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Abstract
We analyze higher order error terms in a modified partial differential equation of a cascaded lattice Boltzmann method (CLBM) 
for one conservation law – the advection-diffusion equation. To inspect the behavior of the error terms we derived an equiva-
lent finite difference equation (EFDE), this approach is different from other techniques like the Chapman-Engskog expansion, 
equivalent partial differential equations or the Maxwell iteration used in the literature. The resulting EFDE is obtained from 
the recurrence formulas of the lattice Boltzmann equations for the CLBM and is subsequently analyzed by standard analytical 
techniques. We have found relations of the LBM parameters which could cancel some of the higher order terms, making the 
method more accurate. The detailed derivation of the EFDE and higher order terms’ pre-factors is the main result of this paper. 
The resulting explicit form of the error terms are derived and presented.
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1. Introduction

The cascaded lattice Boltzmann method emerged quite 
recently (Geier, 2006) and is slowly gaining attention 
within the LBM community (De Rosis, 2017; Fei 
& Luo, 2018; Fučík et al., 2018; Hajabdollahi & Prem-
nath, 2018). The CLBM itself can be seen as a multi-
ple relaxation time (MRT) scheme with non-standard 
collision matrix  (Asinari, 2008). This matrix contains 
macroscopic velocities (i.e. it is not constant as in the 
case of classical MRT methods) (Asinari, 2008), mak-
ing the implementation of the CLBM more complicat-

ed compared to single relaxation time (SRT) BGK or 
MRT methods  (Geier et al., 2015). It is not only the 
computer implementation of the CLBM that is more 
complex, but also the analysis of the resulting par-
tial differential equations reproduced by the CLBM 
is much more complicated in this case (Sharma et al., 
2017). The analysis of the LBM is often performed 
up to the second order which is enough to inspect the 
hydrodynamic solved by the scheme and higher order 
analysis is left unsolved. The reason for that is quite 
obvious – the higher the order, the more complicat-
ed relations appear during the analysis when various 
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techniques are used (Geier et al., 2015). The higher or-
der analysis is quite rare even for the SRT and MRT 
methods (Dong et al., 2010; Ginzburg, 2012; Holdych 
et al., 2004; Zhao, 2013). Recently Geier et al. pub-
lished 4th order analysis of the cumulant LBM for 
the Navier-Stokes equations (Geier & Pasquali, 2018; 
Geier et al., 2017). The cascaded scheme is related to 
the cumulants but they are not the same (Geier et al., 
2015). From the techniques which can be found in the 
literature; Chapman–Enskog (Chen & Doolen, 1998), 
recurrence equations analysis (Ginzburg, 2012), equiv-
alent partial differential equations (Dubois, 2008; Geier 
et al., 2015), Maxwell iterations (Zhao & Yong, 2017), 
Taylor expansion (Holdych et al., 2004) we used the 
one proposed by Suga (2010). Suga used this technique 
to check the error terms in the SRT-BGK LBM applied 
to a diffusion problem (Suga, 2009, 2010) and to derive 
more accurate finite difference schemes (Suga, 2006).

The paper is organized as follows; first the gen-
eral recurrence equations for distribution functions 
with general collision matrix are derived, from these 
equations the EFDE is obtained and we proceed to 
the Taylor expansion of the EFDE. We end up with an 
equivalent partial differential equation (often called 
a modified partial differential equation) from which we 
can inspect higher order error terms and their pre-fac-
tors. These pre-factors are combinations of the relax-
ation times and lattice speed of sound, which can be 
carefully chosen to cancel or at least minimize higher 
order error terms. This issue is discussed further for the 
case of diffusion and advection-diffusion.

2. Cascaded lattice Boltzmann method

The lattice Boltzmann method is based on a  simple 
equation which describes the evolution of the finite set 
of the q velocity distribution functions (DF) fi on the 
finite lattice (set of points covering the computational 
domain) and can be generally written in the following 
form (using dimensionless lattice units i.e. ∆t = ∆x = 1):

fi(t + 1, x + ci) = 
fi(t, x) + Aij(fj

eq (t, x) − fj(t, x)) = fi
*(t, x)� (1)

where i, j ∈ {0, ..., q − 1}; t and x are non-dimensional (in 
lattice units) time and position vector; ci is a microscopic 
velocity associated with the DF; A is a collision matrix 
and fi

eq is an equilibrium distribution function (EDF) for 
the i-th DF. The RHS of the above equation is called 
postcollision state and is abbreviated by fi

*. The collision 

1 Here for the case of two conservation laws e.g. Navier–Stokes equations where φ denotes density of the fluid.
2 This is the only conserved moment – macroscopic variable – in our case.

matrix and the EDF determine the macroscopic partial 
differential equation (PDE) solved by the Equation  (1) 
called lattice Boltzmann equation (LBE). The EDF itself 
is a function of macroscopic variables, and collision ma-
trix could be constant or could depend on the macroscop-
ic velocity (this is the case for the CLBM). Macroscopic 
variables are obtained as moments1 of the DF i.e.:

� �� �� �f c fi
i

i i
i

,      u � (2)

where φ is scalar variable and u is macroscopic velocity.
In this paper we want to analyze error terms intro-

duced by the CLBM when solving the advection-diffu-
sion equation in 1D. We solve the following PDE with 
one unknown scalar variable φ(t, x), constant diffusion 
coefficient α and given velocity field u(t, x):

�
�
�
�
�

�
�
�

� �
�

�
t

u
x x

2

2
�

(3)

We also define the raw moments ma and central 
moments κa:
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a
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i
� � �� �c c u, ( )     �

�
(4)

one can easily check the following relation2:

m0 = κ0 = φ� (5)

W C E

Fig. 1. D1Q3 lattice Boltzmann model of velocity set

Next we have to select the lattice and the velocity 
set, lattice in our case will be a grid of N equidistant 
points lying on the unit interval i.e. xi = (i + 0.5)∆x 
where ∆x = 1/N is the spatial step of the grid and  
i ∈ 0, ..., N − 1. The velocity set we use is {c0 = 0, c1 = 1,  
c2 = −1}, this LB model is called D1Q3 (see Fig. 1).

The collision in the cascaded LBM is performed in 
the central moment space:

κi
* = κi(t, x) − ωi(κi

eq(t, x) − κi(t, x))� (6)

with ωi being the relaxation frequency for i-th cen-
tral moment. Due to the conservation of the φ we can 
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choose ω0 = 0. Two remaining ω1 and ω2 controls the 
diffusion and the accuracy as we will show later (for 
simplicity of the derivation we use single relaxation 
time approach by setting ω1 = ω2 = ω). The last thing 
which has to be established is the EDF, we use quadrat-
ic equilibrium defined by3:
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(7)

where cs is the speed of sound and – in the case of one 
conservation law – it can be set to certain values which 
maximizes the accuracy. Equilibria must also obey 
Equation (5):

m0
eq = κ0

eq = φ� (8)

The post-collision state in central moments has 
to be transformed back to DF space to perform time 
update – so-called “streaming step”. The procedure de-
scribing the transformation between DF, raw moments 
and central moments is detailed in the Appendix. The 
resulting LBE from Equation (1) has the following col-
lision matrix:
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We also use following abbreviations when refer-
ring to particular DF or macroscopic variables:

f t
C,x = f0(t, x), f t

E,x = f1(t, x),  
f t

W,x = f2(t, x), φt
x = φ(t, x), ut

x = u(t, x)�  (10)

3 The motivation for this choice is detailed in the Appendix.

3. Recurrence equations for CLBM

To proceed further we have to find recurrence equations 
for the DF. Let us take a look at the DF’s postcollision 
state, using Equations (1) and (9) one can write down:
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From the above equation the following recurrence 
rule can be deduced:
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where ãji and aji are components of matrix I − A and 
A  respectively. Equation  (12) will be used to derive 
EFDE for φ. Note that this form is fully general and 
can be used for other collision models like SRT-BGK 
or MRT (in that case the matrix A is constant and spa-
tio-temporal dependence of aij and ãij vanishes).

The first iteration of Equation (12) yields:
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Now we have to apply the Equations  (12) and (2) 
several times to get rid of terms with DF, the resulting re-
currence equation in terms of macroscopic variables reads:
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To make final analysis a bit easier we also assume 
constant velocity field u(t, x) = u and express the EFDE 
in terms of time steps and lattice steps4:
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4. Modified partial differential equation 
for CLBM

Equation  (17) describes equivalent finite difference 
scheme of the CLBM and its terms can be Taylor ex-
panded in time and space up to fourth order (o = 4) by 
the following formula:
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The result of the above operation is the following 
modified partial differential equation for the evolution of φ:
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4 Here Δt is equal to real time simulated by one iteration and Δx is the distance of two consecutive lattice sites.
5 Usually the value of cs

2 is set by solving lattice isotropy conditions (Wolf-Gladrow, 2005) and cs
2 is then considered as the fixed value.

To get rid of mixed and temporal derivatives we 
recurrently substitute them using appropriate deriv-
atives of the Equation  (19) (this is different from the 
approach done by Suga   (2010) where derivatives of 
the macroscopic advection-diffusion equation is used) 
and neglecting derivatives with order greater than four 
to obtain 4th order modified PDE:
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where coefficients C2, C3 and C4 are given by:
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The first term on the RHS of the Equation (20) de-
scribes the diffusion and the relation between diffusion 
coefficient α and lattice parameters cs

2 and ω could be 
easily seen, we also see that we can set the desired dif-
fusion by setting ω (which is usual practice) or by cs

2 5 
(this way of setting diffusion is used in a thermal MRT 
scheme (Wang et al., 2013) and cs

2 is hidden in param-
eter a = 2cs

2 present in the equilibrium value of certain 
moments, other relaxation parameters are set to cer-
tain values which allows minimization of the error in 
advection and diffusion or enhance the stability of the 
scheme). The relation reads:
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where αlb denotes the diffusion coefficient in lattice units.

5. Analysis of high order error terms

Error terms described by coefficients C3 and C4 dictate 
the accuracy of the CLBM. While C3 is in factor form 
and one can easily solve for a set of parameters which 
make this term equal to zero. C4 is more complicated 
(due to the extra ω2cs

4 term).

� (19)
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In fact we have three parameters ω, cs
2 and u (veloc-

ity here is the lattice velocity which is related to the time 
step and physical velocity up by up∆t = u∆x). We have to 
choose ∆t, ∆x and set the parameters according to Equa-
tion (24) to obtain given diffusion coefficient. In any case, 
we have at least one free parameter left for the minimiza-
tion of the error terms. In the case of pure advection (ω = 2 
and central moments are equilibrated in every time step) 
second and fourth order terms vanish and C3 controls ac-
curacy of the advection. In the case of pure diffusion the 
flow field vanishes  u = 0, C3 = 0 and C4 reduces to:
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The C3 term vanishes when:
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another choice is to set:
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in order to set appropriate diffusion coefficient, either 
both ω or cs

2 is then evaluated from Equation (24). To 
nullify the C4

(d) term we have following choices:
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To investigate the C4  term, we assume two different 
cases with parameters from Equations  (26) and (27); 
first let � � �3 3  then the solution for C4 = 0 reads:
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next let cs
2 = (1 − u2)/3, then the solution reads:
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When we make plots of the above equations, we 
can observe the parameters for which the above terms 
are equal to zero as zero-level contours. In Figure 2 one 
can clearly see branches for � � �3 3  and cs

2 close to 
the 1/3. The plot for the C4

(d) in Figure 3 is more com-
plex, and we can observe that one can find cs

2 for every 
useful ω i.e. for wide range of αlb we can find both ω 
and cs

2 for which C4
(d) will vanish and the scheme will 

be 4th order in diffusion. The same situation is visible in 
Figure 4 where the zero-level branch for cs

2 is separate 
from 0 while u  is increased. Contour plots for C4 but 
in different variables are presented in Figures 5 and 6. 
Composite plot of absolute values of |C3| + |C4| is shown 
in Figure 11. In Figures 7–10 we also present plots of 
curves described by Equations  (30)–(33) for which 
the C4 term vanish. These plots can serve as a hint for 
selecting the parameters which should control the diffu-
sion and which should be set accordingly to discard C3 
and/or C4 term.
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The presented solutions describe the errors behav-
ior in advection and diffusion. In simulations, one has to 
choose which term should be nullified or find an optimal 
set of parameters which makes both terms minimal keep-
ing in mind that not all of the above solutions are admis-
sible, the lattice velocity has to be less than cs  and ω ≤ 2 
in order to ensure positivity of the diffusion coefficient.

Conclusion

The high order error terms of the cascaded LBM for the ad-
vection-diffusion equation in 1D were derived in the case 
of the SRT cascaded collision operator. We derived recur-
sive equations for distribution functions and the equiva-
lent finite difference equation is assembled from them. 
This EFDE is the starting point for the accuracy analysis 
of the scheme. The Taylor expansion yields pre-factors 
which control diffusion and higher order terms. For these 
pre-factors, we can find combinations of the LBM param-
eters which make those terms small or equal to zero. The 
detailed derivation of the collision matrix for  D1Q3 and of 
recurrence equations is also described in the Appendices. 
The last Appendix describes the case of linear equilibrium 
and its influence of the resulting EFDE and pre-factors. 
The presented procedure could be extended to a higher 
dimension but must be performed algorithmically, there is 
no problem with constat collision matrices, non-constant 
matrices (resulting from e.g. cascaded or cumulant colli-
sion operators) are trickier in handling, but we are work-
ing on this aspect as well (Fučík & Straka, 2021).
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Appendix A. Construction of matrix A

The collision from Equation (1) is defined in distribu-
tion space i.e. in space of DF. In the case of SRT-BGK 
collision model, the matrix A is diagonal except for the 
first element, which is equal to zero. We can define the 
collision in moment space by transforming DF to mo-
ments. Moments have to be transformed back to DF 
after the collision as the streaming process is defined 
for DF and not for moments. The transformation of DF 
to moments can be described by the transformation ma-
trix M constructed from the definition in Equation (4):

Mij = c i
j� (A.1)

One can also use any linear combination of the 
raw moments as a basis for the moment space (d’Hu-
mières et al., 2002). In our case the matrix M reads:

M � �
�

�

�
�
�

�

�

�
�
�

1 1 1

0 1 1

0 1 1 �

(A.2)

and defines our moment space, where the collisions 
take place. Vectors of moments m = [m0, m1, m2]

T and 
DF f = [f0, f1, f2]

T are now conveniently defined as:

m = Mf, f = M−1m	� (A.3)

To perform collision in the previously defined mo-
ment space we also define relaxation matrices for SRT 
and MRT:

S SSRT MRT�
�

�

�
�
�

�

�

�
�
�

�
�

�

�
�
�

�

�

�
�
�

0 0 0

0 0

0 0

0 0 0

0 0

0 0

1

2

�
�

�
�

,    

�

(A.4)

which allows us to express the collision in the moment 
space as:

m* = m + SSRT/MRT(meq − m)�  (A.5)

where meq = Mfeq  and after transformation back to DF 
we have:

f* = f + M−1SSRT/MRTM(feq − f)� (A.6)

In order to perform collision in central moment 
space, we need also transformation matrices from mo-
ment space to central moment space N or direct trans-
formation from DF to central moment space K, these 
are defined as follows:

N Kij
i j

ij j
ii

j
u t x c u t x�

�

�
�
�

�
� � � ��

( ( , )) , ( ( , ))  � (A.7)

in our case this gives us:
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Now we can define a collision in a central moment 
space defined in Equation (6) as:

f* = f + K−1SSRT/MRTK(feq − f)� (A.9)

from the above one can see that A = K−1SSRT/MRT K.

Appendix B. Linear vs. quadratic 
equilibrium

The equilibria defined in Equation  (7) contain 
quadratic terms in velocity. Transformation back to DF 
yields non-Galilean term in the second raw moment:

f Keq eq
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If we had used linear equilibrium in velocity i.e.:

f eq lin
s

s

s

c t x
c t x t x u t x

c t x

,

( ) ( , )

( , ) ( , ) ( , )

( , ) (

�

�

�

�

1

2 2

2

2

2

2

�

� �

� � tt x u t x, ) ( , )

2

�

�

�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�

�

(B.3)

we will obtain following equilibria for raw and central 
moments:
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Now the non-Galilean term appears in the second 
central moment. First iteration of Equation  (12) with 
linear equilibrium yields:
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The resulting recurrence equation is as follows:
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The diffusion term C2 and C3, C4
(d) and C4 terms 

become:
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We can observe that using linear equilibrium 
yields diffusion which is velocity dependent, this fact 
was described by Chopard et al. (2009) and an appro-
priate correction was proposed there.
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Appendix C. Detailed derivation of 
recurrence equatios

If we take a look at Equations (13)–(15) we can 
see that we need to get rid of DF on the RHS (the 
LHS will be summed later to obtain φ(t + 1, x)). We 
use recurrence rule in Equation (12) for their sum to 
obtain:
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Next we use the following substitutions in the 
above equation:
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which yields:
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The expansion of the last term gives us:
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If the above Equations (C.5) and (C.6) are inserted 
into the first step of recurrence expansions  (13)–(15) 
and resulting system of equations are summed we end 
up with the EFDE from the Equation (16).
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