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DIFFERENTIAL EQUATION OF y = f(y ') AND INTERPRETATION OF
THE SOLUTION IN MATHEMATICA PROGRAM

Abstract

Introduction and aims: The paper presents a method of solving yF&guations. The main aim
of the work is to show how to solve this type dfatiential equations. In addition, the purpose of
the discussion is to present the appropriate algns inMathematicgprogram, which are used to
present the geometric interpretation of the obthswutions.

Material and methods: The sources contain material on the subject oéwéfitial equations. The
method of mathematical analysis has been used.

Results: In the analysis of selected examples, the methosuibstitution of new variable t has
been used and the solution of the studied diffeakaguation has been obtained in the form of the
system of equations x=x(t) and y=y(t).

Conclusion The solution of the differential equation of thepeyy=f(y) in the form of

a system of equations x=x(t) and y=y(t) can berpreted graphically using an appropriately
used algorithm iMathematicanumerical program.

Keywords: Differential equations, equation of type y=j(yanalytical solutionyariable
substitution methodyeometric interpretation of the solutidviathematicgprogram.
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ROWNANIE ROZNICZKOWE TYPU y = f(y) | INTERPRETACJA
ROZWI4ZANIA W PROGRAMIE MATHEMATICA

Streszczenie

Wskp i cele: W pracy przedstawiono metodozwigzywania rowna typu y=f(y). Gtéwnym
celem pracy jest pokazanie sposobu rgzwivania tego typu rowmarozniczkowych. Ponadto
celem rozwzavi jest przestawienie odpowiednich algorytméw w paogie Mathematica, ktore
stizg do przedstawienia interpretacji geometrycznejytranych rozwizai.

Materiaty i metody: Zrodta zawierag material dotyczcy tematyki rowna rozniczkowych.
Zastosowano metednalizy matematyczne,.

Wyniki: W analizie wybranych przyktadéw zastosowano ngepodistawienia nowej zmiennej t
i otrzymano rozwjizanie badanego rownania adiczkowego w postaci ukfadu rowna=x(t)

L y=y(t).

Whiosek: Rozwizanie rownania réniczkowego typu y=f(y w postaci uktadu rownax=x(t)

I y=y(f) mana zinterpretowa graficznie stosyc odpowiednio zastosowany algorytm
w programie numerycznym Mathematica.

Stowa kluczoweRoOwnania réniczkowe, réwnanie typu y=ffy rozwigzanie analityczne, metoda
podstawienia nowej zmiennej, interpretacja geontimg rozwgzania, program Mathematica.

(Otrzymano: 02.05.2019; Zrecenzowano: 12.05.20 H&kgeptowano: 22.05.2019)
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1. Introduction

Let us consider the following differential equation
y=f(y) 1)

in some set A [5], [6].
The differential equation (1) can be presentedhéform:

dy
=f| — |. 2
y ( dxj 2)
To solve equation (2) we use the following substitu
dy
7 = t 3
dx 3)
We substitute the variable t for the equation (2):
y =f(1). (4)
Equation (4) we differentiate on both sides witbpect to the variable y and t respectively:
df
dy=| — |dt 5
y [ dtj )
The differential dy from equation (3) has the form:
dy = tdx. (6)
From equations (5) and (6) we get:
(gjdt = tdx. (7)
dt

From equation (7) we obtain:
dx = (1 G(Ejdt. (8)
t dt
Equation (8) we integrate on both sides with resfethe variable x and t respectively:
[ax=| (1 G‘i] dt 9)
t dt
After integrating equation (9) we have:

_ o1 f
x—j[t%jdHC (10)

where C is any integration constant.
Finally, we obtain the general parametric solutadrthe differential equation (1) in the

following form:
X(t):j(%%jdt‘l‘c (11)

y(t) =f(t)
where the integration constant C is any real nurfjef3], [6], [7]-

26



Differential equation of y = f(y and interpretation of the solution in Mathematmagram

2. Solving equations of type y = f (¥

Example 1.Solve the differential equation [4]:

y= (ﬂ —1) ex;{ﬂj.
dx dx

 Analytical solution
We use the substitution:

d
d—z =t.
Then
dy = tdx.
Therefore
dx =ﬂ.

t

After introducing the substitution (13) into theuadjon (12) we get:

y =(t-1) [exp().

Equation (16) we differentiate on both sides ofwhgable y and t:
dy =exp() + (t —1) [exp(t)dt.
Then
dy =tlexp(t)dt.

From the equations (14) and (18) we obtain:

tldx =tlexp(t)dt
After simplification (19) we have:

dx =exp(t)dt.

We integrate the equation (20) on both sides vaipect to the variable x and t:

Idx = .[exp(t)dt.
Hence:
x =expt)+C

where C is the integration constant.

The general parametric solution of the equation (@2kes the final form:

{x(t) =exp()+C
y(t) = (t-1) exp()

where C is any real constant.

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)
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e Graphical interpretation of solution

In order to present the graphic interpretationh&f parametric solution of equation (12),
we use the following algorithm iMathematicgprogram.

Program Mat hemat i ca [1], [5], [9]

ParametricPlot[

{{Exp[t]*+0.5,(t-1)*Exp[t]}.{Exp[t]+1.5,(t-1)*EXp]t] e
{t,-3,3},PlotRange->{-2,2},Axesorigin->{0,0},
Background->RGBColor[1,1,0.85],

PlotStyle->{{RGBColor[0,0.5,1], Thickness[0.0065]},
{RGBColor[1,0.5,0], Thickness[0.0065]}},
AxesStyle->Thickness[0.0035],AxelLabel->{"x","y"},
GridLines->Automatic,

TextStyle->{FontFamily->"Arial”,FontSize->12}]
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Fig. 1. Graphical interpretation of the solutio®)®f differential equation (12)
for parameter -3 <t < 3, values 0 <x <6, -2<2yand constant C=0.50rC=1.5

Source: Elaboration of the Authors
Example 2.Solve the differential equation [4]:
dy dy
=—[n| —|.
Y dx (dxj (24)
 Analytical solution
After introducing the substitution (13) into theuadjon (24) we get:

y =tlIn(t). (25)
The equation (25) we differentiate on both sidethefvariable y and t:
dy =[In(t) +1]dt. (26)
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From the equations (14) and (26) we get:
tldx =[In(t) +1]dt. (27)

After simplification (27) we have:

dx = Mdt (28)
We integrate the equation (28) on both sides va#ipect to the variable x and t:
In(t) +1
[ox=] In®+1 (29)
t
We calculate by substitution the integral on tlyltiof the equation (29):
In(t) =p
In(t)+1 , _ _1 30
j t dt-<%:dp>—j(p+l)dp—2|0 +p+C (30)
jwcjt%ln%t)ﬂn(mc (31)
Hence:
1 2
X:§|n t)+In(t)+C (32)
where C is the integration constant.
The general parametric solution of the equation {@kes the final form:
1
x(t)=§ln2(t)+ln(t)+c (33)

y(t) = tn(t)

where C is any real constant.
e Graphical interpretation of solution

In order to present the graphic interpretationhe&f parametric solution of equation (24),
we use the following algorithm iMathematicaprogram.

Program Mat hemati ca [1], [5], [9]

ParametricPlot[
{{0.5(Log[t])*2+Log[t]+1,t*Log]t]},
{0.5(Log[t])*2+Log[t]+5,t*Log|[t]}},
{t,0.001,2},PlotRange->{-0.5,1},
Axesorigin->{0,0},
Background->RGBColor[1,1,0.85],
PlotStyle->{{RGBColor[0,0.5,1],
Thickness[0.0065]},{RGBColor[1,0.5,0], Thickness|O. 0065]}},
AxesStyle->Thickness[0.0035],
AxelLabel->{"x","y"},

GridLines->Automatic,
TextStyle->{FontFamily->"Arial”,FontSize->12}]
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1

Fig. 2. Graphical interpretation of the solutio@)8f differential equation (24)
for parameter 0.001 <t<2,values0<x<1#4 Qy<landconstantC=10rC=5
Source: Elaboration of the Authors

Example 3.Solve the differential equation [4]:

dy dy)™

—= =arct == | 34

dx g{y [édxj ] (34)
 Analytical solution

After introducing the substitution (13) into theuadgjon (34) we obtain:

t= arctg(lzj. (35)
t
Using the inverse function for the function ardjg e get:
y = ttg(t). (36)
The equation (36) we differentiate on both sidethefvariable y and t:
dy =| 2thg(t) + 2 —=— |dt (37)
cos’(t)
From the equations (14) and (37) we get:
t
dx =| 2tg(t) + dt. 38
{ g(t) Cosz(t)} (38)
We integrate the equation (38) on both sides vaipect to the variable x and t:
o= | 2tg(t) +—— |t (39)
cos(t)
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We calculate the integral on the right of equati@®y:

t B t
I{Ztg(t) + Cosz(t)}dt = 2] tg(t)dt+jcosz( (40)
Let us calculate the following integral
2ftgat=2[ 5 Jat= (-2 STVt = (-2l cos(o] +C, (41)
and by parts next integral
¢ u=t %:1
[ dt=(dv_ 1 |t = thg(t) - [ tg(t)dt =
cos’ (1) dt  cog(t)|V= T=tg(t) (42)
(1)
_ _sin(t) . _ —sin() . _
= tg(t) j—cos([)dt tg(t) + j—cos([) dt = tdg(t) + In|cost) | +C,.
Hence:
X =(=2)In|cos(t)|+tltg(t) + In|cos()|+C. (43)

The general parametric solution of the equation {8kes the final form:

x(t) = tlg(t) —In|cos(t)|+C
y(t) = tOn(t) (44)

where C is any real constant.

e Graphical interpretation of solution

In order to present the graphic interpretationhe&f parametric solution of equation (34),
we use the following algorithm iMathematicaprogram [1]-[4].

Program Mat hemati ca [1], [5], [9]

ParametricPlot[
{{t*Tan[t]-Log[Cos]t]]+2,t*2*Tan[t]},
{t*Tan[t]-Log[Cos][t]]+6,t"2*Tan]t]}},
{t,-0.5Pi,0.5Pi},

PlotRange->{-3,3},

Axesorigin->{0,0},
Background->RGBColor[1,1,0.85],
PlotStyle->{
{RGBColor[0,0.5,1],Thickness[0.0065]},
{RGBColor[1,0.5,0], Thickness[0.0065]}},
AxesStyle->Thickness[0.0035],
AxelLabel->{"x","y"},
GridLines->Automaitic,
TextStyle->{FontFamily->"Arial”,FontSize->12}]
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Fig. 3. Graphical interpretation of the solutiod)4f differential equation (34)

1
N

1
w

for parameter -0.5Pi <t < 0.5Pi, values 0 < x ¢-B&y<3and constant C=20orC=6

Source: Elaboration of the Authors

Example 4.Solve the differential equation [4]:

-1
ﬂ = arcsin x [ﬁﬂj )
dx dx

 Analytical solution

32

After introducing the substitution (13) into theuadjon (45) we obtain:

[ X
t= arcsw{Tj.

Using the inverse function for the function arclihwe get:
x =tlsin(t).
The equation (47) we differentiate on both sidethefvariable y and t:
x =[sin(t) + t [os(t)|dt

From the equations (14) and (48) we get:

% =[sin(t) + t [Eos(t)] dt
Hence

dy = t[Jsin(t) + t [tos(t)| dt
We integrate the equation (50) on both sides vaipect to the variable x and t:

jdy:j[t [$in(t) + t2 [tost)]dt

(45)

(46)

(47)

(48)

(49)

(50)

(51)
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We calculate the integral on the right of equati®h):
[dy = [tsin(t)dt+[t*cos() dt (52)
Let us calculate by parts the following integrals:

u=t du_
tsin(t)dt=( dv _ . dt =—tcost) + | cos()dt =
I dt sin(t) V= jsin(t)dt =-cost) j (53)
=-tcost) +sin(t) + C,.
u=t” LLp
jtzcos(t)dt: dv _ dt =t? m;in(t)—zjtain(t)dt:
dt cost) V= jcos(t) =sin(t)

(54)
u=t % =1 5

=(dv_ . dt =t° [$in(t) —2[-tcost) + | cost)dt] =
H_Sm(t) v:J'sin(t):—cos(t) J-

= t? [3in(t) + 2tcost) — 2sin(t) + C,.
Hence:
y =[-tcost) +sin(t) +C,] + [t $in(t) + 2tcost) — 2sin(t) + C,]l= (55)
=t?sin(t) + tcost) —sin(t) + C.
The general parametric solution of the equation {@8k@s the final form:

x(t) = t Bin(t) 56)
y(t) = t%sin(t) + tcost) —sin(t) + C

where C is any real constant.
e Graphical interpretation of solution

In order to present the graphic interpretationh&f parametric solution of equation (34),
we use the following algorithm iMathematicaprogram.

Program Mat hemati ca [1], [5], [9]

ParametricPlot[
{t*Sin[t],(-1+t*2)*Sin[t]+t*Cos[t]+0},
{t*Sin[t],(-1+t"2)*Sin[t]+t*Cos][t] +10}},
{t,-2.55,2.55Pi},

PlotRange->{-25,125},

Axesorigin->{0,0},
Background->RGBColor[1,1,0.85],
PlotStyle->{{RGBColor[0,0.5,1],
Thickness[0.0065]},{RGBColor[1,0.5,0], Thickness|O. 0065]}},
AxesStyle->Thickness[0.0035],
AxelLabel->{"x","y"},

GridLines->Automatic,
TextStyle->{FontFamily->"Arial”,FontSize->12}]
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Fig. 4. Graphical interpretation of the solutio®)®f differential equation (45)
for parameter -2.55Pi < t < 2.55Pi, values -6 <& <25 <y <25 and constant C=0o0or C =10

Source: Elaboration of the Authors

3. Conclusions

« Equations of type y = f (y can be solved by using the substitutior=yt thus obtaining
a solution in the form of a system of parametrigagopns.

» The Mathematica numerical program can be usedtevpret graphically the solution of
the equation y =f (V.
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