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Many Faces of Singularities in Robotics
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Abstract: In this survey paper some issues concerning a singularity concept in robotics are

addressed. Singularities are analyzed in the scope of inverse kinematics for serial manipulator,
a motion planning task of nonholonomic systems and the optimal control covering a large area
of practical robotic systems. An attempt has been made to define the term singularity, which is

independent on a specific task. A few classifications of singularities with respect to different criteria

are proposed and illustrated on simple examples. Singularities are analyzed from a numerical

and physical point of view. Generally, singularities pose some problems in motion planning and/or
control of robots. However, as illustrated on the example on force/momenta transformation in serial
manipulators, they can also be desirable is some cases. Singularity detection techniques and some
methods to cope with them are also provided. The paper is intended to be didactic and to help robotic
researchers to get a general view on the singularity issue.
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1. Introduction

Singularities appear in many contexts in robotics and usually
cause some problems in motion planning and/or controlling
a robot. In this paper singularities are analyzed for different
types of robots: mobile/free floating (nonholonomic ones) as
well as for holonomic stationary manipulators. In the most
common case, singularities arise when some matrices used to
plan or control a robot motion lose their full admissible rank
and problems of their (generalized) inversion arise. Two aspects
are to be mentioned: from a geometrical point of view at sin-
gularities motions in certain directions are not permitted, from
a numeric perspective either algorithms stop to work or their
results are unreliable. Singularities occupy a relatively small
part of a space where they are defined. However, their close
neighborhood is quite massive and singularity disregarding
may cause a numerical instability. Moreover, around singula-
rities some characteristics (like velocities at joints) can take
inadmissible, too large values and/or they switch their signs
causing undesirable chattering.

On the other hand singularities result either due to impro-
per modeling of a robot or its description is not valid globally.
In order to search for a unifying definition of singularities one

Autor korespondujacy:
Ignacy Duleba, ignacy.duleba@pwr.edu.p

Artykut recenzowany

nadestany 21.11.2022 r., przyjety do druku 15.01.2023 r

|@ @ | Zezwala sie na korzystanie z artykutu na warunkach
licencji Creative Commons Uznanie autorstwa 3.0

needs to consult their linguistic meaning. From a point of view of
applied sciences probably the most suitable notion of singularity
is covered by its equivalent terms: strange, un-regular, and excep-
tional. It means that at singularities something unusual happens
and this case cannot be treated in a standard (regular) way. From
a practical point of view at singularities either a description of
the controlled object should be updated or changed or algorithms
designed for a regular case modified slightly or substantially. In
any case special actions for the singular situation should be fore-
seen before starting planning or control and while performing
regular actions a permanent monitoring should take place to react
properly on singular cases. The singularity analysis still attracts
attention not only roboticians but also mathematicians [3].

This paper, being extended version of the conference paper [7],
is organized as follows. In Section 2 singularities are described
in three areas of robotics: for manipulators representing holono-
mic systems exemplified on the task of inverse kinematics, for
nonholonomic systems performing a motion planning task and
quite general systems to be controlled optimally. In Section 3
some methods to detect singularities are highlighted while in
Section 4 techniques to cope with them are presented. Section 5
concludes the paper.

2. Types of singularities

2.1. Holonomic systems

A standard kinematics for serial, single chain open loop mani-
pulators is given as

k: Q3g—k(geX, dmQ=n dimX=m (1)

For a goal point in the task-space @; € X an analytic inverse
of (1) can be found only for a few manipulators. Therefore
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the Newton algorithm is used, below given in the form valid for
redundant, n > m case (for non-redundant manipulators J#
is substituted with the standard matrix inversion J=') [16]

9.=9q;+ éz J* (qi)(mf - k(ql)) (2)

The initial configuration g, for the iterative process (2) is
given and the pseudo-inverse J# of the matrix J is defined via
the manipulability matrix

M(q) = J(@)J"'(q) as J*=J"(qM(q) " (3)

Sometimes either to increase/decrease importance of some

coordinates or to unify units (length-angle coordinates for pris-

matic-rotational joints) the weighted-version of pseudo-inverse
is used

J =Wl (awgr), (4)

where W denotes a symmetric, positively definite weighting
matrix. In any case, to effectively compute inverse (non-redun-
dant manipulators) or (weighted-) pseudoinverse (redundant
manipulators) matrix, a square matrix has to be non-singular.

The kinematics is exemplified on the 2D planar pendulum,
depicted in Fig. 1, with positional kinematics
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Fig. 1. The planar double pendulum: configuration (q,, q,), task-space
coordinates (x, y), end-effector forces t and forces at joints (f , f,)
depicted

Rys. 1. Podwdjne wahadto planarne: konfiguracja (q,, g,), wspotrzedne
przestrzeni zadaniowej (x, y), sity na efektorze tiw przegubach (f,, f,)

k(g) = |:x} _ |:alc1 + %012]’ )

Y 08) + 4y8y,

where a,, a, are lengths of its links and a simplified form to
denote trigonometric functions, ¢, = cos(q1 +4q,), s = sin(ql)7
is used. The Jacobian matrix of the 2D pendulum is given as

_a2812:|4 (6)

(12C12

10)=9-=|

S — AyS)y

a4,C) F ayCyy

From the determinant condition

det(J(q)) = a, a,s,=0

172 72

a singular configuration sub-space is derived
(q17 q2) = (*7 {07 .7[}), (7)
where, here and afterwards, * denotes any value.

Here we can distinguish length and angle singularities. The
former ones are due to vanishing of some rows of the Jacobi
matrix (at the configuration ¢ = (0, 0)T (g = (7/2, 0)%) the
length of the first (second) row in (6) is equal to zero. The
latter ones arise when a row becomes a linear combination of
other rows (the exemplary singular configuration (7r/4, 0)*). This
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characteristics can be expressed as angle dependencies, as some
row-vectors of the Jacobi matrix are placed on a single hyper-
plane and some angle relationships between them hold. It can
be noticed that the length singular configurations are not typi-
cal (for the 2D planar pendulum they appear only at configura-
tions (rzr/2,{0, n})T, r € N), cf. Fig. 2 forming a set composed
of isolated points. Theoretically, length singularities of corank
s arise when simultaneously s - n equality conditions hold, i.e.
s rows of the Jacobi matrix vanish. In practice s can be equal
to 1 only as at most n independent constraints can be imposed
on the configuration space and the constraints are satisfied on
a 0-dimensional manifold (separated points). Consequently, the
singularities can not be typical at all.

Singular configurations can be classified based on characteri-
stics they depend on. For earth-based stationary manipulators
kinematic singularities can be distinguished (depending, beside
configurations, on lengths and twists of links) while for free-flo-
ating space manipulators dynamic singularities appear as they
depend also on masses and inertia parameters of robots. The
aforementioned differentiation may be slightly deceptive as kine-
matic singularities can be assigned as well to problems related
to kinematics while dynamic ones to those involved dynamics
of robots.
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Fig. 2. Singular configurations of 2D planar pendulum: dots — length
singularities, thick lines — angle singularities

Rys. 2. Konfiguracje osobliwe dwuwahadta planarnego w przestrzeni
konfiguracyjnej: kropki — osobliwosci dtugosciowe, linia pogrubiona —
osobliwosci kagtowe

The latter division can be even more complicated as for many
systems of robotics their kinematics is directly incorporated into
dynamics either in a motion planning within the task-space or
at a control level in a cascade kinematic-dynamic scheme.

For any manipulator with a high dimensional, m = 6, task-
space parameterization singularities arise due to the minimal
representation of a rotational group SO(3). A (3X3) rotational
matrix

R:[noa]eS@(?)), (8)

composed of columns n, 0, a is a nine dimensional object with
six independent constraints imposed

[nll =lloll=lall=1, nxo=a, (9)
where X denotes a cross product and || - || is an Euclidean met-
rics. Consequently dim(SO(3))9 -6 = 3 and theoretically three
variables are enough to describe any rotation matrix R. Unfor-
tunately, there is no global diffeomorphism between SO(3) and
R? (or S*). The most common task of robotics, the inverse kine-
matics, can be effectively solved only at a velocity level, thus
some kind of angular velocity should be considered. The angular
velocity in the space frame is derived from the formula
[w] = RR" [15] and for two exemplary x-y-x and z-y-x param-
eterizations of R € SO(3) with angles p = (1, f3, 7)Tis described
by the following matrices
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R, = rot(z,a)rot (y, B)rot(z,y) =

s 848, $4C,
SaSp CaCy = SuChS,  —SuChC, = CyS, |,
—CuSp S,Cy HCuChS,  CuluC, — 8,8,

R, =rot (z,@)rot(y, B)rot(z,y) =

Culy  —CySu t o85S,  CoC, S5+ 8,8,

CpSy Coly 8,858, €,8,85 = CuS, |.

—Sp CpSy CpCy

(where rot(azis, angle) denotes an elementary rotation [19])
resulting in angular velocities

0 Cy
a)a:yz =0 Co Sacﬂ p = Azyzp ’
10 8, —CuSy
) _ (11)
—S, CaCﬂ
a)zyz = O Ca sacﬁ p = Azymp'
10 =5

As A matrices should be inverted to work within a task space
including coordinates p,

Sﬂ _Cﬂszz CaCﬂ
L1
b= Al‘]/fﬂwalj/l‘ =—|0 Casﬂ sasﬁ a)zya:7
1o s, —c,
casﬁ Casﬁ’ Cﬂ (12)
1
. -1 _
b= Azy:l:a)zyflr - Ci —SaCp  Colp 0 wzy:l:
)
c, s, 0

then for a pair of angles f parameterization singularities are
encountered

det(4,,)=-s, = B={0,7},

(13)
det(A,,.) = ~¢; = f = {n/2.-n/2}.
which correspond to rotation matrices at the singularities
1 0 0
R“W (O’ ﬂ:) =0 Caty isatr )
0 s,, *c,.
oo (14)
0 =Spp, Feuy
Rzyz (ﬂ/27 _”/2) =0 sz;;/ i_saiy
F1 0 0

respectively. From Eq. (14), it can be deduced that at singu-
lar configurations only a sum/difference of angles a, y can be
determined uniquely. At regular configurations two sets of angles
(a, B, y) correspond to a given rotation matrix. Moreover, the
aforementioned derivations and observations are also valid for
all other three element parameterization of SO(3) having sin-
gularities at different locations within the space.
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To avoid parameterization singularities a redundant, four
dimensional, parameterization of the SO(3) group with qua-
ternions is used frequently. Another method of avoiding problems
with parameterization singularities is to switch parameteriza-
tions as matrices R at singularities for different parameteriza-
tions are firmly well separated, cf. Eq. (14), [4].

Singular configurations are usually detected by a drop of the
maximal allowable rank of a Jacobi matrix J. The deficiency,
a corank

corank(J) = n — rank(J) (15)

can serve as another factor for the classification of singulari-
ties. Typically, the corank(J(q)) = 1 and those singularities are
unavoidable, contrary to avoidable singularities characterized
by higher coranks. A corank one set forms in the n-dimensional
configuration space a (n — 1) dimensional subspace and splits
the configuration space into two pieces. If initial and final con-
figurations of a planned motion are located not in the same
component, then a continuous curve connecting them has to
cross the singularity region at least once and a singular configu-
ration is inevitably met. When a singularity is of corank two or
more, then it can be avoided as the singularity set is too small
to split the configuration space into separated components and
a trajectory between any two configurations can be planned
avoiding this set.

For a special class of manipulators with the last three motion
axes crossing at a single point a kinematic decoupling techni-
que [19] can be applied to simplify solving an inverse kinematic
task. Unfortunately, even for the manipulators singularities can
also be encountered.

Till now singular configurations were considered as trouble-
makers. In some circumstances, however, they may be even
desirable. Based on the virtual work principle

(&,7)=(q,f) (16)

one can calculate how forces/momenta 7 applied at the end-ef-
fector of a manipulator are transformed into reactions forces/
momenta at joints f (cf. Fig. 1)

T (g =f. (17)

In Eq. (16) (-, -)stands for the inner product and ¢q, @& are
velocities in the configuration/task space, respectively.

To illustrate the force/momenta transformation (17) let us,
once again, analyze the double pendulum (5), (6) interpreted as
a simplified model of a human standing in the up-right singular
configuration, a= (ﬂ' / ZO)T. In this case the gravity force
7=(0,7, =mg) acts along y-axis, where m denotes a mass and
g stands for the gravity acceleration g = 9.81 m/s*

[ﬂ - {_—_ g}m - m (18)

At this particular, singular configuration no reaction forces
act at joints what is the optimal pose for a human to stand for
a long time. Quite different result is obtained when the optimal
configuration of a simplified 2dof human hand while handwrit-
ing is searched for. This time the manipulability measure, intro-
duced by Yoshikawa [22]

man(g) = \/det (M (q)) (19)

for the planar double pendulum (5) is to be optimized. After
substituting (6), into (3) and (19) one obtains
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man(q) = a,a, |sin(q2)|. (20)

Thus, the optimal configuration for handwriting is ¢, = /2
being as far as possible from singularities, cf. Eq. (7).

The aforementioned examples display a general position-force
duality. Consequently, a simultaneous optimization of forces and
positions is not possible and only compromised (weighted) solu-
tion is possible when both factors are important.

2.2. Nonholonomic systems
The second class of models considered result from nonholonomic
constraints in the Pfaff form

A(g)g=0. (21)

Those constraints are due to no lateral/longitudinal slippage
of wheels of mobile robots [6] or a preservation of the angular
momentum for free floating robots [5].

Let us start with the unicycle robot with a single no-side
slippage constraint

sin(6)z - cos(8)y = A(q)g=0 (22)

where the configuration g = (z,,6)" is composed of position

and orientation of the robot.

For a control purpose it is desirable to have rather a driftless
control system

i=Gla)u=Yg.(ah 23)

than equation on constraints (21). Thus a matrix G(gq) should
be selected that spans a space perpendicular to rows of the
matrix A(q)

A(q)G(q)=0. (24)
As dimq = 3 and there is a single constraint, » = 1 so two

vector fields should be found m = n — r = 2 perpendicular to
A(q) and independent of each other. The first is quite simple

9,(q)=(0,0,1)" (25)

but the second could be

9.(q) = (1/sin(6),1/cos(8),0)" (26)

apparently introducing a singularity at the subspace of the con-
figuration space (x, *, kst /2)T. This type of singularity we name
a modeling singularity as due to wrong model formulation (23),
(25), (26), singularities were introduced. When modeling process
is performed accurately, there is no modeling singularities and
the truly good vector should be selected as follows

g,(q) = (cos(tS’),sin(H),O)T . (27)

Now another family of models of the form (23) is considered

q 1 0

g=1d,|=|0u +| 1 |u,=g(q)u +g,(q)u, jeN. (28)
dy 0 it
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It can be checked, by direct calculations, that possible nonzero
vector fields derived from generators g,(q), g,(q) with the use of
a Lie bracket operation [+, -] are of the form

[ad'g,,9,] =90 19,9.) .. ], [ad'g.9,]=9, (29)

k times

In fact
I
il

ad®g..g,]1=10,0, J ¢g* |, for k<j

I: gl gZ:I [ (J—k)' 1 j, (30)

[ad'g,.g,]=(0,0,0)", for k>j
and in (30), by definition

¢/=1, and 0!=1. (31)

From (30) it can be concluded that the system (28) is non-
holonomic (and a small time locally controllable) as it satisfies
the Chow theorem (its Lie algebra is of the full rank, LARC) [2]

Vg det[gl g, [adjgl,_qQ:H =j#0. (32)

It is also nilpotent, cf. Eq. (32) and singular at configurations
(0, *, x)T because outside the set extra one bracket

Vg\(0%%)"  det|g,g,[ad'g,g,]]=1#0 (33)

is enough to satisfy LARC. What is even more important when
planning a motion between configurations (¢,(0), ¢,(0), ¢,(0))*
and (¢,(0), ¢,(0), ¢,(T))* (two first coordinates are assumed to
be equal as it is quite easy to get their desirable values by swit-
ching on a single control either u, or u,) outside the singularity
region controls in the form:

u, (t) = a, sin(@t), u, (t) = a, cos(@t), (34)
are able to steer the system into the goal configuration.
In Eq. (34) the base frequency @ =27z /T, T'is a time horizon,
and a,, a, are variables depending on ¢,(7) — ¢,(0). In a singu-
larity region the controls (34) are useless as they do not change
the final value of coordinate g, despite manipulating with ampli-
tudes and phases of controls. It appears that only controls with
appropriately increased frequency of the second control

u, (t) = a, sin(wt), u, (t) = a, cos(jot), (35)
can solve the planning problem. This example shows that at
singular configurations a switching between control scenarios
should be performed. Obviously one can take a mix of sinus/
cosine functions but a redundant representation of controls is not
desirable as it increases a computational complexity. One more
message from this example is that one should know a structure
of a controlled system to properly design a parameterized family
of admissible controls. In this simple case one could calculate
and prove which controls are good and which are useless. In
a general case, with no useful information on the structure one
can frequently take harmonic controls up to a given boundary
frequency, but unfortunately it introduces a huge redundancy
and problems with effective and fast motion planning.

In the previous example at singular configurations, cf. (32),
(33), more than the minimum number of vector fields has to be
used to preserve the LARC condition. In the next example at
singular configurations the model cannot be used in planning
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at all. The kinematic car [11], belongs to the family of models
given by (23) with m = 2 and vector fields
9,(q) = (cosB,sin6,tan ¢/ L,0)", g, =(0,0,0,1)".  (36)
The configuration vector g = (z,y,6, ¢)T is composed of posi-
tion and orientation of the mid-point of the rear axis, ¢ is the
angle of the steering front wheel and L is a constant parameter,

the distance between front and rear axes. The vector field g,(q)
and its descendants like

[9,(a).0.1= (0,0.1/ (£ (cos ') ) (37)

are badly conditioned at singular configurations characterized
by ¢ =xm/2. To avoid the singularities and to cover all cases
of a practical value, the configuration space is restricted. The
range of admissible angles ¢ € (—@,..., .. ), With 0< @, < 7/2
impacts also the minimum turning radius of the vehicle

Puiw =L /tang,, ., [11].

A motion planning for systems (23) with an additional drift
can be solved using the Endogenous Configuration Space
Method [21]. The method is a variant of the Newton algorithm
of inverse kinematics with kinematics specifically defined to
nonholonomic systems.

The system (23) is linearized along trajectory corresponding
to given controls w( - )

g=A()&+B(1)v (38)
with
A(t) = aG(qa(Z))u(t) ;

B(t)=G(q(t)) (39)

and v() is a small variation of controls. Afterwards a Jacobi
matrix is formulated based on the formula

vO=[@

(T,t)B(tw(t)dt (40)

where the fundamental matrix @ (7,t) satisfies

od (t,5)
at

=At)®(t,s), D(s,s)=1,. (41)

n

In practice the matrices @ (7T,s) for s€ [0, 7] can not be cal-
culated analytically. Usually, the interval [s, 7] is divided into
K (mostly) equi-length sub-intervals

T—s=As-K
and the value of @ (T,s) is approximated as follows

D(T,s) =ﬁ(I+A(s+ z—l/Z)As)As) (42)

i=K

where I is the identity matrix. In order to avoid too excessive
computations, a recursive formula is used based on the identity:

@ (T,s)=®(T,s,)®(s,,5), (43)

where T > s > s. The Newton algorithm of motion planning
allows to modify controls to approach end-point of a current
trajectory to the desired goal configuration if only the Gramm
matrix

Ignacy Duleba, lwona Karcz-Duleba

GR

9.7

(w()=[ @(T.)BOB ()" (T.)dt  (44)

is non-singular. In this way another classification of singularities
can be proposed. It appears that despite the trivial control
u(-) =0 singular configuration cannot be determined analyti-
cally as both fundamental matrix @ (7,t) at time ¢, (42), and
consequently the Gramm matrix GR can be calculated only
numerically and one cannot be sure that the singularities do not
depend on time intervals assumed while integration. For manip-
ulators, like in the case of 2D planar pendulum, singular config-
urations are characterized in a pure analytic form and frequently
configurations can be described with close form formulas.

It should be mentioned that the motion planning based on
the endogenous configuration space method was presented in
the non-parametric version. In many practical applications its
parametric version is used [17] when controls w(-) are selected
in a parametric form

u[(t)=i¢7.(t)/1i7., i=1,...,n, (45)

and ¢, (t) are taken from a functional basis (for example Fourier
one) on the interval [0, 7] and A4 collects all parameters of con-
trols. As in the non-parametric method also in this case singu-
larities may arise and one more problem appear how to properly
select the representation of controls (45).

2.3. The optimal control

A standard method in the optimal control, also used in robotic
applications, is to apply the Pontriagin’s Maximum Principle
(PMP) [13]; [10]. For a given system of differential equations

q=F(qu) (46)

and an integral quality function

J(w() = [ L(a(t), u(t)at (47)

co-state variables p are introduced. Then the Hamiltonian func-
tion H(gq, p, u) is formulated and Hamiltonian equations after-
wards. Finally, based on the PMP equation

ngg}xH(q*,p*,u)=H(q*,P*,u*) (48)

the first order necessary condition is formulated. In a typical
case the condition depends explicitly on u and a control law
u” (q*,p*) is formulated as a function of the extreme pair
(q*,p*). After substituting the controls into the Hamiltonian
equations, a two-point boundary value problem is to be solved
[9]. It should be pointed out that the control law may not be
determined at some (isolated) points on the time axis, not influ-
encing substantially the resulting trajectory. Unfortunately, for
some optimal control problems the first order necessary condi-
tion does not depend on u at all and some extra effort should
be taken to retrieve solvability of the problem [1]. Usually, higher
order optimality conditions are considered (when the first among
consecutive derivatives w.r.t. u of the Hamiltonian function
depends on u explicitly) or Hamiltonian function is disturbed
slightly to retrieve applicability of the first order necessary opti-
mality condition. In any case, special measures should be taken
to restore the dependence of u* on (q*, p)

Singular optimal controls are more commonly encountered
in economics or biology rather than in technical sciences. Such
controls are illustrated on the example taken from [12], where
sales optimization
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[fa-wzar (49)

is performed for the model and the initial condition given below

t=z-u, xz(0)=ux, (50)

In (49), (50), u(t) denotes a fraction of stock to be reinvested
while z(#) stock reinvested/sold. Naturally, the control is con-
strained wu(t) e [0, 1]. For the fixed time T > 1, the optimal

control takes the form

u*(t):{l for te[0,7-1), -

0 for te [T—l,T].

and are singular on the interval [T'— 1, 7]. In robotics bang-
-bang rather singular controls are encountered for the minimum-
-time motion planning [18], or the Hamilton function depends
on a square of controls (so it is not linear) when the energy of
motion is involved in the quality function.

3. Detection of Singularities

For holonomic manipulators singular configurations can be
detected in two ways. A drop of the Jacobi matrix rank can

n
be checked either by equating to zero [ ) determinants of
m

all (m X m) square sub-matrices of the Jacobi matrix or with
checking only one determinant of the manipulability matrix
(3). The first method seems to be more complicated, but for
n = m + 1 it is probably simpler that the second one, as in
the case of the planar 3D-pendulum. Both methods give ana-
lytic formulas for singularities but they do not provide, easy
to determine, information on a corank of the singularity. For
this purpose one can use the Singular Decomposition Value,
SVD, algorithm propagated in robotics by Maciejewski and
Klein [14] which factorizes the Jacobi matrix into

J=UDV"T (52)
where U € SO(m), V €SQO(n) are matrices that belong to
special orthogonal groups of appropriate sizes, and D is a dia-
gonal matrix with singular values on its main diagonal. The
number of singular values with (almost) zero values is equal to
the corank (15) of the Jacobi matrix at a singular configuration.
Unfortunately, SVD is a purely numeric algorithm and the ana-
lytic form of the decomposition is not available.

For nonholonomic systems, the LARC is checked by genera-
ting, with the Lie brackets, more and more complex vector fields,
starting with generators g(q) of the system (23). Then, the
vector fields are added row-by-row into a matrix and the rank
of the matrix is checked after each addition. Here also the chec-
king can be simplified as instead of using all vector fields, one
can take only those that belong to the Ph. Hall basis without
loosing any rank information.

In many algorithms of robotics a permanent evaluation of
a distance to singularities is to be performed to find a right
moment to (re-)act properly. The distance depends not only
on a current configuration but also on some geometrical para-
meters. Therefore constants used to detect a neighborhood of
singularities should be somehow correlated with the parameters.

One more important issue related to a computational com-
plexity and detection of singularities should be addressed. The
detection of a neighborhood of singularities can be time-con-
suming, especially when performed frequently. On the other
hand when a test for singularity is negative, all computations
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performed are useless for a regular case algorithm. Therefore
a reasonable compromise between a computational effort and
usefulness of results should rely on using information gathered at
detecting singularities also in a regular control mode. An exam-
ple for the practical and effective approach is provided when the
SVD algorithm helps to compute the generalized inverse matrix
of J based on the formula

J*=VvD'U", (53)
where D = diag(1/d,). Previously, the diagonal matrix D was
used to detect singularities too.

4. Coping with Singularities

For holonomic systems (manipulators) the simplest method of
coping with singular configurations is to make robust the badly-
-conditioned manipulability matrix M, (3). It is done by adding
to the matrix a small disturbing matrix I, and running the
Newton algorithm (2). When configurations generated with the
algorithm leave a neighborhood of a singularity region, the per-
turbation term is switched off. In practice it is advised to weight
components of the identity diagonal matrix I with some coef-
ficients corresponding to the importance (range and units) of
coordinates of forward kinematics and make them comparable.

Another class of methods relies on the principle of extrapola-
tion of trajectory behavior gathered before entering a singular-
ity region into its future evolution. As an example, a tunneling
method of passing through singularities proposed by Duleba
and Sasiadek [8] can be recalled. This method extrapolates
linearly singular values of the Jacobi matrix collected in
matrix D, cf. (52).

The more sophisticated method to deal with singularities
has been developed by Tchon and coworkers [20] being based
on a normal form approach. At first it detects a type of sin-
gularity which is approached. Then, with appropriately con-
structed diffeomorphisms, it transforms a task from the task
space into a joint space. In the latter space a trajectory is
planned around singularities. The normal form method is com-
putationally involved.

When a robot is redundant it can be tried to avoid approach-
ing to singularities by optimization within the null space of the
Jacobi matrix. In this case the right-hand side of Eq. (2) is sup-
plemented with the following term

p(r, -J* (q)J(q))ai7

39 (54)

where a differentiable function f(q) should penalize approaching
singularity. A good candidate for the function is a manipula-
bility measure (19) (without the square root that complicates
the differentiation).

As it was mentioned previously, in some situations switching
between a regular-case model and another well-conditioned
model in vicinity of singularities is indispensable.

5. Conclusions

In this paper various exemplifications of singularities in robo-
tics were highlighted. The singularities pose some problems
in motion planning and control of robots where some algori-
thms are badly-conditioned while other stop to work at all. In
practice a singular cases should be considered separately from
regular ones. It should be also pointed out that a problem of
singularities is not focused on some sub-spaces of a general
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space considered. It is also extended to points close to singula-  11. LaValle S., Planning algorithms. Cambridge Univesity Press,
rities when some numerical problems are encountered as well. 2006.

Some methods of the detection and coping with singularities  12. Lenhart S., Optimal control theory in application to biology,
were also discussed. lecture on bang-bang and singular controls. web.math.utk.

edu/lenhart/smb2003.v2.html, 2003.
13. Locatelli A., Optimal control theory: an introduction.
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Rozne oblicza osobliwosci w robotyce

Streszczenie: w przegladowym artykule przedstawiono wybrane zagadnienia dotyczgce roznych
koncepcji osobliwosci spotykanych w robotyce. Analizowane sg osobliwosci w zadaniu odwrotnej
kinematyki dla manipulatorow szeregowych, planowaniu ruchu uktadéw nieholonomicznych oraz
sterowaniu optymalnym. Rozwazane zadania obejmujg duzy obszar praktycznych systemow
robotycznych. Podjeto prébe zdefiniowania pojecia osobliwosci niezalezne od konkretnego zadania.
Zaproponowano kilka klasyfikaciji osobliwosci w zaleznosci do réznych kryteriow oraz zilustrowanych

na prostych przyktadach. Osobliwosci przeanalizowano z numerycznego i fizycznego punktu widzenia.
Ogdlnie, osobliwosci stwarzajg pewne problemy w planowaniu ruchu i/lub sterowaniu robotami. Jednakze,
jak pokazano na przyktadzie transformacii sit/momentéw w manipulatorach szeregowych, w niektdrych
przypadkach mogg one by¢ réwniez uzyteczne. Przedstawiono takze techniki wykrywania osobliwosci
oraz metody radzenia sobie z nimi. Praca w zatozeniu ma charakter dydaktyczny i ma pomdc badaczom
z kregu robotyki uzyskac ogdlny poglad na zagadnienie osobliwosci.

Stowa kluczowe: uktady holonomiczne, uktady nieholonomiczne, osobliwosd, Klasyfikacje, detekeja, unikanie
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