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1. Introduction

Thin-walled load-carrying structures are characterized by high 
stiffness and strength compared to their specific weight. Owing to 
these properties, thin-walled elements are widely used in many indus-
trial branches, particularly in the aerospace and automotive industry. 
This especially pertains to thin-walled profiles with complex shapes 
of the cross section which are used as stiffening elements. The dis-
advantage of such structures is that they can lose stability even un-
der operational load [8, 15, 16]. When the buckling of a thin-walled 
element is local and elastic, the structure does not get damaged, and 
the element itself can be safely operated in the post-critical state [5, 
15, 16, 23]. Given the above, the data regarding the critical load at 
stability loss of a thin-walled structure is of vital significance to the 
structure’s operation.  Unfortunately, the methods for determining the 
critical load of real structures are not unequivocal, which adds up to 
the difficulty with respect to a rational design of such structures.  This 
being the case, an alternative tool enabling determination of critical 

load is performing a numerical analysis by the finite element method 
[13, 15, 16]. Critical load is determined using a nonlinear eigenprob-
lem analysis based on the minimum potential energy of the system. 
The numerically determined critical load can be to a certain extent 
regarded as determination of the critical force due to the fact that such 
computations are performed for an ideal structure which does not take 
account of geometric defects occurring in real structures. This means 
that the numerical models of thin-walled structures with complex 
cross-sectional shapes should be validated in experimental tests. Such 
a procedure will lead to a development of adequate discrete models 
enabling analysis of the complex problem of stability loss and post-
critical behaviour of thin-walled structures [4, 6, 9, 10, 16, 26].

In the design of modern thin-walled structures used in state-of-
the-art aircraft or automotive structures, traditional engineering ma-
terials (metals) are replaced by advanced composite materials. Given 
the structure of composites, this predominantly pertains to composite 
materials known as laminates [2, 3, 14, 17, 25, 27, 28, 29], or laminar 
composites. These materials exhibit a high strength to specific weight 
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ratio, which makes them widely used in load-carrying structures. An 
additional advantage of composite materials is the fact that we can 
shape their mechanical properties as desired by selecting a specified 
set of material properties and laminate lay-up arrangement. The lit-
erature on thin-walled load-carrying structures made of composite 
materials is rather scarce, the majority of publications being de-
voted to theoretical issues, while there are very few publications 
reporting experimental results. 

The purpose of this study is to investigate the behaviour of 
a thin-walled, channel-section carbon/epoxy composite profile 
under axial compression in both critical and weakly post-critical 
state. The study involves determination of the critical load of a 
real structure as well as analysis of the critical and post-critical 
states by the finite element method. The study also presents a 
methodology for solving the problem of buckling and nonlinear 
stability of thin-walled structural elements made of composite 
materials. 

2. Object of the study

The study was performed on a short thin-walled channel-
section profile under axial compression. The investigated pro-
file is a standard thin-walled structure consisting of perpendicu-
lar walls in the form of flat plates which are joined on longer 
edges  [5, 6, 23]. The  structure was produced by autoclave and 
it was made of a carbon/epoxy composite denoted as M12/35%/
UD134/AS7/143. The composite lay-up consisted of 8 layers in 
a symmetric arrangement relative to the central plane described 
by the configuration [0/-45/45/90]s. The channel-section profile 

had the overall dimensions of 80x40 mm, a wall thickness of 0.148 
mm and a length of 143 mm – Fig.1.

Basic mechanical properties of the produced composite material  
were determined in experimental tests according to the relevant ISO 
standard [19, 20, 21]. Thereby determined mechanical properties of 
the carbon/epoxy composite allow us to define a model of the mate-
rial with orthotropic properties in a two-dimensional state of stress 
(Table 1).

3. Methods and scope of the study

The study involved both experimental and numerical investigation 
of the critical and weakly post-critical state of a thin-walled composite 
structure under compression. The experimental tests conducted on the 

produced thin-walled composite columns enabled observing the real 
behaviour of the structure in a critical state and its operation following 
the stability loss. The purpose of the parallel-run numerical analysis 
was to develop adequate, experimentally validated FEM models for 
investigating the problem of stability (critical state) of thin-walled 
composite structures; in other words, models that would accurately 
reflect the behaviour of a real structure.  

3.1. Experimental

The experimental tests were performed on a thin-walled compos-
ite profile with a channel section  for a load range of approx. 150% 
of the critical force determined in the numerical simulation. The ex-
periments were performed in room temperature on the Zwick Z100 
universal testing machine with a maximum load range of 100 kN, at a 
constant speed of the upper cross beam set to 2 mm/min. In the tests, 
the profile ends were simple-supported to ensure articulate support 
of individual profile walls which had the form of plate elements. To 
prevent the impact of boundary conditions on the structure, both ends 
of the profile were provided with soft material pads to level poten-
tial inaccuracies of the end sections of the profile. The specimen was 
aligned using special pads enabling precise setting of the profile’s end 
sections relative to the bolts of the testing machine. The test stand 
with the mounted specimen is shown in Fig.2.

The experiments involved measuring variations in the compressive 
force and strains using strain gauges located lengthwise the column on 
the opposite sides of the web in the region of the highest expected 
deflection. The obtained post-critical equilibrium paths describing the 
relationship between load and difference in strain, P – (ε1−ε2), enabled 
determination of the critical load as well as assessment of the struc-
ture’s behaviour in a weakly post-critical range.  

3.2. Approximation methods for determining critical load in 
experiments 

Inaccuracies occurring in experimental tests due to various inde-
pendent factors such as geometric defects of the structure, design of 
the test stand, load and boundary conditions hamper accurate determi-

Fig. 1. Thin-walled channel-section column: a)geometric model, b) physical 
model of the structure

Fig. 2. Test stand used in the experiments 

Table 1. Mechanical properties of carbon/epoxy composite 

young’s modulus 
[GPa] Poisson’s ratio ν12 kirchhoff’s modulus 

G12 [GPa]

0° (E1) 90° (E2)
0.32

±45°

130.71 6.36 4.18

a) b)
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nation of critical load. In such cases, it is necessary to use approxima-
tion methods which enable assessing the critical load based on ex-
perimental results. The assessment of the critical force was performed 
by two independent approximation methods: Koiter’s method and the 
P – w2 method [18]. 

The application of Koiter’s method consisted in approximation of 
the post-critical equilibrium path describing the relationship between 
the specimen’s load and the difference in strains measured on the op-
posite sides of the profile wall.  Here, the experimentally determined 
post-critical equilibrium path, P–(ε1−ε2), in a weakly post-critical 
range is approximated with a quadratic function expressed as [18]:

 P P w P w Pcr cr cr=
∝
∝

+
∝
∝

+2

0

2 1

0
 (1)

where: α0, α1, α2 are unknown parameters of the function, P is the ap-
plied force, Pcr is the unknown critical load, and w ≈(ε1−ε2) denotes 
the increase in deflection measured perpendicular to the profile wall. 

In Koiter’s method, the critical load is a point of intersection of 
function (1) and the vertical axis of the coordinate system describing 
the post-critical behaviour of the structure, P−(ε1−ε2). The accuracy of 
the determined critical load depends on selection of an approximation 
range, where, in the case of stable behaviour of the structure, the di-
rection coefficient of the second-order polynomial must be positive. 

With the P−w2 method, the critical load is also determined 
based on the post-critical equilibrium path; however, the assess-
ment of the approximate value of critical force is done based on 
the relationship between load and the square of deflection perpen-
dicular to the plane of the profile wall. In this study, the deflec-
tion w was approximated by a difference in the results obtained 
with the strain gauges (ε1−ε2). The post-critical equilibrium path  
P−w2 was approximated by a linear function expressed as [18]:

 P P w Pcr cr=
∝
∝

+1

0
 (2)

where: α0, α1  are unknown parameters of the function, P is the ap-
plied force, Pcr is the value of unknown critical load, and w2≈(ε1−ε2)2  
denotes the increase in deflection measured 
perpendicular to the profile wall. 

The critical load is a point of intersection 
of approximation function (2) and the verti-
cal axis of the coordinate system describing 
the post-critical behaviour of the structure, 
P–(ε1−ε2)2.

The approximation results obtained with 
the above methods are not always unequivocal. 
The degree of linearity of the approximated 
curve is inextricably linked to the range of data 
used for determining critical loads. In addition, 
the results significantly depend on the number 
of points described by specified coordinates 
subjected to approximation. 

In the experiments, the key factor describ-
ing the accuracy of approximation was a cor-
relation coefficient, R2, the value of which af-
fects the degree of  convergence between the 
approximation function and the applied range 
of the approximated experimental curve. The 
higher the correlation coefficient is, the high-
er the accuracy of the applied approximation 
process can be observed. In the applied approx-

imation for the experimental equilibrium paths of the structure, the 
minimum correlation coefficient was set to R2 ≥ 0.95.

3.3. Numerical analysis

The study of stability and post-critical state was also conduct-
ed numerically by the finite element method using the commercial 
ABAQUS® simulation software. The scope of the numerical compu-
tations involved performing analyses of both critical and weakly post-
critical states up to a value of approx. 150% of the lowest determined 
critical force. The analysis of the critical state involved solving a lin-
ear eigenproblem, leading to determination of the lowest critical load 
and the corresponding mode of stability loss. The eigenproblem is 
solved using the extreme potential energy conditions, i.e. the system’s 
equilibrium is equal to the minimum potential energy [1]. This means 
that, in static systems, the second variation of potential energy must 
be positive. The second stage of the computations involved a nonlin-
ear static analysis performed on a model with initial geometric imper-
fection corresponding to the lowest buckling mode with the amplitude 
equal to 0.1 of the profile wall thickness. This enabled determination 
of the post-critical equilibrium path of the structure describing the 
relationship between load and profile wall deflection in the normal 
direction P-w for a weakly post-critical range. The geometrically 
nonlinear problem (large displacements) was solved by the Newton-
Raphson method [1].

The discretization of the numerical model was performed using 
SHELL elements having  6 degrees of freedom in each node. We used 
8-node S8R elements described by a second-order shape function and 
reduced integration. The technique of reduced integration is one of 
the oldest approximation methods for solving problems regarding dis-
placement and stress in elements. Reduced integration enables reject-
ing false modes of finite elements deformation owing to the use of 
higher order polynomials to describe the element shape function [7, 
11, 12, 22, 24, 30]. The discretization process was performed using 
a structural mesh of finite elements, with the side of the element set 
to 2 mm. With the applied discretization methods, it was possible to 
uniformly divide individual walls of the profile, thereby obtaining a 
numerical model consisting of 5760 finite elements and 17585 nodes. 
A general view of the numerical model is shown in Fig. 3b.

Fig. 3. Discrete model of a channel-section column: a) boundary conditions, b) discretization of the geo-
metric model 

a) b)
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The finite element used in the discretization process was a lami-
nar element enabling defining the laminate structure based on the el-
ement’s thickness.  In the developed numerical model, the material 
is assigned orthotropic properties in two-dimensional state of stress, 
described by the experimentally determined mechanical properties of 
the composite material (Table 1).

The boundary conditions formulated for the numerical model 
ensured articulated support of the compressed composite columns 
– Fig. 3a. The boundary conditions were ensured by applying zero 
displacements to the nodes located on the edges of the lower and up-
per sections of the column, perpendicularly to the plane of each wall 
(displacements ux = 0 and uy = 0 ). In addition, the nodes from the 
bottom end of the column were blocked to prevent vertical displace-
ment (uz = 0), while the nodes belonging to the edge of the top end of 
the column were described by the same displacement uz=const via 
coupling the displacements relative to the axis of the column. The nu-
merical model was subjected to load applied to the edge of the  upper 
section of the column, ensuring that the column was under uniform 
compression in the axial direction. 

4. Results and discussion

The experiments on the axially compressed thin-walled 
channel-section column provided information enabling the as-
sessment of strains in the real structure in a function of external 
load. The results enabled performing qualitative and quantita-
tive analyses of the pre-critical and critical states based on the 
recorded test parameters. The critical state was identified based 
on the obtained buckling mode and its corresponding critical 
load. The experimentally determined critical values served as a 
basis for verifying the FEM numerical results. 

The investigation of the pre-critical and critical behaviour 
revealed that the lowest critical load corresponds to the local 
mode of stability loss of the structure resulting in formation of 
one half-wave on the walls and on the web of the channel-sec-
tion profile. The lowest buckling mode obtained in the experi-
ments and the numerical simulations is shown in Fig. 4. 

The experimental and numerical results of buckling modes 
of the investigated channel-section column under compression 
show complete agreement. The measurements of strains per-

formed using resistance strain gauges enabled determination of the 
post-critical equilibrium path describing the relationship between the 
compressive force and the difference in strains P–(ε1 − ε2). The ob-
tained characteristics served as a basis for determining the critical load 
by two independent approximation methods: Koiter’s method and the 
P−w2 method. The key problem with such an approach is to select an 
adequate measuring range for describing the post critical path, which 
directly affects the results. With inadequate approximation procedures 
the experimental critical loads significantly differ from the numeri-
cal findings. In addition, the approximation range should be selected 
such so as to maintain the highest possible correlation coefficient R2 
in order to ensure sufficient accuracy of matching the approximation 
function to the experimental curve. In the simulations, the range of the 
approximated experimental curve in all investigated cases covered a 
part of the experimental post-critical path from the intersection point 
of  force – strain to the end of the curve determined in the experiments 
for a weakly post-critical state (Koiter’s method) or for a linear state 
(P−w2 method), at the same time maintaining a high value of the cor-
relation coefficient (R2 ˃ 0.95).

As for the Koiter method, we examined the 
experimental post-critical equilibrium path ex-
pressed as P−w (where deflection is determined 
according to w≈(ε1−ε2)), and then performed 
approximation using a third-order polynomial. 
The critical load was determined here as a point 
of intersection between the approximation func-
tion and the chart’s vertical axis (axis of load). 
The critical load determined by Koiter’s method 
is 3108.2 N – Fig. 5. 

As for the P−w2 method, we analyzed the 
post-buckling equilibrium path expressed as 
P-(ε1−ε2)2 and approximated by a linear func-
tion. Also here, the critical load is determined as 
the ordinate of a point of intersection between 
the straight line of approximation and the verti-
cal axis in the chart (axis of load). The critical 
load determined by the P−w2  method is 3125.8 
N – Fig. 6.

The critical load determined by the above 
approximation methods was compared with the 
lowest eigenvalue determined numerically in 
the critical behaviour analysis. The critical load 
of the numerical model is 3008 N. All values 

Fig. 4. Lowest buckling mode in a channel-section column: a) experiment, b) FEM

Fig. 5. Critical load determined by Koiter’s method

a) b)
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of the critical load determined by the applied research methods are 
listed in Table 2.

The values of the critical load describing the buckling of a thin-
walled channel-section column determined by the approximation and 

numerical methods show high agreement.  The highest differ-
ences do not exceed 4%, which means that there is a high quan-
titative agreement between the applied research methods, and 
at the same time this confirms that the proposed procedure for 
calculating the critical load of a real structure was correct. 

The post-critical equilibrium paths P-w (compressive force 
– highest deflection perpendicular to the wall of the profile) de-
termined for the weakly post-critical range are compared, too. 
The experimental results shown in Fig. 7 show both quantitative 
and qualitative agreement with the numerical results determined 
by the finite element method. The results confirm the adequacy 
of the developed  numerical model for investigating the critical 
and post-critical behaviour of channel-section composite pro-
files under compression. 

5. Conclusions

The study investigated the behaviour of a thin-walled 
channel-section column subjected to uniform compression. The 
critical load was determined based on the experimental results 
of the post-critical equilibrium paths of the structure obtained 
by two independent approximation methods: Koiter’s method 
and the P−w2 method. The experimental results were compared 
with the critical load determined by the finite element method. 
It was found that the results of critical load show a very high 
agreement, with the greatest differences not exceeding 4%. This 
confirms the possibility of using the proposed procedure to de-
termine the critical load for real structures. Accurate determina-
tion of the critical load of thin-walled structures is extremely 
vital due to operational reasons, as it prevents the structure from 
undesired loss of stability. 

The results reveal a high sensitivity of the approximation 
parameters on the results accuracy. In particular, this pertains to 
selecting an appropriate approximation range and a high value 
of the correlation coefficient R2 to ensure agreement between 
the experimental characteristics of the structure and the approxi-
mation function. 

The results reveal a high qualitative and quantitative agree-
ment between the experimental results and the numerical find-
ings. This concerns both the mode of stability loss of the struc-
ture, critical load, as well as the post-critical equilibrium paths 
P–w in the early post-critical range. Therefore, the results pro-
vide vital information regarding the modelling of thin-walled 
composite structures and at the same time they confirm the 
correctness of the developed numerical models with respect to 
the eigenproblem and nonlinear statistical analysis in the post-
critical range. 

Fig. 6. Critical load determined by P-w2 method

Fig. 7. FEM post-critical equilibrium paths 

Table 2. Critical load – comparison of experimental and numerical results 

FEm [N] koiter’s meth-
od [N]

koiter’s/ FEm 
difference [%]

P-w2 method 
[N]

P-w2/ FEm differ-
ence [%]

3008 3108.2 3.3 3125.8 3.9
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