Poland Problems of Applied Sciences, 2017, V@p6067 — 076 Szczecin

dr Andrzej Antoni CZAJKOWSKI 2, dr Grzegorz Pawet SKORNY,
dr inz. Wojciech Kazimierz OLESZAK"

#Higher School of Technology and Economics in Szicgdeaculty of Motor Transport
Wyzsza Szkota Techniczno-Ekonomiczna w Szczecinie,Afyd ransportu Samochodowego

®Higher School of Humanities of Common KnowledgeiSiycin Szczecin
Wyzsza Szkota Humanistyczna Towarzystwa Wiedzy Powsmgav Szczecinie

HERMITE POLYNOMIALS APPLICATION FOR EXPANDING
FUNCTIONS IN THE SERIES BY THESE POLYNOMIALS

Abstract

Introduction and aim: Selected elementary material about Hermite polyatsmhave been
shown in the paper. The algorithm of expanding fiams in the series by Hermite polynomials
has been elaborated in the paper.

Material and methods The selected knowledge about Hermite polynomialehaeen taken
from the right literature. The analytical method theen used in this paper.

Results: Has been shown the theorem describing expandingtifuns in a series by using
Hermite polynomials. It have been shown selectedmptes of expanding functions in a series by
applying Hermite polynomials, e.g. functions exp(agn(z) and 2.

Conclusion: The function f(z) can be expand in the intervabo(+~) in a series according to
Hermite polynomials where the unknown coefficiecas be determined from the orthogonality
of Hermite polynomials

Keywords: Hermite polynomials, function of complex variab&xpanding functions in a series
by using Hermite polynomials.
(Received: 05.12.2016; Revised: 15.01.2017; Accki8.01.2017)

ZASTOSOWANIE WIELOMIANOW HERMITE'A DO ROZWIJANIA
FUNKCJI W SZEREGI WEDLUG TYCH WIELOMIANOW

Streszczenie

Wsikep i cel: W pracy pokazuje siwybrane podstawowe wiadoseoo wielomianach Hermite’a.
W artykule opracowano algorytm rozwijania funkcjsaereg wedtug wielomianéw Hermite’a.
Materiat i metody: Wybrane wiadons@i 0 wielomianach Hermite’a zaczerpto z literatury
przedmiotu. W pracy zastosowano metadalityczm.

Wyniki: W pracy pokazano twierdzenie dotyomz rozwijania funkcji w szereg wedtug wielomia-
néw Hermite’'a.Pokazano wybrane przykiady rozwijania funkcji wregewedtug wielomianow
Hermite’a m.in. funkcji exp(az), sgn(z) ord2 z

Whiosek:Funkcja f(z) mge by w przedziale {eo,+ o) rozwinieta w szereg wedtug wielomianow
Hermite’'a, gdzie nieznane wspotczynnikizme wyznaczy korzystagc z ortogonalnéci wielo-
mianéw Hermite’a.

Stowa kluczoweWielomiany Hermite’a, funkcja zmiennej zespoloregwijanie funkcji w szereg
edtug wielomian6w Hermite'a.
(Otrzymano: 05.12.2016; Zrecenzowano: 15.01.20kakeeptowano: 25.01.2017)
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1. Hermite polynomials

Definition 1
Hermite polynomials k(z) for complex variable z have the following foftrj-[8]:

H. (2)= (-1 exp(Z )(% expt Z) dla =m 0,12, 1)
Hermite polynomials calculated directly from itéfon (1) provide the system of functions:

H,(2)=1, (2)

H,(z) =2z, (3)

H,(z)=47 - 2, (4)

H,(z2)=8Z2-12z. (5)

H,(z)=167 - 4872 - 12 (6)
(T T LT TTTLT LT

H @)= (1) exp(Z )(;’Z_ expt 2 ) (7)

H,(2)=(-1) exp(Z )—n €7) (8)

Theorem 1(Generating function)
Function w(z,t) = exp(2zt- t) 9)

Is the generating function for Hermite polynomials, there is an expanding in the series [2]:

w(z,1t) = exp(2zt ¢ )=ZI_| @) b g | ] 00 (10)

2. Expanding functions in the series by using Hernté polynomials

One of the most important properties of Hermiteypomials is the ability to develop any
function f (z) defined in the intervat¢,+) in a series of these polynomials [3], [7], [8]:

f(2) = iCan(Z) (11)

n=0

where—w< z <+, The coefficients ccan be determined from the orthogonality of Heemit
polynomials.

Let us multiply both sides of the equation (11)thg expression expt?)Hm(z):
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f(2)expCz®)Hm (2) = Y chexpz9)Hp @)Hm @). (12)
n=0

The equation (12) we integrate in the intervab (o) with respect to variable z:

foexp(—zz)f @Hy, (2)dz= i Ch foexp(—zz) Hm@H, (2)dz. (13)

—00 n=0 -oo

Now we calculate the integral located under tha sifjthe sum on the right side of the
equation (13). For this purpose, in the recursiygagion

Hn+1(2) —2zH, (@) + 2nH,1(z2) =0 for n=12,... (14)
we replace n byl and we get:
Hn (2) = 2ZHn (2) + 20 -DH 2 (2) =0 (15)
for n=2, 3, ... . We multiply the obtained equation (15)Hyz), then
HE @) = 22Hn 1 @)Hn (@) + 200 ~DHp 2 ()Hp (2) =0 (16)

dla n=2, 3, ... . Now the both sides of the equation (14) mwultiply by the expression
Hn.1(z). Then we have:

Hn1@Hne1(2) = 22Hn 1 (2)Hn (2) + 20H3 4 (2) =0 (17)
forn=1, 2, 3, ... . Equation (17), we subtract by sidesifthe equation (15), then we have:
H2 (2) + 200 -DHp_p @)Hn (2) ~ Hna (@QHnea (2) - 20H3 4 (2) =0 (18)
for n=2, 3, ... . We multiply the abowe equation (18) bpxz?), then
expz”)Hi (@) + 2 - expz*)Hn—2 (@Hn (@) + 19)
- exp-z?)H 4 (DH 41 (2) - nexpz)Hi4 (2) = 0.

Next we integrate the equation (19) in the inte(vad,+o) with respect to variable z:

[expz?)HE @)dz+ 2(n-1) [expCz2)Hp—»(@)Hy (2)dz+
o e (20)
- [expt-z2)H 1 (@Hma @)dz-2n [expt-z2)H3 (2)dz= [ 0dz

With orthogonal Hermite polynomials we have thag gecond and third integral in the
equation (20) are equal to zero. Therefore, aftpr@priate transformations we get:

| expz%)H2 (2)dz=2n | expz%)H2_; (2)dz (21)

—00 —00

forn=2,3, ....

By saving formula (21) successively for n = 2, 3,.4we get the following sequence of
equalities:
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+oo +oo +oo
J'exp(—zz)H% (2)dz=4 J'exp(—zz)Hf (2)dz=22" J'exp(—zz)Hf (2)dz, (22)
mez%Hgawzzeimmq%Hgamz:21meq%Hf@yuzz}%lmeq%Hf@mz 23
. . (23)

Jexp(—zZ)Hﬁ (2dz=8 .[exp(—zz)Hé (z)dz:192.[exp(—zz)H12 (2)dz= 247 Jexp(—zZ)Hf (2)dz, (24)

EEEEEEENEEENEEENEEEE NN NN NN NN NN NN NN NN NNRRNNEEN
+00 +oo
[expEz%)H3 (2)dz=2""n! [exp(-2°)H{ (2)dz (25)
Because
H1(2) = 2z, (26)
then
+00 +00
Iexp(—zz)Hf (z)dz=4J'exp(—22)z2 dz (27)

If we take into account the formula:

+00
J‘exp(—zz)z2 dz=%\/ﬁ (28)
then we can write:
+o0
jexp(—zz)Hl2 (z)dz= 24T (29)
Therefore:
+o00
[f@ expz?)Hp, (2)dz=2"nm e, (30)
forn=0, 1, ... . From the equality (30) we obtain:
1 +o00
Cn = f (2)expz?)H,, (2)dz (31)
n znnwﬁ_{o” pEz)Hy (2)
forn=0,1, ....
Theorem 2

Let f (z) be an arbitrary function of the varialzlelefined in the interval-o,+o) and satis-
fying the conditions:

» f(z) in the intervals is a smooth function (i.easha continuous derivative in the intervals)
in the finite interval {a,+a)
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+0o
» the integral j|z|exp(—22)f 2 (z)dz has a finite value,

—00

then the series

f(z)=Y chHp (@) for -c<z<+eo (32)
n=0
where
+1
cn:(n+%)jf(z)Pn(z)dz for n=0,1,2,... (33)
-1

Is convergent and its sum is the function f(z)atrepoint of the inner intervatd,+c0) which
Is a point of continuity of this function [2].

Therefore by virtue of theorem 1 the series of trenf(1) is convergent and its sum is a
function f ().

3. Examples of expanding functions in the series hysing Hermite polynomials

Example 1
Let us consider the following function [2]:

(34)

0 for —a<z<a,
f(z) =
1 for z<-aor z>a.

Let us note that the function (34) is even. Accogdio the theorem 1, that function can be
expand in following series:

f(z) = > conHan(2) (35)
n=0
where

1 a
C2n =m D_J'anp(‘Zz) Hon(2) dz (36)

Let us calculate the expression exgfH(z). Then we multiply both sides of equations:

dHp (2)

= 2nHp1(2) for n=12,.. (37)
Z

and

d’Hp @ _,, dHy ()
dz? dz
by expression exp{®). Hence, we get:

+2nHL(2)=0 for n=022... (38)

expz?)—L ”( ) - 2nexp(—22)Hn_1(z), (39)
exp(—zz) ”2( ) - 2zexplz ) Hn (2 )+ 2nexp(-z )H (2 =0. (40)
dz dz
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Equation (39) we differentiate with respect to ahle z:

(z) 2, °Hn @)

dz?

-2zexp(-z ) +expz )

dHn—l(Z) - 0
dz '

From the equation (41) then subtract by sides doatson (40).
Then we have:

+ 4nzexp(—22)H n-1(2)—2n exp(—zz)

4nzexp(—z )Hn-1(2) — 2nexp(-z ) r(‘jl() 2nexp(—22)Hn(z):0.

From which it follows that

dHph-1(2)

—[—2zexp( 2%)Hp-1(2) +expt-2) 0]

} expz2)H, (2).
Which means, that

_% [exp(—ZZ)H n_1(z)] =exp(-z°)Hp (2).
For the even index we have:

Therefore we have:

°[ d
= m Dj {—E[exp(—zz)H 2n—1(z)] } dz=

a_2[expa °)H 204 )
22" 2n)W/m

) 22n(21n)!\/?r EﬁeXp( 2*)H 2”‘1(2)]‘

wheren =1, 2, ... . We calculate the coefficigytta&ing n = 0 and k{z) = 1

_ 1 ° 2 _1 ¢ 2
Co -Wm_jaexp(—z )Ho (z)dz—ﬁm_jaexp(—z )dz.

In this way we get the following expansion of thadtion (34) in series:

a
f(z):% J'exp(—zz)dz—Texp( a )z 2%”(1 (a;) on (2)
—a

where 0 < 7 < 4e0,

Example 2

12

We have to expand in series according to Hermitgnpmnials the function [2]:

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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f(2) =exp@2

where a is any real or complex number. The funddi®) we expand in the series:

f(2) =2 caHn (2.

n=1
where ¢ coefficients are calculated from the formula:

+00
1 2
Co =—=U|exp(z° +azH, (2)dz,
2" i/ _{0 "

or by using the generating function (9)-(10) foriée polynomials, then we get:

a_a2 _CHy(2) (a)"
ex‘{zzz 7]‘2—?1! )

n=0
for -0 < z < 40. Whence

n

2 00
exp(az):ex;{%} D a M, (2)
o

_02nn!

for —o < z < 4e0. We obtained the following expression in the seakthe function (49):

n

2 00
f(z):ex;{%}ﬂz 2 M, @)
=

_02nn!

for —o < 7z < Heo.

Example 3Let us consider the following function [2]:

+1 for z>0,
-1 for z<O.

f(z) =sgnk) ={

We expand in series according to Hermite polynaosrtia¢ function (55):

sgn@) = D Con+aH 2n41(2)
n=0

in which the coefficients ¢ are defined as follows:

+00

_ 1 2
Con+1 = 22+ o +1)!\/1_leoosgn® exp(-z°)Hzn+1 (2)dz.

Taking sgn = 1, where z > 0 we get:

+00

1 2
C = O exp(z°)H z)dz.
2n+1 221 on L1y g PEZ)Honn ()

Whence:

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)
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+00
1
Il -z°)H dz=
Con+1 = 22n+l(2n+1)|\/_ ISQH(Z)GXP( Z) on+1 (2)dz=
(59)
! Djexp( 22YH op 41 (2)dz.
22n+1(2n +1)|\/— 2n+l
The expression expt’)H.n1(z) we get taking into account the formula (45)efth
d
eXpEz°)H n41(2) = 5 [exp(—ZZ)H 2n (Z)]- (60)
So what
Con+1= 50 D_[ { _[eXp(_ZZ)HZn (Z)]} dz=
2N (2n+1)'
1 s +o_ (-DHp( oy
= xpEz)H (z)] = 2n .
22" (2n+1)1/T 2" ‘ 0 22 en+1m
Using the fact:
2n

Han (@ = ()" 2, ©2)

then we will get:

—n\n | _n\n

SR ) [ ) (63)

220 onyi2n+ DV 22 @2n+ D)V

Hence, the expansion of the function (49) in theéeoraccording to Hermite polynomials
has the following form:

S T (64)
sgne) \/ﬁnZ::oZZn (2n+ DTt on+1(2)

for —o < 7z < 460,

Example 4 Let us consider the following function [4]:

f(z) =z (65)
forp=0,1,2,....
The function (65) we can expand in the followingnfio
2p _ P
= 2 ConHon (2) (66)
n=0

where the coefficientsgcan be defined in the formula:

74



Hermite polynomials application for expanding fuaos in the series by theses polynomials

+00
Con = 1 I]_[ZZp expz2)H o (2)dz. (67)

22" 2n)m

We use the definition of Hermite polynomials to alepose the function (67) in series
according to these polynomials. So we have:

2n
Hon @) = (-0 expie?) & expe2”) (69
yJ
forn=0,1, 2, ... . Therefore:
1 P 2v(_7y 20 2, 0" 2 (69)
Con =———=0| |z exp(z)(-1) “ expE) G—=expz°) |dz.
92 oy _joo dz?2"
forn=0, 1, 2, ... . What follows is that
Con = Py L Dj z%® IZ-I—OI expz?) |d (70)
22" (2n)I T dz?
forn=0, 1, 2, ... .Now we will use the following formula:
2n I
j 2% Eld—exp(—zz) dz:&j[zz'o_:Zn @xp(—zz)]dz. (71)
dz>" (2p-2n)!

So we continue:

1 (2p) ,2p=2n 2 (72)
Con = 22”(2n)lJ_D(2p Zn)IDJj [eéxp(z )]dz.

Using the definition of gamma function [1], [4]-[6]
+00
M(z) = j e t?'dt, Re@) >0 (73)

where Re (z) denotes the integer part of the comulenber z, we have:
1 2
o (%)

c T (p-n+i). 74
Mo oy (@p-20) 2 7
Using the formula
22P‘2nr(p_n+%)(p_n)!:ﬁ[(2p—2n)! (75)
we have:
_ Im2n
F(p—n+1)=\/1_TE(2p )™ (76)
“ 2®p-n)
Therefore:
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_ 1 p)!  AmO2p-2n)2®"
= B E : (77)
;= om @En)lWm @p-2n)! 22 [qp-n)!

Finally
)
" 22 (on)i(p-n)!

Thus we have the following expansion of the funttidz) in series according to Hermite
polynomials:

(78)

- @5 Han@
o Zepn "

4. Conclusion

The function f(z) can be expand in the intervabt+o) in a series according to Hermite

polynomials, i.e.f(z) = ZCan(Z) where the unknown coefficients can be determined
n=0
from the orthogonality of Hermite polynomials.
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