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In the article a linear model of n-th order dynamical systems described by the state
equation with variable coefficients is considered. This model is analysed for a random
initial condition and a random force. The method of determining the probabilistic
characteristics of a stochastic process, which is the solution of that equation, is shown.
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1. Introduction

Many physical phenomena can be modelled using stochastic differential
equations. They are of the particular use in electronics, where each discrete
element is the source of noise [1]. In addition, charges remaining in the
capacitors cause, that the initial conditions should be modelled using random
variables. This article presents the method of obtaining the probabilistic
characteristics of the response of the system with the variable coefficients
(random LTV systems).

2. Formalization of the problem

Let us consider a deterministic dynamical system with the variable
coefficients, shown in Fig. 1.
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Fig. 1. Black-box model of a dynamical system

The system is described by the state equation:
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dX ()
dt

= A()X(t) + B(OF(t), X(0) = X, (1)

where:

— A(t), B(¢) - the continuous matrix functions, A: R—-R"", B: R—>R"™",

— X - the random vector of the initial conditions, X,eL",,

— F(¢) - the random vector of the excitations satisfying the mean square
Lipschitz condition, F: R— L", [4],

— X(?) - the random vector of the responses (the solution of the equation (1)).
It is assumed that the vectors F(¢) and X, are mutually independent. Equation

(1) is defined in the mean square sense.

3. Solution

The solution of the equation (1) exist, is unique and it is expressed by the
equation:
t
X (1) = B(t, to)Xo + / B(t, 5)B(s)F(s)ds, @
to
where ®(z,4y) is the fundamental matrix related to A(#). The above integral is
understood in the mean square sense. It should be emphasized, that the
analytical form of the matrix ®(z,%) is known only in a few cases [12].
Using the expected value operator E[-] to equation (2) one can determine
moments of the system response:
— the expected value:

px(t) =E[X(?)]

t

—p1o(t.t0)EXa] + [ a0, 5)m(s)ne (5,

3)

— the variance:
ox (t) = diag(Rx (f1,12) — px ()u% (1)), @)
— the cross-correlation of the excitation and the response:
Rex (t1,t2) =E[F(t1) X" (t2)],
to
—ae(t)BIXE i (2. t0) + [ Rt ) (s)ub(t2, s,
to

)

39



S. Mazurkiewicz, J. Walczak / Analysis of linear random dynamical systems ...

— the correlation of the response:
Rx (t1,t2) =E[X(t1)X" (t2)]
=E[®(t1,t0)Xo Xy @ (t2, 10)]

B 1)Ko [ B ()BT ()87 (12,905
+ E[/ B(t1,5)B(s)F(s)ds X3 0 (ta,t0)] (6)
+E[//(I)(t1,81)B(81)F(81)

FT (SQ)BT (SQ)CI)T(tQ, 82) ng dSl].

4. Example

Let the matrix A(¢) be equal to:

A=y p|- ™)

where D is random variable with known probability density function (uniform
distribution from 1 to 2):

fD(x):{1 re(l,2) .

0 otherwise

The fundamental matrix is equal to [2]:

exp(t — to) w1 (t, to)
DAt tg) =
alt:to) [ 0 exp@D((t — t0)/2))] " ©)
where:
—to)(— t) + 2D((t —t0)/2) +t t+t
o) — SR (D) 4 expD(E = 10)/2) F10)) (1) g
2D —2
For simplicity, the force F(¢) is equal to zero and the initial value is equal to:
X
X = { 10} , (11)
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where X, is a random variable with known probability density function (uniform
distribution from 0 to 2):

fxo(x):{0'5 z€(0,2) )

0 otherwise

The solution of the initial value problem is equal:

(13)

(exp(t)—exp(Dt))t
Ko = [Fool) - gy

exp(Dt)

Using the equations (3), (4), (5), (6) and (13) one can determine:
— the expected value (Fig. 1 and Fig. 2):

(14)

exp(t) (2 — ty + tChi(t) — tIn(t) + tShi(t))
px(f) = exp(t)(exp(t) — 1) ’
t

where y is Euler’s constant, Chi is the hyperbolic cosine integral and Shi is the
hyperbolic sine integral.
— the variance:

_[o%. @)
ox(t) = { ) (tﬂ : (15)
where:

o% (1) :% exp(21) (32 — 61 (4 + (exp(t) — 1)°1) — Bt(4(” — 2)Ei(1)

(16)
+ 12(—4Ei(2t) + In(16)) — 41n(1/t) + 4ln(t))),
exp(3t) sinh(¢
7 1) = PO, (7)
where Ei is the exponential integral function,
— the cross-correlation of the excitation and the response:
Rex (t1,t2) = [0 0]. (13)

In the same way one can determine the correlation of the response (Fig. 3
and Fig. 4).
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Fig. 1. Expected value zy(¢)
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Fig. 2. Expected value zx(f)
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Fig. 4. Correlation of the response Ry,,(#,%,)

5. Conclusions

In the practical engineering calculations to obtain the moments of the system
response (1) the direct method should be used (the fundamental matrix of the
system (1) must be known). It is impossible to apply the method of
transformation of equation (1) into deterministic equations of the moments.
After transformation of equation (1) into the moment equations, the structure of
the equation is changed and it is practically impossible to obtain the analytical
solutions for both the expected value and the correlation function.
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