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The problem of calculation of the characteristic equations of the standard and 
descriptor linear electrical circuits is addressed. It is shown that the characteristic 
equation of the linear electrical circuit is independent of the method used for its 
analysis. The well-known three methods: the state space method, the mesh method and 
the node method are analyzed. 
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1. INTRODUCTION 
 

 A dynamical system is called positive if its trajectory starting from any 
nonnegative initial state remains forever in the positive orthant for all 
nonnegative inputs. An overview of state of the art in positive theory is given in 
the monographs [3, 9]. Variety of models having positive behavior can be found 
in engineering, especially in electrical circuits [16], economics, social sciences, 
biology and medicine, etc. [3, 9]. The analysis of linear systems and electrical 
circuits has been addressed in [1, 2, 16-20]. 
 The positive electrical circuits have been analyzed in [4-8, 10, 16]. The 
constructability and observability of standard and positive electrical circuits has 
been addressed in [5], the decoupling zeros in [6] and minimal-phase positive 
electrical circuits in [7]. A new class of normal positive linear electrical circuits 
has been introduced in [8]. Positive fractional linear electrical circuits have been 
investigated in [11], positive linear systems with different fractional orders in 
[12, 13] and positive unstable electrical circuits in [14]. Zeroing of state 
variables in descriptor electrical circuits has been addressed in [15]. 
 In this paper the problem of calculation of the characteristic equations of the 
standard, positive and descriptor linear electrical circuits will be analyzed. 
 The paper is organized as follows. The problem of calculation of the 
characteristic equations by the use of three methods: the state space method, the 
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mesh method and the node method is investigated in section 2. An extension of 
the results of section 2 to descriptor linear electrical circuits is presented in 
section 3. Concluding remarks are given in section 4. 
 The following notation will be used:   - the set of real numbers, mn  - the 
set of mn  real matrices, mn

  - the set of mn  real matrices with 

nonnegative entries and 1
  nn , nM  - the set of nn  Metzler matrices 

(real matrices with nonnegative off-diagonal entries), nI - the nn  identity 
matrix. 
 

2. CHARACTERISTIC EQUATIONS  
OF THE ELECTRICAL CIRCUITS 

 
2.1. State space method 

 
 Consider the linear continuous-time electrical circuit described by the state 
equation 

)()()( tButAxtx  ,       (2.1) 
where ntx )( , mtu )(  are the state and input vectors and nnA  , 

mnB  . It is well-known [1, 2, 16-20] that any standard linear electrical 
circuit composed of resistors, coils, capacitors and voltage (current) sources can 
be described by the equation (2.1). Usually as the state variables )(1 tx , …, 

)(txn  (the components of the vector )(tx ) the currents in the coils and voltages 
on the capacitors are chosen. 
Definition 2.1. The electrical circuit (2.1) is called (internally) positive if 

ntx )( , for any initial condition nx )0(  and every mtu )( , 
),0[ t . 

Theorem 2.1. The electrical circuit (2.1) is positive if and only if 

nMA , mnB 
 .        (2.2) 

The positive electrical circuit (2.1) for 0)( tu  is called asymptotically stable if 
0)(lim 


tx

t
 for all nx )0( .     (2.3) 

Theorem 2.2. The positive electrical circuit (2.1) is asymptotically stable if and 
only if 

0Re k  for nk ,...,1 ,       (2.4) 
where k  is the eigenvalue of the matrix nMA  and 

))...()((]det[ 21 nn AI   .    (2.5) 
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2.2. Mesh method 
 
 Any linear electrical circuit composed of resistors, coils, capacitors and 
voltage (current) sources in transient states can be also analyzed by the use of 
the mesh method [2, 16]. 
 Using the mesh method and the Laplace transform we can describe the 
electrical circuit in transient states by the equation 

)()()( sEsXsZ  ,       (2.6a) 

where 



0

)()]([)( dtetxtxsX stL  (L  is the Laplace operator), 
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 For example for the electrical circuit with given resistances 1R , 2R , 3R , 
inductances 1L , 2L  and voltage sources 1e , 2e  shown in Figure 2.1 using the 
mesh method we obtain the following. 
 

 
 

Fig. 2.1. Electrical circuit 
 

 Using the Kirchhoff’s laws for the electrical circuit we obtain the equations 

),(

),(

123
2

2222

213
1

1111

iiR
dt
diLiRe

iiR
dt
diLiRe




       (2.7) 

which can be written in the form 
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The electrical circuit is positive since 21 MA   and 22
1

B . 
 The characteristic equation of the electrical circuit has the form 
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Using the mesh method and the Laplace transform we obtain 
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where )]([)( tisI kk L , )]([)( tesE kk L , 2,1k . 
 In this case we have 
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Note that 

32321132231
2
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2323

3131
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 (2.11) 

and after multiplication by 
21

1
LL

 we obtain 

]det[)(det 1221 AsILLsZ  .      (2.12) 
From (2.12) we have the following conclusion. 
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Conclusion 2.1. The characteristic equation (2.9) of the electrical circuit can be 
also obtained by computation of the determinant of the matrix )(sZ  in the mesh 
method. 
 
2.3. Node method 
 
 Any linear electrical circuit composed of resistors, coils, capacitors and 
voltage (current) sources in transient states can be also analyzed by the use of 
the node method. Using the node method and the Laplace transform we can 
describe the electrical circuit in transient states by the equation [2, 16] 

)()()( sIsVsY z ,       (2.13a) 
where 
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q is the number of linearly independent nodes, )(sYij  and )(sVi , qji ,...,1,   
are Laplace transforms of conductances and current sources of the electrical 
circuit, respectively. 

 
 

Fig. 2.2. Electrical circuit 
 
 For example for the electrical circuit shown in Figure 2.2 using the node 
method we obtain 

)()()( sIsVsY z ,       (2.14a) 
where )]([)( tvsV L , )]([)( tesE kk L , 2,1k  and 
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and after multiplication by 
21

32211 ))((
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RsLRsLR 
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LLsY 
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From (2.16) we have the following conclusion. 
Conclusion 2.2. The characteristic equation (2.9) of the electrical circuit can be 
also obtained by computation of the determinant of the matrix )(sY  in the node 
method. 
In general case we shall prove the following theorem. 
Theorem 2.3. The characteristic equation of any linear circuit composed of 
resistors, coils and capacitors is given in state equations method by 

0...]det[ 01
1

1  
 asasasAsI n

n
n

n , 
in mesh method by 0)(det sZ  and in node method by 0)(det sY . 
Proof. Applying the Laplace transform to (2.1) with zero initial conditions we 
obtain 

)(
]det[

][)(][)( 1 sBU
AsI

AsIsBUAsIsX
n

adn
n 


  ,   (2.17) 

where adn AsI ][   is the adjoint matrix of ][ AsIn  . 
From (2.6a) we have 

)(
)(det

)()()()( 1 sE
sZ

sZsEsZsX ad  .     (2.18) 

Comparing the denominators of (2.17) and (2.18) we obtain that 
0]det[  AsIn  is equivalent to 0)(det sZ . 

From (2.13a) we have 
)()()( 1 sIsYsV z

 .        (2.19) 
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Note that knowing )(sV  we can always find such matrix )()( ssP qn  that 
)()()( sVsPsX  .       (2.20) 

Substituting (2.19) into (2.20) we obtain 

)(det
)()()()()()()( 1

sY
sIsYsPsIsYsPsX zad

z   .   (2.21) 

Comparing the denominators of (2.17) and (2.21) we obtain that 
0]det[  AsIn  is equivalent to 0)(det sY . □ 

Remark 2.1. The characteristic polynomial and characteristic equation of any 
linear electrical circuit is independent of the voltage (current) sources. 
Therefore, computing the characteristic equation (polynomial) of the electrical 
circuit the voltage (current) sources can be assumed as zero. 
Example 2.1. Consider the electrical circuit shown in Figure 2.3 with given 
resistances kR , 5,...,1k , inductances 1L , 2L , capacitance C  and source 
voltages 1e , 2e . 

 
 

Fig. 2.3. Electrical circuit of Example 2.1 
 

Using the Kirchhoff’s laws for the electrical circuit we can write the equations 
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    (2.22) 

where 53111 RRRR  , 3222 RRR  , 5433 RRR  . 
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The equations (2.22) can be written in the form 
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From (2.23) we have 
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Note that the electrical circuit is positive if and only if 05 R . 
The characteristic equation of the electrical circuit has the form 

.)(

)(

10

0

1

]det[

3321

2
32211332211

2
333

2
522112221

3321

2
3322133112

2
5221

3
3321

3333

5

2

22

2

3

331

5

1

3

33

2
5

11
1

23

CRLL
RRRsCRRRCRRCRRRLRL

CRLL
sCRRLCRRLCRLLLCsRLL

CR
s

CR
R

L
Rs

L
R

RL
R

L
R

R
RR

L
s

AsI

















































(2.25) 



Characteristic equations of the standard and descriptor linear electrical ... 
 
 

19 

Applying to the electrical circuit in Figure 2.3 the mesh method we choose as the 

state variables the currents 1i , 2i , 
dt
duC  and we obtain 
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From comparison of (2.25) and (2.27) it follows that the characteristic equations 
are equivalent. 
Applying to the electrical circuit in Figure 2.3 the node method we obtain 
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where 53111 RRRR  , 3222 RRR  , 5433 RRR  . 
From comparison of (2.25) and (2.29) if follows that the characteristic equations 
are equivalent. 
 

3. DESCRIPTOR ELECTRICAL CIRCUITS 
 
 In this section the previous results will be extended to descriptor linear 
electrical circuits. 
Consider the linear electrical circuit described by the equation 

BuAxxE  ,        (3.1) 
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where ntxx  )( , mtuu  )(  are the state and input vectors and 
nnAE , , mnB  . It is assumed that 

0det E  and 0]det[  AEs  
for some Cs  (the field of complex numbers).     (3.2) 

Definition 3.1. The linear electrical circuit described by (3.1) satisfying the 
assumption (3.2) is called a descriptor (singular) electrical circuit. 
Theorem 3.1. Linear electrical circuit is descriptor if it contains at least one 
mesh consisting of only ideal capacitors and voltage sources or at least one node 
with branches with coils. 
Proof. The proof is given in [16]. 
 Consider the descriptor electrical circuit shown in Figure 3.1 with given 
resistances kR , 3,2,1k , inductances kL , 3,2,1k  and voltage sources 1e , 

2e , 

 
 

Fig. 3.1. Descriptor electrical circuit 
 

Using the Kirchhoff’s laws we obtain the equations 
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which can be written in the form 
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where 
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The condition (3.2) is satisfied since 0det E  and 
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Therefore, the characteristic equation of the electrical circuit has the form 
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The descriptor electrical circuit shown in Figure 3.1 is positive if 0)( tik , 
3,2,1k  for any initial conditions 0)0( ki , 3,2,1k  and all 0)( tei , 

2,1i  for 0t . 
Substituting )()()( 321 tititi   into (3.3) we obtain 
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and 
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From (3.8b) it follows that 2MA  if and only if 13231 )( LRLRR   and 

1221 LRLR  , and 22
B  if and only if 01 L . 

 Therefore, the descriptor electrical circuit is not positive for all values of the 
resistances kR , 3,2,1k  and inductances kL , 3,2,1k . 
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Using the mesh method to the electrical circuit we obtain 
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From comparison of (3.5) and (3.10) it follows that the characteristic equation 
obtained in the mesh method is identical with (3.6). 
 Using the node method to the electrical circuit we obtain 
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  (3.12) 

Therefore, the characteristic equation obtained in the node method is identical 
with (3.6). In general case we have the following theorem. 
Theorem 3.1. The characteristic equations of the descriptor linear electrical 
circuit composed of resistors, coils and capacitors obtained by the state space 
method, mesh method and node method are equivalent. 
Proof. The proof is similar to the proof of Theorem 2.3. 
 

4. CONCLUDING REMARKS 
 
 The problem of calculation of the characteristic equations of the standard 
positive and descriptor linear electrical circuits has been addressed. It has been 
shown that the characteristic equation of the linear electrical circuit is 
independent of the method used for its analysis. Three well-known methods of 
the analysis of linear electrical circuits: state space method, mesh method and 
node method have been analyzed. The characteristic equation of the standard or 
descriptor linear electrical circuit can be computed using one of the three 
methods (Theorems 2.3 and 3.2). The considerations have been illustrated by 
simple examples of the linear electrical circuits and can be easily extended to 
fractional linear electrical circuits. 
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