeusz KACZOREK*

CHARACTERISTIC EQUATIONS OF THE STANDARD
AND DESCRIPTOR LINEAR ELECTRICAL CIRCUITS

The problem of calculation of the characteristic equations of the standard and
descriptor linear electrical circuits is addressed. It is shown that the characteristic
equation of the linear electrical circuit is independent of the method used for its
analysis. The well-known three methods: the state space method, the mesh method and
the node method are analyzed.
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1. INTRODUCTION

A dynamical system is called positive if its trajectory starting from any
nonnegative initial state remains forever in the positive orthant for all
nonnegative inputs. An overview of state of the art in positive theory is given in
the monographs [3, 9]. Variety of models having positive behavior can be found
in engineering, especially in electrical circuits [16], economics, social sciences,
biology and medicine, etc. [3, 9]. The analysis of linear systems and electrical
circuits has been addressed in [1, 2, 16-20].

The positive electrical circuits have been analyzed in [4-8, 10, 16]. The
constructability and observability of standard and positive electrical circuits has
been addressed in [5], the decoupling zeros in [6] and minimal-phase positive
electrical circuits in [7]. A new class of normal positive linear electrical circuits
has been introduced in [8]. Positive fractional linear electrical circuits have been
investigated in [11], positive linear systems with different fractional orders in
[12, 13] and positive unstable electrical circuits in [14]. Zeroing of state
variables in descriptor electrical circuits has been addressed in [15].

In this paper the problem of calculation of the characteristic equations of the
standard, positive and descriptor linear electrical circuits will be analyzed.

The paper is organized as follows. The problem of calculation of the
characteristic equations by the use of three methods: the state space method, the
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mesh method and the node method is investigated in section 2. An extension of
the results of section 2 to descriptor linear electrical circuits is presented in
section 3. Concluding remarks are given in section 4.

The following notation will be used: ‘R - the set of real numbers, R - the
set of nxm real matrices, R7" - the set of nxm real matrices with

nonnegative entries and R’ =R"', M, - the set of nxn Metzler matrices

n
(real matrices with nonnegative off-diagonal entries), /,- the nxn identity
matrix.

2. CHARACTERISTIC EQUATIONS
OF THE ELECTRICAL CIRCUITS

2.1. State space method

Consider the linear continuous-time electrical circuit described by the state
equation
x(t) = Ax(t)+ Bu(t), 2.1
where x(¢) e R", u(t) e R" are the state and input vectors and 4 R™",
BeR"™. 1t is well-known [1, 2, 16-20] that any standard linear electrical
circuit composed of resistors, coils, capacitors and voltage (current) sources can
be described by the equation (2.1). Usually as the state variables x,(?), ...,
x, () (the components of the vector x(¢)) the currents in the coils and voltages

on the capacitors are chosen.
Definition 2.1. The electrical circuit (2.1) is called (internally) positive if

x(t)e R, for any initial condition x(0)eR"” and every u(f)eR’,

t €[0,4+0).
Theorem 2.1. The electrical circuit (2.1) is positive if and only if
AeM,, BeR™. (2.2)
The positive electrical circuit (2.1) for u(z) = 0 is called asymptotically stable if
}1_21 x(t) =0 for all x(0)eR’. (2.3)

Theorem 2.2. The positive electrical circuit (2.1) is asymptotically stable if and
only if

Re A, <0 for k=1,...,n, (2.4)
where A, is the eigenvalue of the matrix 4 € M and

det[I A — Al=(A=2A)A=2,).(A—2). (2.5)
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2.2. Mesh method

Any linear electrical circuit composed of resistors, coils, capacitors and
voltage (current) sources in transient states can be also analyzed by the use of
the mesh method [2, 16].

Using the mesh method and the Laplace transform we can describe the
electrical circuit in transient states by the equation

Z(5)X(s)=E(s), (2.6a)

where X (s) = L[x(¢)] = J.x(t)e_” dt (L is the Laplace operator),
0

Z,(s) Zy(s) - Z,(5) E\(s)
Z(s)= ZZ]:(S) Zzzz(s) Zan(s) E(s)= Ez;(S) | .60)
Z,(s) Z,(s) - Z,(s) E,(s)

For example for the electrical circuit with given resistances R, R,, R;,

inductances L,, L, and voltage sources e, e, shown in Figure 2.1 using the
mesh method we obtain the following.

Li_ 50 i L2

— SIS0

R, % R, % R, %
e1(t) e2(t)

()1 ()
-

Fig. 2.1. Electrical circuit

Using the Kirchhoff’s laws for the electrical circuit we obtain the equations

p
e =Ri, +L]71‘+R3(i, ~i),

df .7)
e, =Ry, +Lzﬁ+R3(i2 ~i),

which can be written in the form
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ir_‘}:A{Z_‘}B,F} (2.8a)
dt|i, i e,

where
_RtRR L
— L] L] — L]
4 & ) R +R, | B, = ) L . (2.8b)
L, L, L,

The electrical circuit is positive since 4, € M, and B, € R**.
The characteristic equation of the electrical circuit has the form

R + R, R,
T L
—41= 1 |
det[/,s — 4,] R X R +R
L § L (2.9)
_2y R +R, N R, + R, . R/(R, +R))+ R,R, 0.
L L, LL,
Using the mesh method and the Laplace transform we obtain
R + R, +5L, - R, 1,(s) _ E (s) ’ (2.102)
- R, R, + R, +sL, || 1,(s) E,(s)

where 1, (s) = L[i, ()], E,(s)=L[e, ()], k=12.
In this case we have
R+R +s -R I (s E (s
Z(s){ i+ &+l ’ }X(s):{ ) )},E(s):{ ) )}.(2.1019)
_RS Rz +R3 +Sl’z Iz(s) Ez(s)

Note that
R + Ry + 5L, - R,

— R, R, + R, +sL,
= L,L2s2 +[(R,+R)L, +(R, +Ry)LJs + R(R, + R;) + R,R,

det Z(s) =

(2.11)

o 1 .
and after multiplication by —— we obtain
12

detZ(s)=L,L,det[l,s—A4]. (2.12)
From (2.12) we have the following conclusion.
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Conclusion 2.1. The characteristic equation (2.9) of the electrical circuit can be
also obtained by computation of the determinant of the matrix Z(s) in the mesh

method.

2.3. Node method

Any linear electrical circuit composed of resistors, coils, capacitors and
voltage (current) sources in transient states can be also analyzed by the use of
the node method. Using the node method and the Laplace transform we can
describe the electrical circuit in transient states by the equation [2, 16]

Y(s)V(s)=1.(s), (2.13a)
where
Yi(s) Yo(s) - Y(s) Vi(s) I,(s)
o 2O O RO o RO o0
Vi) Ypls) e Y, 0) V) L,(s)

q is the number of linearly independent nodes, Y, (s) and V,(s), i,/ =1,...,q

are Laplace transforms of conductances and current sources of the electrical
circuit, respectively.

L v(t) Lo
0] 100
R, % R, % R, %

1(t ex(t)
() (o)
N7 \_/

le’]

S

v(t)=0
Fig. 2.2. Electrical circuit

For example for the electrical circuit shown in Figure 2.2 using the node
method we obtain

Y(sV(s)=1.(s), (2.14a)
where V(s) = L[v(?)], E,(s) = L[e,(t)], k=1,2 and
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1 1
Y(s)=Y,(s) = + P
R +sL, R,+sL, R,
£ £ (2.14b)
[Z(S):_ ](S) + Z(S) .
R +sL, R,+sL,
Note that
1 1 1
detY(s)=Y(s)= + +—
R +sL, R,+sL, R,
(2.15)

B LL,s> +[(R +R)L, +(R, + R,)L,Js + R(R, + R,) + R,R,
(R, +sL)(R, +sL,)R,
(R, +sL)(R, +5L,)R,
L] LZ
L]LZ
(R, +sL)(R, +sL,)R,
From (2.16) we have the following conclusion.

Conclusion 2.2. The characteristic equation (2.9) of the electrical circuit can be
also obtained by computation of the determinant of the matrix ¥ (s) in the node
method.
In general case we shall prove the following theorem.
Theorem 2.3. The characteristic equation of any linear circuit composed of
resistors, coils and capacitors is given in state equations method by

det[l, s—A]=s"+a, s"" +..+as+a,=0,
in mesh method by det Z(s) =0 and in node method by det Y(s)=0.
Proof. Applying the Laplace transform to (2.1) with zero initial conditions we
obtain

we obtain

and after multiplication by

detY(s) =

det[Z,s — A4 ]. (2.16)

[Ins - A]ad B
det[/ s — A]
where [/, s — A],, is the adjoint matrix of [/ s — A].

From (2.6a) we have

~ Z ,(s)
X(s)=Z7"(s)E(s) =—“"__E(s). 2.18
(s) ($)E(s) detZ(s)() (2.18)
Comparing the denominators of (2.17) and (2.18) we obtain that
det[/ s — A] =0 is equivalent to det Z(s) =0.

From (2.13a) we have

X(s)=[1,s— A" BU(s) = U(s), (2.17)

V(s)=Y'(s)L.(s). (2.19)
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Note that knowing V' (s) we can always find such matrix P(s) € R"(s) that

X(s)=P(s)V(s). (2.20)
Substituting (2.19) into (2.20) we obtain
X(s)= P(s)Y ()L (s) = - (Sfiitd;s(g ©) g

Comparing the denominators of (2.17) and (2.21) we obtain that
det[/ s — A] =0 is equivalent to detY(s)=0.0

Remark 2.1. The characteristic polynomial and characteristic equation of any
linear electrical circuit is independent of the voltage (current) sources.
Therefore, computing the characteristic equation (polynomial) of the electrical
circuit the voltage (current) sources can be assumed as zero.

Example 2.1. Consider the electrical circuit shown in Figure 2.3 with given
resistances R,, k=1,...,5, inductances L, L,, capacitance C and source

voltages e, e, .

Fig. 2.3. Electrical circuit of Example 2.1

Using the Kirchhoff’s laws for the electrical circuit we can write the equations
: . du di

e +e, =R, —Ri,+RC—+L —1,
dt dt

0=R,i,— Ry +L, %, (2.22)

du )
e, :u+R33CE+Rsz],

where R, =R +R,+R,, R,, =R, +R,, R; =R, + R;.
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The equations (2.22) can be written in the form

L 0 RC J i -R, R 0 | 7, I 1
e
0 L, 0 Eiz =| R, -R, O0/|i|+]|0 0{‘}.(2.23)
e
0 0 R,C| |u| |-R; 0 —1ful| |0 1[]°
From (2.23) we have
i I I
e
—|i, |= 4,4, +B{ ‘}, (2.24a)
dt e,
u u
where
1£2 Rj R R
11
L 0 RC - R, R O LR, L LRy,
4,=0 L 0 R, -R, 0]|= % —% 0 |
0 0 RC||-R, 0 -1 : ?
» _ & 0 — | (224b)
R,C R.C
LR
L 0 RC||1 1 L L R,
B={0 L 0 ||0 0|=|0 0
0 0 RC||0 1] |0 !
R,C
Note that the electrical circuit is positive if and only if R, =0.
The characteristic equation of the electrical circuit has the form
z ) _
S+1£R”_R5J _& _ RS
L] R33 L] L1R33
R R
det[l,s — = -3 S+£ 0 —
[3 AZ] L2 L2
ECH 0 S+—
R33C R33C
_ L]L2R33Cs3 +(LL, —L2R52C+L2R] ]R33C+L]R22R33C)s2 (2.25)
L1L2R33C
+ (L1R22 +L2R11 _R22R52C_R33R32C+R

LLR,C

11R22R33C)S +R11R22 _R32 .
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Applying to the electrical circuit in Figure 2.3 the mesh method we choose as the

. oo du ,
state variables the currents i,, 7,, C I and we obtain
t

R, +sL, - R, - R,
Z(s)=| -R, R,, +sL, 0 , (2.26)
1
-R 0 Ry, +—
s Sl

where R, =R +R,+R,, R,, =R, +R;, R,; =R, + R, and
LL,R,Cs’ +(LL,~L,R2C+L,R R,,C+LR,,R,C)s’

sC (2.27)

4 (LiRy, + L R, = R,,RIC = R;;R;C+ R, Ry, Ry C)s + R, Ry, — R]
sC

From comparison of (2.25) and (2.27) it follows that the characteristic equations
are equivalent.
Applying to the electrical circuit in Figure 2.3 the node method we obtain

det Z(s) =

1 N 1 1 1
R +sL, R,+sL, R, R, +5L,
Y(s)= 2.8
(S) _; 1 N 1 : +i ( )
R, +5L, R, +sL, Ro+— R
L sC
and
det Y (s) = LL,R.CS® +(LL, - L,R2C+ L,R, R,;C + LR, R,,C)s’

R,R(sR,Cs +1)(R, +sL)(R, +sL,)
" (LiRy+ LR, — Rzstzc - R33R32C +R R, R;,C)s + R R, — Rsz
R.R,(sR,Cs +1)(R, +sL)(R, +5L,)
where R, =R +R,+R,, R,, =R, +R,, R; =R, + R;.
From comparison of (2.25) and (2.29) if follows that the characteristic equations
are equivalent.

(2.29)

b

3. DESCRIPTOR ELECTRICAL CIRCUITS

In this section the previous results will be extended to descriptor linear
electrical circuits.
Consider the linear electrical circuit described by the equation
Ex = Ax+ Bu, (3.1)
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where x=x(t)eR", u=u(t)eR" are the state and input vectors and

E, AeR™, BeR"™™ . Itis assumed that
det £ =0 and det[Es— A4]#0

for some s € C (the field of complex numbers). (3.2)

Definition 3.1. The linear electrical circuit described by (3.1) satisfying the
assumption (3.2) is called a descriptor (singular) electrical circuit.
Theorem 3.1. Linear electrical circuit is descriptor if it contains at least one
mesh consisting of only ideal capacitors and voltage sources or at least one node
with branches with coils.
Proof. The proof'is given in [16].

Consider the descriptor electrical circuit shown in Figure 3.1 with given

resistances R,, k=123, inductances L,, k=1,2,3 and voltage sources e,,

e,

Fig. 3.1. Descriptor electrical circuit

Using the Kirchhoff’s laws we obtain the equations

di di
e =R +L, L+ Ry, + L, "2
dt
di di
e, =Rji,+L,—2—Ri —L —, 3.3
2 22 2 t 3%3 3 dt ( )
i, =i, +1,
which can be written in the form
l] l]
d| . . €
E—|i,|=4]|i, |+B , (3.4a)
dt| . €
I3 I3

where
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L 0 L - R, 0 -R 1 0
E=10 L, -L;|,A=| 0 —-R, R, |,B=|0 1 (3.4b)
0 0 0 1 -1 -1 0 0
The condition (3.2) is satisfied since det £ =0 and
R +sL, 0 R, +sL,
detlEs—A]=| 0  Ry+sL, —Ry—sL|=[L(L, +L1;)+L,L]s’ (3.5)

-1 1 1
+[LR, + LR +L,(R +R)+(L, + L)R,Js+ RR, + R,(R, + R)) # 0.
Therefore, the characteristic equation of the electrical circuit has the form
N LR +LR +L,(R+R)+(L, +L,)R, o RR,+R,(R +R,) _
L(L,+L)+L,L, L(L,+L,)+L,L;]
The descriptor electrical circuit shown in Figure 3.1 is positive if 7,(¢) >0,
k=123 for any initial conditions 7,(0)>0, k=123 and all e(¢)=>0,
i=12 fort>0.
Substituting i, (t) = i,(¢) +1,(¢) into (3.3) we obtain

|:L] L, +L3}i{iz} :|:_R] - (R, +R3):||:l:2:|+|:el:| (3.7)

L, —L, |dt|i -R, R, I e,
PHA) o
dt | i, I e,

. RL+R(L+L) (R+R)L,~RL,
A:{lﬂ L +L3:| {—fi ~(R, +R3)}= LL+L(L+L) LL+L(L+L)
L -L ||-R R RL-RL  (R+R)L,-RIL |
LL+L(L+L) LL+L(L+L)
B{Ll L +L3}‘ _ 1 {L} L +lg}
L -L | LL+LL+L)|L, -L
From (3.8b) it follows that 4 € M, if and only if (R, +R,)L, > R,L, and
RL,>R,L ,and B € R ifand only if L, =0.
Therefore, the descriptor electrical circuit is not positive for all values of the
resistances R, , k =1,2,3 and inductances L, , k=1,23.

0.(3.6)

and

where

(3.8b)
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Using the mesh method to the electrical circuit we obtain
R +R, +s(L, +L - R, —sL
Z(s) = 1 s +8(L 3) 3 3 (3.9)
— R, —sL, R, + R, +s(L, +L,)
and
detZ(s)=[R, + R, +s(L, + L)][R, + R, +s(L, + L,)]— (R, +sL,)’
=[L,(L, + L) + L,L,)s* +[L,R, + LR, + L,(R, + R,) + (L, + L,)R,]s (3-10)
+RR,+R,(R +R,)).
From comparison of (3.5) and (3.10) it follows that the characteristic equation
obtained in the mesh method is identical with (3.6).
Using the node method to the electrical circuit we obtain

Y(s) = 1 1 1

+ + (3.11)
R +sL, R,+sL, R,+sL,

and

detY(s) = (Ry +SL))(R; +sLy) + (R, + sL )(R; +sLy) + (R, +sL)(R, +sL,)
(R, +sL)(R, +sL,))(Ry +sL,)

_L{, + L)+ L,L]s" +[LR, + LR + L, (R +R)+(L,+ L)R,]s  (3.12)
(R, +5L)(R, +sL,)(R; +5Ly)
RR,+R,(R +R,)
(R, +5L)(R, +5sL,)(R; +5Ly)

Therefore, the characteristic equation obtained in the node method is identical

with (3.6). In general case we have the following theorem.

Theorem 3.1. The characteristic equations of the descriptor linear electrical

circuit composed of resistors, coils and capacitors obtained by the state space

method, mesh method and node method are equivalent.

Proof. The proof is similar to the proof of Theorem 2.3.

4. CONCLUDING REMARKS

The problem of calculation of the characteristic equations of the standard
positive and descriptor linear electrical circuits has been addressed. It has been
shown that the characteristic equation of the linear electrical circuit is
independent of the method used for its analysis. Three well-known methods of
the analysis of linear electrical circuits: state space method, mesh method and
node method have been analyzed. The characteristic equation of the standard or
descriptor linear electrical circuit can be computed using one of the three
methods (Theorems 2.3 and 3.2). The considerations have been illustrated by
simple examples of the linear electrical circuits and can be easily extended to
fractional linear electrical circuits.
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