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1. Introduction

Reliability is the probability of a component or system working 
regularly. Reliability technology was firstly applied in the fields of 
nuclear industry, aviation and aerospace, and then was spread to the 
industries of electronic, metallurgy, mechanical and so on. The re-
searches and analyses on the reliability theories and applications have 
lasted for decades. Now reliability has become one of the most im-
portant areas in the industry. With the improvement of reliability ap-
plications, products with high reliability require a long time to obtain 
the failure data in normal life tests. Actually, zero-failure data is often 
detected in Type I Censoring life tests.

The early research about zero-failure data started by Bartholom-
ew [1], who firstly used the test time as the estimate of the average 
life, which was obviously too small. Martz and Waller [12] devel-
oped a method for an exponential failure-time model and a gamma 
prior distribution on the failure rate. Chow and Shao [2, 3] used a 
regression model and the weighted least squares method for access-
ing the shelf-lives of drug products. Miller, Morell and Noonan [13] 
provided the formulae for the probability of failure with zero-failure 
data based on some assumptions of Bayesian prior distribution, and 
gave an example of failure rate estimation with zero-failure data. Han 
[4, 5] developed an E-Bayesian estimate method based on hierarchi-

cal Bayesian estimation, which was proved to be feasible for zero-
failure data. Liu [9] investigated the applications of E-Bayesian esti-
mation for exponential life distribution.  Based on the researches of 
E-Bayesian estimation, we introduce a reliability analysis method for 
the seekers, which is more convenient and effective for zero-failure 
data of exponential distribution.

The remainder of the paper is organized as follows. Section 2 
presents a brief description of E-Bayesian method for the failure rate 
estimation of exponential distribution. In Section 3 we introduce the 
assumptions for reliability testing with zero-failure data. In Section 
4 we provide an E-Bayesian method for exponential distribution 
with zero-failure data. In Section 5 we illustrate how the proposed 
E-Bayesian method can deal with zero-failure data in life testing, and 
compare it with different zero-failure analysis methods. In Section 6 
We give some comments and conclusions.

2. E-Bayesian estimation for the failure rate of exponen-
tial distribution

Exponential life distribution is suitable for the electronic prod-
ucts, so it is widely applied in the field of electronic reliability. For 
example, it is used as the life distribution of semiconductor devices 
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W pracy analizowano estymację bayesowską wartości oczekiwanej jako metodę analizy niezawodności urządzeń naprowadzają-
cych w przypadkach, gdy dane z badań trwałości są danymi o uszkodzeniach niezaistniałych (zerowych). W pierwszej części pracy 
opisano E-estymację bayesowską dla rozkładu wykładniczego, a następnie zaproponowano model uszkodzeń niezaistniałych oraz 
opisano jego założenia. Wykorzystując zaproponowany model, zaprojektowano i zrealizowano serię badań trwałości urządzeń 
naprowadzających jak również zastosowano E-estymację bayesowską w celu obliczenia intensywności uszkodzeń oraz niezawod-
ności badanych urządzeń. Wyniki oceny niezawodności urządzeń naprowadzających potwierdzają przydatność proponowanej 
metody.

Słowa kluczowe: estymacja bayesowska wartości oczekiwanej, rozkład wykładniczy, dane o niezaistniałych 
uszkodzeniach, intensywność uszkodzeń, hierarchiczna estymacja bayesowska.
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both in Japanese industry standards and American military standards. 
The density function of exponential distribution is:

 f t t( ) exp( )= −λ λ  (1)

where 0t > ,  0λ > , and  λ  is the failure rate of the exponential dis-
tribution.

Han introduced the definition of E-Bayesian estimation in [8]. As-

sume that ˆ( )tλ  is a continuous function defined on the interval R , 

and t R∈ . If ˆ( ) ( )t t dtλ π
Ω

< ∞∫ , the definition of expected Bayesian 

(E-Bayesian) estimation is:

 ˆ ˆ( ) ( )EB t t dtλ λ π
Ω

= ∫  (2)

where Ω  is the interval of the hyper parameter t , ( )tπ  is the den-

sity function in Ω , ˆ( )tλ  is Bayesian estimation for λ . From the E-
Bayesian definition of failure rate λ , we can obtain:

 ˆ ˆ ˆ( ) ( ) [ ( )]EB tt t dt E tλ λ π λ
Ω

= =∫  (3)

We can see that ˆ
EBλ  is the mathematical expectation of hyper 

parameter t  in the Bayesian estimation ˆ( )tλ .
It is noticeable that E-Bayesian estimation is different from hier-

archical Bayesian estimation. However, there are some connections 
between the E-Bayesian estimation and hierarchical Bayesian estima-
tion, see [5,8] for further details.

3. Assumptions for zero-failure data

Different kinds of censored data are often gathered in reliabil-
ity and life tests. For Type I Censoring test, especially in the tests of 
high-reliability products with small samples, zero-failure data are fre-
quently collected. With the development of technology, zero-failure 
data attracted wide attention, and the researches on zero-failure data 
needs intensive studies.

In reliability tests, we assume that the distribution function of 
product life T  is ( )F t , follow the two steps:

Take • n  samples and divide them into m  groups. The number 

of the sample in the i th group is in , 1,2,3,...,i m= , 
1

m
i

i
n n

=
=∑ .

Assume that each group starts testing at the same time 0, the • i

th group stops at time it , 1 20 ... mt t t< < < < , and no product 

fails during the whole test. Then ( , )i it n  is called zero-failure 
data.

The test starts at time 0 with m  group, group 1 stops testing un-

til time 1t , group 2 stops testing until time 2t . It goes on until time 

mt , group m  stops testing, when all tests come to the end. We can 
obtain:

 , 1,2,3,...,
m

j i
i j

S n j m
=

= =∑  (4)

There is not any failure during the test, from time jt  onwards, 

jS  samples are still under test. So we can suggest that there are jS  

samples of which life is more than jt , 1,2,...,j m= .
According to the above, we can make some assumptions as fol-

lows:

When the time of the reliability test is • 0 0t = , the failure rate of 

the product is 0, which is 0 ( 0) (0) 0p P T F= ≤ = = .

, 1,2,3,...,
m

j i
i j

S n j m
=

= =∑• , that means at time jt , there are jS  

samples whose life are longer than jt , 1,2,...,j m= .

The failure rate at time • jt  is ( )j jp P T t= ≤ , 

1 20 ... mt t t< < < < . Then the reliability of the product at time 

jt  is 1 ( )j jR p P T t= − = > , 0 1 ... mp p p< < < .

4. E-Bayesian model for exponential distribution with 
zero-failure data

If the life distribution of the product is exponential distribution, 
the density function is as follows:

 ( ) exp( ), 0f t t tλ λ= − >  (5)

where  λ  is the failure rate of the exponential distribution, and  0λ > .

Assume the prior distribution of  λ  is a Gamma distribution, the 
density function is:

 

1( | , ) exp( )
( )

a
aba b b

a
π λ λ λ−= −

Γ  (6)

where a  and b  are both hyper parameters with  0a > ,  0b > ,  0λ >

, and 1
0

( ) a ta t e dt∞ − −Γ = ∫  is a Gamma function.

Usually the failure rate of a high quality product is less than that 
of a low quality product with the failure data, which fits for the reli-
ability theory. According to that model, Xu and Liu [15] proposed a 
decreasing function for prior distribution of failure rate λ . The de-
rivative of the density function ( | , )a bπ λ  is:

 

2( | , ) exp( )(( 1) )
( )

a ad a b b b a b
d a

π λ λ λ λ
λ

− − − −
=

Γ
 (7)

It can be seen that when  0 1a< <  and  0b > , from Eq. (6) one 
can find that the prior distribution ( | , )a bπ λ  is a decreasing function 
for λ . For Bayesian estimation, when  0 1a< < , the increasing of 
parameter b  makes the reliability robustness decreasing. Thus we set 
an upper bound c  for parameter b  , then the range of b  is 0 b c< <  
( c  is a constant). Assuming the prior distribution of a  is (0,1)U  and 
that of b  is (0, )U c  [9]. So we can obtain the density functions of a  
and b  as:

 

1( ) 1(0 1), ( ) (0 )a a b b c
c

π π= < < = < <
 



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 3, 2016 447

sciENcE aNd tEchNology

In Type I Censoring tests of exponential distribution samples, if 

there are iX  samples failed in test ( 1,2,..., )i i m= , i  is the number of 

Type I Censoring tests. Based on [10], the failure number iX  is sub-

ject to Poisson distribution with the parameters ,i it n  and λ :

 

( ){ } exp( )
( )!

ir
i i

i i i i
i

t nP X r t n
r
λ λ= = −  (8)

where 0,1,...,ir n= , and 1,2,...,i m= . 

The likelihood function of λ  is:

 
1 1

( )( | ) { } [ ]exp( )
( )!

irm m
i i

i i i
ii i

t nL X P X r N
r
λλ λ

= =
= = = −∏ ∏  (9)

under zero-failure condition, which means 0, 1,2,...,ir i m= = , we can 
note that (0 | ) exp( )L Nλ λ= − .

If the prior density function ( | , )a bπ λ  is exactly as Eq. (6), ac-
cording to Bayes theory, the posterior density function of λ  is:

1

1
0 0

1
1

1
0

exp( )exp( )
( | , ) (0 | ) ( )( | 0)
( | , ) (0 | ) exp( )exp( )

( )

exp[ ( ) ] ( ) exp[ ( ) ]
( )exp[ ( ) ]

a
a

a
a

a a
a

a

b b N
a b L ah

ba b L d b N d
a

N b N b N b
aN b d

λ λ λ
π λ λλ
π λ λ λ λ λ λ λ

λ λ λ λ
λ λ λ

−

∞ ∞ −

−
−

∞ −

− −
Γ= =

− −
Γ

− + +
= = − +

Γ− +

∫ ∫

∫
(10)

The Bayesian estimation of λ  under square loss is:

0 0
( )ˆ ( | 0) exp[ ( ) ]

( )

a
a

B
N b ah d N b d

a N b
λ λ λ λ λ λ λ∞ ∞+

= = − + =
Γ +∫ ∫    (11)

We can obtain E-Bayesian estimation of the failure rate λ , which 
is:

 1
0 0 0

1 1 1 1ˆ ln
2 2

c c
EB

a N cdadb db
c N b c N b c N

λ +
= = =

+ +∫ ∫ ∫     (12)

where 
1

m
i i

i
N t n

=
= ∑ , ( , )i it n  is the zero-failure data in the life tests, 

1,2,...,i m= .

5. Experimental verification and model application

In order to verify the proposed E-Bayesian estimation model, we 
set up a reliability test by subjecting specimens to a series of life tests 
under different working circumstances. Then the life data are collect-
ed and analyzed to obtain the life time of the specimens. The purpose 
of this experiment is to estimate the reliability of the seekers with a 
simplified estimation model for engineering applications.

The samples were tested in different test environments. None of 
them failed during the test, and these observations are shown in Table 
5.1. Assume that differences between the test environments have no 
effect on the life time. We can assume that all the seekers were tested 
at the same time, thus we can obtain the zero-failure working time 
data of the observations, which are shown in Table 5.2.

According to Eq. (12), we have 
1

2051
m

i i
i

N t n
=

= =∑ , and we can 

obtain the E-Bayesian estimation of the failure rate ˆ
EBλ . 

There are two methods to take zero-failure information into con-
sideration. Han M. [6] proposed a model for 1m +  Type I Censoring 
test, which is:

 
1 1 1

2 1

1 1( ), [ ]
1

m m
m m i i m i

i i
t t t t n n

m m+ − +
= =

= + − =
−
∑ ∑  (13)

where 
1

1[ ]
m

i
i

n
m =
∑  means rounding down for 

1

1 m
i

i
n

m =
∑ . Then we can ob-

tain 
1

1

m
i i

i
M t n

+

=
= ∑ , and 1

1ˆ ln
2EB

M c
c M

λ +
= .

According to the average remaining life method, Wu [14] devel-

oped another model for 1mt +  with zero-failure data:

 1 1
1

1 1' , [ ]
m

m m m i
i

t t n n
mλ+ +

=
= + = ∑  (14)

Table 5.1 Working time of the seekers

Test 
Sample

Working Time (h)

Test Envi-
ronment A

Test Envi-
ronment B

Test Envi-
ronment C

Test Envi-
ronment D

Test Envi-
ronment E

a 10 40 45 162 72

b 10 / / 162 68

c 12 12 3 45 105

d 10 13 3 50 102

Table 5.2 Zero-failure data of the tested seekers

Test 
Sample

Failure 
Number

Total Working Time 
(Censoring Time it )

Cumulative Zero-
failure Number 

(Test Sample in )

c 0 177h 4

d 0 178h 3

b 0 240h 2

a 0 329h 1
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where λ  is a unknown parameter, we use E-Bayesian estimation ˆ
EBλ  

instead of λ . Then we can obtain 1 1
1

' '
m

i i m m
i

M t n t n+ +
=

= +∑ , and 

2
1 'ˆ ln
2 'EB

M c
c M

λ +
= .

As reported in [11], the range of c  is 300 6000c≤ ≤ , which is 
reasonable in engineering practice. Based on Eq. (12), we calculate 
the values of λ  with different c , and compare with the hierarchical 
Bayesian estimation [7]. The results are shown in Table 5.3.

According to [9], the reliability of exponential distribution with 

zero-failure data ( ,i it n ) is as follows:

 
ˆˆ ( ) exp( )R t tλ= −  (15)

where t  is the moment for estimating the 
product reliability under the exponential dis-
tribution. The results of E-Bayesian estima-
tion for reliability ( 200ht = ) are shown in 
Table 5.4.

These estimation results accord with the 
practical situation of the seekers. Based on 
the results, it can be inferred that after tak-
ing zero-failure data into consideration, the 
reliability estimation method of the products 
is significantly improved. Compared with 
the average remaining life method for zero-
failure data, Eq. (13) makes the results more 
conservative, which is more acceptable in 
engineering applications.

6. Concluding remarks

In this paper, a reliability analysis meth-
od based on the E-Bayesian estimation for 
zero-failure data is proposed to estimate the 
reliability of seekers. By integrating the ze-
ro-failure information, the precision of esti-
mation results of reliability increases greatly 
based on the hierarchical Bayesian estima-
tion. Furthermore, the experiment results 
demonstrate that E-Bayesian method makes 
the calculation process easier and more ef-

fective for exponential distribution products. In addition, smaller c  
makes the results more conservative in engineering practices.

However, there are still some problems with reliability analysis 
of zero-failure data. When using Bayesian model for analyzing zero-
failure data, the influence of assumptions about the parameters on fi-
nal results is obscure. In addition, appropriate parameters and models 
selections for engineering applications need a further investigation.
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Table 5.3 The results of E-Bayesian estimation for failure rate

c 300 500 1000 2000 3000 4000 5000 6000

4ˆ 10EBλ −× 2.2752 2.1815 1.9857 1.7015 1.5020 1.3523 1.2348 1.1395

4
1

ˆ 10EBλ −× 1.5885 1.5415 1.4384 1.2771 1.1552 1.0591 0.9808 0.9155

4
2

ˆ 10EBλ −× 0.3568 0.3428 0.3133 0.2695 0.2383 0.2145 0.1957 0.1804

4ˆ 10Hλ −× 4.4515 4.2156 3.7409 3.0948 2.6687 2.3629 2.1307 1.9472

Table 5.4 The results of E-Bayesian estimation for reliability

c 300 500 1000 2000 3000 4000 5000 6000

ˆ
EBR 0.9555 0.9573 0.9610 0.9665 0.9704 0.9733 0.9756 0.9774

1
ˆ

EBR 0.9687 0.9696 0.9716 0.9748 0.9772 0.9790 0.9806 0.9819

2
ˆ

EBR 0.9929 0.9932 0.9938 0.9946 0.9952 0.9957 0.9961 0.9964

ˆ
HR 0.9148 0.9191 0.9279 0.9400 0.9480 0.9538 0.9583 0.9618
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